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PREFACE 


Advantage has been taken of the opportunity pro¬ 
vided by the call for a second edition to add some more 
explanatory matter, as well as two sets of Miscellaneous 
Examples, and to base the theory of maxima and minima 
and of indeterminate forms on Taylor’s finite formula 
instead of the infinite series. A number of .piinor errors 
and misprints have also been corrected. 

My thanks arc due again- to most of the persons 
mentioned in the preface to the first edition for their 
continued assistance, and to Professor Shanti Narayan, 
M. A., of Lahore for certain valuable suggestions. 

September , 1938 Gorakii Prasad 

PREFACE TO T«E'FIRST EDITION 

This book has been written to meet the requirements 
of the B. A. and B. Sc. students of Indian Universities. 
The treatment of the subject is in keeping with the modern 
theory of functions, but is at the same time simple. The 
excessive refinements of the present-day higher mathe¬ 
matics have been deliberately excluded, as being unsuitable 
for the beginner, and geometrical intuition and graphical 
.illustrations have been freely drawn upon to drive home 
to the student results obtained by analytical methods. 
With the exception of the last chapter and of a few articles 
here and there, the whole of the subject-matter here pre¬ 
sented has stood the test of actual class-room use for a 
number of years, and the author believes that the book 
would be found to be in every way suitable for the B. A. 
and B. Sc. classes. 

The concept of limits, usually found very difficult 
by students, is derived in Chapter I from the notion of 
continuity, in a way which, it is believed, will make it 
very simple. The great variety of applications of-the 
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Differential Calculus to various branches of knowledge, 
which is given in Chapter IV, immediately after the 
student has learnt differentiation, will, it is expected, 
create in him a more lively interest towards the subject 
than is possible wh«n it is attempted to teach the entire 
principles of the Calculus first. The subject of Asymptotes 
has been developed as a natural extension of that of 
tangents and will be found perhaps easier to grasp than 
when treated otherwise. An attempt has been made to 
make the rules regarding Curve Tracing so systematic as 
to make this subject quite easy. The historical and 
biographical notes interspersed throughout the book and 
the short historical sketch at the end will, it is hoped, prove 
interesting. The historical sketch will serve also to give 
the student the right outlook as regards ‘infinitely small 
quantities’ and related topics. 

The book contains just a little more than is necessary 
for the usual course, and no hesitation need be felt in 
omitting some of the articles. The number of exercises 
will also be found to be ample. Of these some are original, 
a large number has been taken from the examination papers 
of various universities, and the others are such as are 
common to practically all text-books on the subject. Some 
of the exercises have been taken from the excellent collec¬ 
tion of Leib, entitled ‘Problems in the Calculus.’ 

I am greatly indebted to Mr. Harish Chandra Gupta, 
M. sc., a pupil of mine, who has read with great care the 
proofs of the whole of the book and verified most of the 
examples. My thanks are due also to my colleagues Dr. 
B. N. Prasad, ph. d., d.s.c., and Mr. R. N. Choudhuri, 
b.a. (Cantab.), to my friends Mr. S. D. Seth, m.sc., Mr. 
R. S. Varma, m.sc., and Mr. R. D. Misra, m.a., to 
my pupils Mr. Lakshmi Narayan Sharma, m.sc., and Mr. 
Sadanand Mukerji, m.sc., and to some of the students 
of my B.Sc. class, who have all very generously helped 
me in reading the proofs or verifying the examples, or 
have offered valuable criticism and advice. 

■ University of Allahabad Gorakh Prasad , 

September, 1938 
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DIFFERENTIAL CALCULUS 


CHAPTER I 

LIMITS 

i*i. Related Quantities. The area of a circle de¬ 
pends upon its radius; the velocity of a, falling particle 
depends upon the distance through which it has fallen; 
the cube of a number depends upon the number itself. 
In these examples the radius of the qircle, the distance 
through which a particle ha£ fallen, and the number which 
|s cubed are variable. They are not fixed. The quanti¬ 
ties which depend upon them—area, velocity and cube 
respectively—also vary. 

Differential Calculus deals with the way in which one 
quantity varies when the other, on which it depends', is 
made to vary, and with allied topics. But to get a theory 
which would be applicable to any pair of related quantities, 
we take up the study of pure numbers instead of concrete 
quantities; and to avoid any looseness in the arguments 
we begin by carefully defining the words we shall .use. 
It should be noticed that the word variable is used in a 
somewhat more restricted sense than the one attached to 
it in everyday speech. 

i*ii. Definitions. A symbol which can take every 
numerical value , or every numerical value from one given number 
to another , is called a variable. 

If we desire to consider only those numerical values of x which 
lie between the two given numbers a and b, then all the numerical 
values between a ana b taken collectively will be called the domain 
of the variable. The numbers a and b themselves are also generally 
included in the domain. The domain is usually denoted by (a, b). 
We say that the domain of x is (a, b). Very often, however, we want 
tQ fonside? aevery numerical value, and not only those which lie bet¬ 
ween two gifren numbers. In such a case the domain is generally 
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A symbol which retains the same value throughout a set of 
mathematical operations is called a constant. 

Let x be a variable. Then a symbol which has one de¬ 
finite value for every value of x is called a function of x. 

It is customary to denote constants by the earlier letters of the 
alphabet, a , b, e, ... . The letters x,j, u, v, ... are generally used for 
variables. 

A function of x may be, and very often is, denoted 
by a single letter, such as y. More generally it is denoted 
by symbols like/(v), or F(x\ or <p(x). The value of the 
function f(x) for x — a is denoted by f(a). A particular" 
function is actually defined by giving a rule, or a set of 
rules, by which the value of y can be computed for every 
value of x. It is not necessary that there should be only 
ofre formula for the whole domain of x. 


Ex. i. If y is always equal to x 2 , thenji is a function of x, foa 
the above definition is evidently satisfied. Similarly cos x, e®, log x, 
(x— a) n , etc., are functions of x. 


Ex. 2. If j be defined by saying that j = x 2 when x is greater 
than 2, and y — x — i when x is not greater than 2, then j, thus 
defined, is a function of x ; for y has a definite value for every value 
of x. Here two different formulx have been used to define one 
function of x, of which one formula holds for one part of the 
domain, and another holds for the remaining part of the domain. 


Ex. 3. The number of students in a class is not a “variable” of 
the type contemplated above, because it cannot take up a fractional 
value like 30*2. 

Ex. 4. “y = x 8 when x is integral” is not enough to make y a 
function of x in the sense contemplated above, because we do not 
know the value ofj when x is not integral. 


X'ia. Remarks. (1) If y is a function of x, y is sometimes called 
the dependent variable and x the independent variable. This 
nomenclature is based on the fact that the value of x can be arbit¬ 
rarily chosen. Then y has a value which depends upon the chosen 
value of x. The word variable in “the dependent variable” is not 
used in the exact sense implied in the definition of a variable given 
above. This is apparent from Example 2 of the previous article, 
in which y cannot take up the values between 1 and 4. 

(2) In the definition of a “variable”, only real values are meant. 

A real value might be o, or some positive or negative number, integral 
or fractional, rational or irrational. , , 

(3) , In the definition of a functioning required to have a definite 
value. Values like 0/0, j/o, «/o are ‘'inadmissible, ^These have 
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no meaning. Some students are under the impression that j /o is 
“infinity.” This is wrong. Infinity is not a number, and has no 
meaning except in the sense defined later in A.rt. 1-4. Nor is 0/0 
equal to 1. If we suppose 0/0 to be equal to i, we shall be led to 
absurdities. Consider, for example, what would be the result of 
dividing by zero both sides of an equation like j X o = 2 X o. 

Again an expression like 



x — 1 


fails to give a definite value when x = 1. The numerator and the 
denominator both become zero when x = 1. The student must not 
think that we can get the value of (x 2 - i)/(x — 1) by first dividing 
the numerator by the denominator, and then putting x = 1; for we 
can dtude by x — x only when x is not equal to 1. 

(4) If y — x 4 when x is greater than 2 and y = x when x is less 
than 2, is j a function of x 5 Here it is not stated what the value of 
y is when x = 2. Hence the definition of a function is not satisfied, 
which requires that y should have a definite value for eieiy value of 
x. But for the sake of convenience we still call y a function of x, 
but say that y is not defined for x = 2. 

(5) If the expression 01 equation which defines y gives more 
than one value ofy foi each \alue of x, we shall regard the expression 
or equation as defining more than one function of x. 

Thus, if \a\ be used to denote the positive value of a, so that 
| 4 I =. -f- 4 and | — 4 j =r4, the square root of x might be any 

one of the two functions | V x I anc * — | V x I • suc h a case it is 
understood that the same Junction is to be taken throughout a parti¬ 
cular discussion. 

(6) What we ha\e called a variable is generally called a conti¬ 
nuous variable. Again, if {a, b) is the domain of x, the domain is 
called a closed domain if the numbers a and b also belong to the 
domain. If a and b do not belong to the domain, then the domain 
{a, b) is called an open domain Also, when y has more than one 
value for every value of v, then j is generally called a multiple-valued 
function of x. 

For the sake of convenience we have adopted somewhat simpli¬ 
fied defiaitions. 

1*13. Graphical Representation. Let y be a func¬ 
tion of x. Choose a particular value x x of x. Let the 
corresponding value of ) be ) v Take now rectangular 
axes OX and 07 as usual and plot the point 
By plotting such points for all possible values of x we 
get a graph of the function. (In practice, points corres¬ 
ponding to values of x at very short intervals, connected 
by a smooth curve, suffice.) A graph is a great help io 
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the study of functions, but it cannot always be drawn, 
and at its best it is a crude method of exhibiting the 
functional relation between x and j. We shall give, 
therefore, an entirely arithmetical treatment, and use graphs 
only to illustrate the various definitions and processes. 

Ex. i. The graph of the function y = x 2 for values of x 
from — 2 to 2 is shown in Fig. i. We know fiom Coordinate Geo¬ 
metry that it is a parabola. 

Ex. 2 Ifj = x 2 when x is not equal to i and y — z when x = i, 
the graph is different from that of the previous example only in the 
omission of the point (i, i) from the parabola. Instead of this point 
•we have now the isolated point (i, 2). See Fig. 2. 




Ex. 3. Ifj = x* when a is less than 1, and y =- x a — £ when x 
is not less than 1, the graph is as shown in Fig. 3, as the student can 
easily verify. 


Examples 

1. In which of the following cases is x a continuous variable, i.e., 
a variable satisfying the definition of § 1 • 11 ? 

(1) x — time elapsed since a given instant, (11) x = the distance 
of a point on a straight line from a given point on the straight line, 
(iii) x can take all integral values from — 10 to + 100, (iv) x can take 
all numerical values, between o and 1, which can be represented by a 
terminating decimal. 

z. For what value or values of x, if any, are the following 
functions not defined 5 

(1) x 3 (u) 1 /x 3 (m) cos x (iv) tan x (v) (sin x)/x (vi) 

(x* - 2X -)- l)/(x 2 — 3X + 2 ), 

3. Praw a graph of the function if y = 0 when x is an Integer 
and y = x when x is not an integer. 
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[The graph is derived from the straight line y — x by taking out 
the points 

i, - i), (o, o), (i, i), (a, z), ... 

and adding the points 

...,(- i, o), (o, o), (i, o), (a, o), ... 
on the axis of x. 

The reader may possibly regard this as an unreasonable function. 
Why, he may ask, if y is equal to x for all values of x save integral 
values, should it not be equal to x for integral values too ? The 
answer is simply, why should it ? The function y does in point of fact 
answer to the definition of a function; there is a relation between x 
and y such that when x is known y is known. We are perfectly 
at liberty to take this relation to be what we please, however arbitrary 
and apparently futile. The function y is, of course, a quite different 
function from that one which is always equal to x, whatever value, 
integral or otherwise, x may have.—Hardy : A Course of Pure Mathe¬ 
matics. ] 

4. Draw a graph of the function y from x = — 1 to x = 4 if 
y — I(x), where I(x) denotes the integral part of x. 

5. Give two examples of functions of x in which we have to 
restrict the domain of x in order to keep the function real. 

6. If y — J for every value of x, can y be regarded as a 
function of x? 


1*2. Discontinuity. We see that the curve in Fig. 1 
is continuous, i.e., there is no 
break in it. The curve in Fig. 2 
is broken at the point for which 
x — 1. We say there is a dis¬ 
continuity at x = 1. In Fig. 3 also 
there is a discontinuity at x — 1. 

1*21. A criterion of con¬ 
tinuity. How shall we define 
continuity arithmetically, so that 
drawing a graph may not be 
necessary ? We notice that for 
the first function (j = x 2 for all values of x) the value of 
y for x = 1 differs only slightly from the neighbouring 
values of j. Thus, if OM = 1 (Fig. 4), the ordinates PM 
and P'M' differ only slightly if MM' is small. Not only 
this : we can make the difference between PM and P'M' as small 
as we like by making MM' sufficiently small; and\ wbat is J|& 
important l , the difference between PM and the ordinates at 
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points between M and M' will be at least equally small. (This 
remains true also when we take AT on the other side of 
M, as in Fig. 5.) Can we say the same thing of the 
second function, which is discontinuous at x = 1 (y = x 2 
when x 1; y — 2 when x = 1, see Fig. 6) ? 




Fig. 4 Fig- 5 

Here PM differs by about 1 from the neighbouring 
values of y. We cannot make the difference between 
PM and P'M' small by making MAI' small, whether we 
take M' on one side of M (Fig. 6) or on the other (Fig. 7). 



Fig. 6 Fig. 7 

Here then there is a criterion which we can utilise 
for distinguishing continuity. 

1*22. Meaning of | x — a ] < S. Before we proceed 
further, however, with the arithmetical treatment of 
continuity, it is necessary to examine the meaning of the 
inequality \x — a\ <8. 

Now \x — a\ means the numerical (i.e., the positive) 
value of x — a, without regard to sign. So [x — a\ < 8 
means that the difference between x and a, taken positively 
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is less than 5 where, of course, 5 must be a positive 
number. This statement can be broken into two parts :— 
(i) if x > a, then x — a < 8, 
and (ii) if x < a, then a — x < 5. 

By transposition we see that these are equivalent to 
the following :— 

If x > a, then x < a -f 5, and if x < a, then 
x > a — 8, i.e., whether x is greater than a, or less than 
a , x must lie between a — 5 and a 5- 

Hence [x — a f < 8 means that x can have any value 
between a — 8 and a8 . 

If x be represented in the usual manner by that point on the 
straight line OX which is at the distance 

«- a -> x from the origin O, and if OA = a, 

and P'A — AP — 8, then j x — a\ < 8 
"o p 5 A p~x would simply mean that the point 

representing x can lie anywhere between 
Fig. 8 P and P*. (The points P and P' are 

excluded.) 

1-23. Continuity. Arithmetical Definition. We 

can now put the criterion of continuity (of § 1*21) in an 
arithmetical form. 

Let OM — a (see Fig. 6) and OAF = x. Let P'M' = f(x), so that 
PM —- f(a). The difference between PM and P’M', taken positively 
is (/(x) We want that it should be possible to make this 

as small as we please. In other words, it should be possible to make 
l/( x ) I < e > where e is an arbitrarily chosen small positive 

number. 

Now we should be able to make |’/(x) — f{a) | < e by choosing 
MM' to be sufficiently small, and AF might be on one side of M or 
on the other. We can express the same thing in symbols by saying 
that we should be able to make |/(x) — /(a) | < e by finding a 
sufficiently small positive number 8 and restricting x to those values 
only for which 

\x — a | < 8. 

If it is possible to find such a 8, the function would be continu¬ 
ous ; if it is impossible to find any such 8, the function must be 
discontinuous. 

We are thus led to the following definition of continuity:— 

A function fix) of the variable x is said to be continuous ■ 
at x — a if, for any arbitrarily chosen positive number e, however 
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small (but not %ero), we can find a corresponding number 5 such 
that 

1 /(*) ~M I < 8, 

for all values of x for which 

| -v — a J < 5. 

The value of 8 would, of course, depend on that of «. 

Ex. Show that sin x is continuous for every value of x. 

Let a be ant value of x between o and Jjt (both inclusive), sin x 
will be continuous at x = a if we can find a 8 such that 

| sin x — sin a | < e 
for all values of x for which 

| x — a j < 8. 

I. Suppose x > a. Let x be equal to a -f- a, where a is posi¬ 
tive and small. 

We must have sin x — sin a < e, 
or sin (a + a) — sin a < e, 

or sin a cos a — sin a -r cos a sin a < e, 

or — sin a. z sin® ja + cos a sin a < c. 

It will be sufficient if we make 

+ sin a. z sin® Ja + cos a sin a < e ; 

and, because sin a and cos a do not exceed i, it will be quite 
sufficient if we make 

a sin* $a + sin a < e. 

As sin Ija <, t, so sin® fca < sin ^a. Hence it will be amply suffi¬ 
cient if we make 

2 sin Ja -j- sin a < c. 

Now a may be supposed to lie between o and Jit since a is small. 
Therefore, sin a < a. Hence, it will be sufficient to make 

® (£<*) + a < e, 

or a < $e. 

We see, therefore, that if we take 8 to be equal to i.e., if 
* ~ * < Je, 

then sin x — sin a < e. 

Next suppose x < a. Let x — a — a, where a is positive 
(and small). We can show as above that 

sin a — sin (a — a) < e 
a — x < $«. 


if 
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m. Finally suppose x = a. Then evidently 
| sin x — sin a | < e, 

because the left hand side is aero and the right hand side is positive. 

We have thus shown that if 

\x-a\<i€, 

then | sin x — sin a | <, e. 

This is true however small e may be. Hence sin x is continuous 
at x = a. 

If a does not lie between o and {it, we can use the periodic pro¬ 
perties of sin x to show that sin x is continuous at x — a. 

Hence sin x is continuous for every value of x. 

1*24. The value of a function for x — a is inde¬ 
pendent of its values in the neighbourhood. Suppose 
a function is defined as follows:— 

y = x 2 when x is less than 1 ; j = x 2 wHen x is 
greater than 1. 

This function is not defined for x = 1. The question 
arises if we can find its value when x = 1. The answer 
must be in the negative, for this function might be the 
same as the one considered in Example 1 of § ri3, or 
it might be the same as the one considered in Example z 
of that article, or it might be still another function. In the 
first case y — 1 when x = 1 ; in the second y — z when 
x — 1. These are not the only possibilities, for y might be 
4, or —3, or 1 million, or in fact any other number, when 
x = 1. We see that the value of a function for x — a ( where a 
is my number), does not depend upon the value of the function 
for neighbouring values of x. It depends entirely upon the 
definition of the function and so cannot be found if the 
function is undefined for a- = a. 

1*3. Limit. Consider the function y = _y + x. Its 
graph is a straight line. 

When x — 1, the value of y is 2. 

Let us now for a moment disregard what the value of 
the function is for x = 1, and consider the values of the 
function for only the other values of x. As a help in 
fixing ideas, we may draw the graph, and consider all 
points on the straight line y — x + 1, except the point 
(1, 2). See Fig. 9. 
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Consider now the question: what value of y for x = i 
will make the graph continuous at x — i ? The answer 
evidently is 2; i.e., 2 is that number 
the difference between which and j 
can be made less than an arbitrarily 
chosen small positive number e by 
taking | x — 1 [ sufficiently small. 

This number 2 is called the 
limit of y at x — 1. 

In this case the value of y at 
x == 1 is also 2. This is mere 
coincidence. The value of y at Fig. 9 

x — 1 does not depend on the neighbouring values of y 
(§ 1*24), whilst the limit of y at x — 1 depends solely on 
the neighbouring values ofj; so these would not always 
be the same. 

Consider, for instance. Ex. 2 of § 1 • 13 (y — x 2 
when x ^ 1 ; y — 2 when *• = 1). By making | x — 1 | 
sufficiently small we can make \y — 1 | less than b, but 
not \y — 2 [; so the limit of y at A- — 1 is 1. But the value 
of y at x = 1 is 2. The limit and the value are here 
different. 

Take a third example. Let 



Here j is not defined at x = 1 (§ 1-12). But if x^ 1, we can 
divide out by x — 1, getting y — x + 1. The graph must therefore 
be as shown in Fig. 9. Hence the limit of y at x = 1 is 2, as in the 
first example. Thus the limit of j at x = 1 can be found even when 
y is not defined for x = 1. 

Keeping the definition of continuity in mind, we can, 
therefore, define a limit as follows :— 

If f{x) is a function of the variable x, the number A is said 
to be the limit of f(x) for x — a if, for any arbitrarily chosen 
positive number e, however small but not %ero, there exists a 
corresponding number 8 greater than \ero such that * 

|/(x) — A | < 8, 
for all values of x for which 

o < | x— a ( < 8. 
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We have added here the condition o< |x — a], i.e., we have 
excluded the possibility of x becoming equal to a itself. This is 
necessary, because if the function is discontinuous, as in Fig. 6 
(p. 6), then the A which makes \f(x) — A | less than e when x is 
in the neighbourhood of a would differ by a definite amount from 
f(a). Thus in Fig. 6, A as deduced from the values in the neighbour¬ 
hood of x = i is i, but/(i) itself is z, and we cannot make |/(i) — i| 
less than e, where e is arbitrarily small. 

i 31. Geometrical Language. The representation 
of functions by graphs is so 
well established that we very 
often employ geometrical 
language even for mere num¬ 
bers. Thus we very often say 
“at the point x = a” when 
we mean “for the value a of 
x.” Similarly, if A is the limit 
of f(x) for x = a, it is not un¬ 
common to express the same 
thing by saying that “f(x) " x > 

approaches A as x approaches Fl S- 10 

a”. It is clear from the accompanying figure that this 
sentence expresses the same geometrical idea as the one we 
had considered before, viz., that the difference between 
PAY (which is equal to /(*•)) and QA\ (which is equal to 
A) can be made as small as we please by making MM' 
sufficiently small (whether AY be on one side of AI or on 
the other) and the difference between £)Al and the ordinate 
at any point between Al and Al' will also be at least equally 
small. 

Much oftener we use the phrase “tends to” instead 
of the word “approaches,” the idea of motion being behind 
this phrase too. We say “/(.v) tends to A as x tends to a ” 
if the limit of f(x) for x — a is A ; or say that “the limit of 
f{x), as x tends to a , is A.” We w r rite 

K x ) = of lim /(*) = A. 

x-*a 

The arrow can be read as “tends to.” It has already been made 
clear that lim I _^ a f(x) does not depend on the value of /(x) for 
x = a. From this point of view, the notation lim^^.,, is good, as 
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the arrow constantly reminds the beginner that we are not concerned 
with the value when x = a. The older books, however, use the 
notation: 

^™T= a f(x) = 

which is rather misleading. Moreover, they very often use “be¬ 
comes” or “ultimately becomes” for “tends to,” which is equally 
misleading. The student begins to think that lim T _ 0 /(x) must 
be the same as the value of f{x) when x = a, and in this erroneous 
idea he is aided by the fact that usually lim J ._ >0 /(x) is equal to /(«) 
as in Fig. 4 (p. 6). 

i ‘33* A limit does not necessarily exist. It is not 

necessary that the limit of f(x) should exist when x 
approaches a given value. A simple example will make 
this clear. 

Consider the function defined as follows :— 
j = .v 2 when .v < i, 

y = i • 5 when x = i, 

y — .v 2 -f x when x > i. 

These three equations define only one function of 
at (§ i -n), whose graph evidently is as shown in Fig. n or 
12. If x approaches i from the right, as in Fig. ii,/(x), 
i.e. P'M\ evidently approaches the value i a -f- x, i.e., 2. 

But if *• approaches i from the left, as in Fig. 12, 
f(x) evidently approaches the value 1. 
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Thus there is no single number to which f(x) tends, 
irrespective of the consideration whether at tends to 1 from 
the tight or from the left. Or, in other words, there is 
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no number A such that j/(x) — A \ < an arbitrarily small 
number e, whenever o < [ x — i | < 5 . Hence we say 
that lim a _ ) , 1 f(x) does not exist in this case. 

Of couise, we can find a number A r say, such that 
I f( x ) ~ I < e when o <’ x — i < 8 , and we can find another 
number, Al say, such that j f(x) — Al | < e when o < i — x < 5 . 
The numbers Ar and Al would be called the limit of/(x) at i 
on the right and the limit of f{x) at i on the left respectively. 
But these limits are not very important for an elementary text-book 
like the present one. 

i '34> A function for which the limit at x = o does 
not exist. For the above function the limit on the right 
and the limit on the left both exist. Only they are not 
equal, and so we hai r e to say that the limit at the point under 
consideration does not exist. 

But theie are functions for which, for a certain value 
or values of „v, neither the limit on the right exists, nor 
the limit on the left cMSts. 

Consider, for example, the function defined by 

i 

y — sin —. 

To draw the graph, wc notice that when x = i, y = sin i, l.e., 
y = sm (i radian) — about o'84. As x takes up smaller values, i/x 
takes up all the values from 1 onvatds and thus passes through the 
values £it ( = about 1 57), jt ( - about }'i4), ,Jt, 23 t, etc, and 
as x gets still smaller, i/x gets still larger and passes through such 
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values as 1 billion n, 1 billion Jt r <|Jt, etc. (Of couise, when 
x — o, i/x has no meaning, and the function is not defined at x = o ; 
but we are not concerned with this at present). It follows that as 
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x tends to zero, after starting from i, the value of y oscillates betweei 
+ i and — i, passing through o and the intermediate values, an in 
definitely large number of times. We can never hope to draw th( 
complete graph up to x = o, but a portion is shown in the figure. 

Evidently there is no number A to which fix) tends as x tends 
to zero from the right. So the limit on the right does not exist. 
Similarly, the limit on the left also does not exist. 

Hence the ordinary limit of sin (i jx), without any qualification 
as to right or left, also does not exist at x ;= o. 

1*4. Infinite Limits. Consider the function j which 
is equal to 1 jx 2 for every value of x. 

When x is very small, y is very large. If we take 
smaller and smaller values of x, y gets larger and larger. 
As x approaches o (either from the right or the left), 
there is no barrier to the increase of i/.v 2 . We cannot 
specify a number N and say that 1 jx 2 will remain less than 
N ; for, however large N may be, we can make 1 jx- greater 
than N by choosing .v small enough. We say, therefore, 
that 1 lx a tends to infinity (or the limit of 1 /.v 2 is infinity) as 
x tends to %cro. 

Similarly, 1 j(x ~ a ) 1 tends to infinity as ,v tends to a. 
The symbol for infinity is 00. 

— ij(x— a ) 2 is said to tend to —- 00 (minus infinity) 
as x-> a , because as x-> a, — 1 j(x — a ) 2 takes up numeri¬ 
cally larger and larger, but negative, values. 

The discussion given in Articles 1-22, et seq., enables us to put 
the above definition in precise arithmetical language as follows:— 

Lim,_, a /(x) is said to be infinity, if, for any .arbitrarily chosen 
positive number N, however large, there exists a corresponding 
number § greater than zero such that fix) > N for all values of x 
for which o < | x — a | < 8. 

i 41. Behaviour of i/x as x -> o. From the preced¬ 
ing article it follows that the limit of i/xas -»• o from 
the right is -j~ 00; the limit as o from the left is — 00. 

Hence the limit of 1 fx as x -> o does not exist. 

In the same way the limit of 1 fix — a) as x-+ a does 
not exist. 

1*42. Behaviour of 1 jx as x tends to infinity. 

Consider the values of the function ijx as we take larger 
and larger values of x. We know that 1 jx becomes smaller 
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and smaller. If we take a sufficiently large value of a-, we 
can make the difference between 1 jx and zero as small 
as we please. We express this by saying that the limit of 
1 jx as x tends to infinity is %ero. 

1-43. Limit as x -> co. If f(x) tends to A as x gets 
larger and larger in such a way that we cannot assign any 
number N and say that all the values of x are less t han 
N, we say that the limit of f(x) as x tends to infinity is A. 

We can express this more precisely in arithmetical language as 
follows :— 

Lim* -> 00 /(•*) is said to be A, if, for any arbitrarily chosen 
positive number e, however small but greater than zero, there exists 
a corresponding positive number N such that 

l/(*0 — A | < e 

for all values of x greater than N. 

A similar definition can be given for x tending to — 00. 

i 44. Misleading nomenclature. The expressions 
“x tends to infinity” and “.v approaches infinity” are 
likely to mislead a beginner unless he is on his guard. 
These expressions perhaps suggest that infinity is some 
number like 1 million or 1 billion, only very much larger ; 
and x tends to infinity in the sense that the difference 
between it and infinity goes on diminishing. This is 
wrong. The expression “.v finds to infinity’ means merely 
that x goes on increasing, and there exists no number A 7 than 
which all these values of x are less. 

“ fix ) tends to infinity” means a similar thing. 

It should be remembered that even when we say that the number 
of terms in the scries 


+ T + 


+ 73 - + 


+ 


I 

~Z n 


+ 


is infinite, we merely mean that the number of terms is not finite. 
In other words there is no last term ; there are terms after 1 jz n how¬ 
ever large n may be. 

We never mean that we can count the number of the terms 
and their total number is equal to the number infinity. 

Note, “i/x 2 = 00 when x = o” is an erroneous way of saying 
that lim^ori/x*) = 00. 

To say that “r jx — 00 when x = o” is doubly wrong, because 
lim*^.o(r jx) does not exist (§ r - 4i). 
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1*5. Continuity : alternative definition. It should 

be dear now that we may define continuity also as follows: 

A function f(x) js said to be continuous at x = a if 
lim x _ i . a f(x) exists, is finite, and is equal to f(a ). Otherwise 
the function is discontinuous at x = a. 

Ex. 1. sin (1 jx) is discontinuous at x = o, for 
lim,..*,, sin (i/x) 

does not exist (§ 1-34). 

Ex. 2. i/x a is discontinuous at x = o, for (1/x 2 ) is 

not finite (§ 1*4) 

Ex. 3. If y — x a when . 1 and j = 2 when x = 1, the 

function y thus defined is discontinuous at x = 1, for hm x _^ 1 /(x) is 
not equal to /(1). 

‘i*6. Continuous Function. A function of x which 
is continuous foi eiuy 1 ahit of v in the domain {a, b) is called 
a continuous Junction of x m the domain {a, b). 

It f(x) is continuous at x — a, then, according to the definition, 
lim x -± a f(x) — f( a ) Hence wc can find lim rH>t , fix) merely by 
substituting a foi x in /(x), piovided f(x) <s continuous a t x — a. 

i-61. Continuity of the elementary functions. The student 
is supposed to be familial with the elementarj functions and to know 
that:— 

(I) x" is continuous for all values of x when n is positive. 

(II) x” is continuous for all values of x except x — o when n is 
negative. For, when n is negative and equal to — m say, where m is 
positive, we can write x" as i/x m , and as x-*-o, 1 jx m either does 
not tend to a limit (cf. § 1 -41) or ->oo. 

(III) sin x and cos x are continuous foi all values of x. 

(iv) tan x is continuous for all values of x except Jit, ^it, 3it, 
etc. As x-> Jit from the nght, tan x -*■ + 00. As x-> Jit from the left, 
tan x 00. Thus hm x _ y ^ n tan x does not exist. 

(v) Similar statements can be made for cot x, sec x and cosec x. 

(vi) The inverse circular functions have an indefinitely large 
number of values for every value of x, and so some restriction is 
necessary to make them one-valued. For the sake of convenience, 
throughout this book we shall suppose, unless there is an express 
statement to the contrary, that sin -1 x, tan -1 x, cot -1 x, and cosec -1 x 
he between — Jit and Jit (both values inclusive); and cos _1 x, sec _1 x, 
and vers -1 x he between o and it (both values inclusive). 

(vu) sin -1 x and cos -1 x are not defined for values of x outside 
the domain (— 1, 1). sec -1 x and cosec -1 x are not defined for values 
of x between — 1 and 1 (both values exclusive). 
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(viii) All the inverse circular functions are continuous at every 
point within the domain for which they are defined. 

(lx) log x is continuous for all values of x > o. For values 
of x < o, the function is not real and so we shall not consider these 
values. As x tends to zero from the right, log x tends to — 00. 

17. Five theorems about limits. The truth of 
the following theorems would be taken for granted. They 
appear to be self-evident to a beginner, and ft>r that very 
reason the proof would be too subtle for him. If, as 
x -» a , <p(x) -> A and i|>(-v) -> B, then, in general, as xa, 
(i) {<Pu*) + y(A)} A + B, 

(li) {<p(.v) — A — B, 

(111) {<p(x) -» A.B, 

(iv) <p(x)rfx) + A l ’A' 

and (v) <p(x)* M -> A 3 . 

There are certain exceptional cases. Thus, if $ (*•) -*■ o and 
r.hc.o (sy) would .myily J-jhaf (x) -+ 0/0, 

which has no meamng. These exceptional cases would be considered 
in a later chapter (Chap. XIV). Moreover, in (v), <j>(x) must be posi¬ 
tive. This is because (v) is proved by taking logarithms of both 
sides. If </■(*) is negative, log <£(v) is not real and difficulties arise, 
specially in the interpretation of ^(x)^ *>. 

These propositions can be easih extended to co\e r cases where 
more than two functions aie invohtd. Thus, if &(x), $,(x),...<£„(x) 
tend to A v A 2 ,...A n respective!) as x -> a, then in genial, as x -> a, 
$i( A ) t^2 ( x ) T- ••• -*■ A z ~r ... T A n . 

The student must not suppose that the theorem will necessaul) 
hold even if the number of teims be infinite. Consider for example 
the sum 

f+ X 2 + (1 +~x 2 ) 2 + (x -r X _s p - •" adm f- 

As the terms are in geometrical progression with the common 
ratio x /(x 4 - x 2 ), which is less than unity if x ^ o, it is e as dy se en that 
the sum is 1 if x ^ o. Hence the limit of this sum as x tends to zero, 
which depends only on the values of this sum for vahi es D f x other 
than zero, is 1. But x 2 /(x -f x 2 ), x 2 /(x -f x 2 ) 2 , ... all -> 0 as x -> o. 
Hence one would ordinarily expect the limit of the sum as x o 
to be o. 

171. Continuity of sum, product, etc. From the prece ding 
article we can infer at once that the sum of two (or any finite n umb er 
of) continuous functions is a continuous function, the pr odft eft-bf 
two (or any finite number of) continuous functions is a cofl tSdMO us 
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function, the quotient of two functions is a continuous function except 
for values of x which make the denominator zero. 

172. Method of finding limits. The propositions 
of the preceding article, together with the properties of 
the various elementary functions and the four fundamental 
limits evaluated in the next article, enable us to find many 
limits quite easily. The difficulty which is most usually 
met with is the simultaneous tending to zero of the nume¬ 
rator and denominator of a fraction. In such cases it is 
usually possible to divide the numerator and denominator 
'by a common factor. 

Ex. Find linx,^ (x 2 ~ 4* 4 - $)/(x a — 2.x 2 — 3*). 

The numerator and denominator both tend to zero as x -+ 3. 
<Hence theorem (iv) of § 1-7 gives us no information. But evidently 
X — 3 is a factor of both the numerator and the denominator. Since 
the required limit depends upon the values of the given fraction for 
values of * other than 3, we can divide the numerator and denomi¬ 
nator by x — 3 and get the result: 

x% T 4 *_+ 3 _ * — i_ 

x 3 — ix 2 — }x x(x 4 - t) X 3 - 

Hence the limit, as x tends to 3 , of the fraction on the left is equal 
to the limit, as x tends to 3 , of the fraction on the right. Now the 
fraction on the right is continuous at x — 3 (§ 1-71). Hence 
the limit, as x -> 3, of (x — i)/x( x - 7 - 1) is equal to the value of 
(x— i)/x(x-f 1) when x — 3. This value is $. Hence 
lin W3 (* 2 — 4 * + j)/!*- 3 — zx 2 — 3X) - - J. 

We may note in passing that the function (x 2 - 4X -f 3)/(x 3 — 
2X 2 — 3X) is not defined at x = 3. 

1 -73. Some Important Limits. 

. (i) Lim I _ >0 (sin x)/x — 1. Let the circular measure of each 

jrf the angles AOB, B'OA be x, 
where o < x < Jit. Let the tan¬ 
gents at B and B' to the circle 
B'AB meet OA in T and let the 
chord BB' meet OA in C, O 
being the centre of the circle 
B'AB. 

We shall assume now as an 
axiom* that the chord BCW < the 
arc BAB' < BT + TB'. 

*It is possible to prove this on the basis of still simpler axioms. 
See Hobson : A Treatise on Plane Trigonometry , § 92. 
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Dividing by OB, it follows that sin x < x < tan x, 
or i < x/sin x < i/cos x, 

•which is easily seen to be true also when x lies between o and — fyx. 

As x -v o, i/cos x -*■ i. Hence xj sin x must also -»• r. There¬ 
fore, lim* 0 (sin x) /x - i. 


(ii) Lim J .^. 0 (i- i x) 1 * = e. If n is an integer, it follows from 
the Binomial Theorem that 




-i. 


n(n — i) 
a ! 



— i) ... (» — n f x) 
n ! 


x 


The (r -) 


,)' h, " ra,s /i(. - ;)('-! 


:)(«-;)+- 


This is positive and increases as n increases. Hence (i i/») n 
increases as n increases, because the number of terms—each of which 
is positive—increases as n increases, and also every term after the 
second increases as n mcxcases. 

It follows that (x - x, n) n must either tend to -J- oc, or to a definite 
positive limit, as n -* oo by taking up larger and larger integral values. 

But, by equation (1), (i — i l ») n is less than 

I - I - 1/2! -L I/3! -r ... + I/«! , 
and therefore < 1 — 1 -r 1 '2 — i ; 2 s -J- ... — i/ 2 b_1 , or < 3. 


Therefore (1 1 /«)" cannot -*■ -r oe. So it must tend to a defi¬ 

nite positive number, usually denoted by e, where e < 3 and, by eqn. 
(1), > a- Writing t for n, and restricting t to integral values, we have 

~ */*)'“«.( 2 ) 

If / -> cc by taking values other than integral ones, then also the 
above proposition is true ; because, for every value of t, we can find 
an integer n such that 

n -S / < n T 1. 

Taking reciprocals and adding one to each member, we get 


i + 


< i 1- 


^ 1 + 


1 

n ’ 


n -r 1 


1 

t 
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or 


Therefore ('+ ,^7)" <('+/)'<(' + v) • 

(> + rr t)“(-(-t)‘ 


<(« + t)'0 + 7)- 

As t -> 00, « -> 00. 

/ I \ »+l r J . —1 

Hence, as / -> oo, ^ i 4 j ) { 1 + n ; J -> f . i, i.e., -> e 

Similarly also ^ i h * ^ ( i -I- * ^ f. 

It follows that I'^h-hoo 0 + I l f Y — e - 
We can pro"c also that (i -f i//)* = e. 

For, if / is negative, and equal to — u, say,' 


= ^i + 1 ) ( 1 i.)’ w ^ ere v ~ u ~ i ' 


As / -> — co, u -»• oo and v -*■ oo. Taking hmits, we get at once 
1“W. ( x + T /0* =- (x + i/vy (i +• i/?’) = f. (t) 

Putting i // — x, we see from formulae (2) and (5) that 
knWoC 1 -f x) v * = f, 
whether x -> o from the right or the left. 

(111) Lim^^o (e* — i)/x = 1. Put e* — 1 = /, so that at = 
log*(i + /)• Then 

(*■ — 0/* — t l lo S i 1 + 0 

= lim^o 1/log (1 + /) 1/s = 1 /log f = x. 
We can prove similarly that lim,^ 0 (a x ~ i)jx = log a. 

(iv) LinWo {(1 + x) B - i)/x = n. Put (1 j- x) n - 1 = 

~ W ») T og(Y+0 ' Um — lo S (I + x >‘" 
“ Um *->° log (1 + Z) 1/z ‘ 1o§ " = *' 
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Examples on Chapter I 

1. If f(x) = x 3 + 2X + i, find /(a 2 ). 

2. If f(x) = x z — x -2 , show that /(x) — — /(i /x). 

3. If /(x) = —- 2 when x< 3 and/(x) — Sln -? when x>3, 

X I X — 2 

for what values of x is the function not defined 5 

o 

4. If/(x) = ^ , find the limit of /(x) as x tends to 2." 

5. If/(x) = ^ : , does lim ;E _ >a /(x) exist 2 Give reasons. 

6 Explain, gmng suitable examples, the distinction between 
the \alue of a function/(x) fot x — a, and the limit of/(x) for x = a. 

[Allahabad, 1930] 

7. Draw a graph of the function y given by j = o -when x = o 
and y — vsin(i/x) when x T o. Is this function continuous at 
x — o 3 

8. If y = x when x is integral and y = the integral part of x 
wthen x is fractional, draw’ the graph of y. 

9. Draw a graph of the function y defined by the statement 

“y is the smallest positive number that makes x r J an integer”. For 
W’hat values of x is the function discontinuous ? [Leathern r] 

10. Show that the function^(x) which is equal to o when x = o; 
to i-x when o < x < £; to £ when x — J , to 3 ’ — x when 
h < a < i , and to 1 when x = 1, has three points of discontinuity 
which )ou are required to find. [Patna, 1937] 

11. Are the following functions continuous at the origin? 
Explain. 

0) /(*■) ■=■ cos (i/x) when x o; /(o) = o; 

(11) /(x) — x sin (1 /x) when x^o; /(o) = o; 

(in) /(x) — x sin (1 jx) when x # o ; /(o) = 2. 

[Benares, 1937] 
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DIFFERENTIATION. SIMPLE CASES 


a*i. Definition. 


1 m 


A->0 


If f(x) is a function oj x, 

AC 

b 


is called >he differential coefficient of /(a) for \ - a. 

We have seen that a limit may exist or may not. The diffticntial 
coefficient, therefore, may exist for x =• a or may not. 

The differential coefficient is also called the derivative, or the 
derived function. 

As an alternative to saying “the differential coefficient of fix) for 
x — a” we might say “the differential coefficient of j(x) at x = a." 

The process of finding the differential coefficient is caUfcd differen¬ 
tiation. We are said to differentiate f(x). If there is any likelihood 
of doubt as to which symbol is the independent variable, we make 
it clear by saying some such thing as “differentiate f(x) with regard to 
(or with respect to) x”. 

It should be carefully noted that in taking the above limit, 
{f(a 4 h) —/(«)} /h is regarded as a function of b, b is rcgaided as a 
variable, and a is regarded as a constant. The sequel will show that 
hm^o {f(a + b) — f(a)}Jh is independent of h. 

Generally it is more convenient to write x itself for a, it being 
understood that in the process of finding the limit when h-r o, x is 
to be kept constant. With this understanding we can write : 

die differential coefficient of f(x) — lim A _ >0 '^' V "t ^ . 

If we try to find the limit involved in the definition of a 
differential coefficient by actual substitution (§1*6), the numerator 
and denominator both become zero, and thus we get the meaning¬ 
less form o/o. We have, therefore, to employ special methods. 
These are given in the various articles which follow. 


2*ii. Notation. The differential coefficient of f{x) 
is written generally as , or ~ f(x), or df(x)/dx , 
or f'(x), of Df(x). 
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The differential coefficient at x — a is generally re¬ 
presented by f\a), or {df(x)jdx}^ a . 

The student must not think that df(x)/dx means df(x) divided 
by dx, for df(x) and dx have no meaning according to our definition. 
To think so would be as wrong as to think that log x is the 
product of log and x ! 


2 * 12.' Differential coefficient of x B . If /(x)= x n , 
then /(x-j- b)= (x-j- b) n . Therefore, by definition, 


d 

dx 


x " = lim 


A -+0 


(x + by — x f 


(i) Suppose first that x =£■ o. Then we can take out 
x n common, and the right hand side can be written as 


lim^ 0 x 


„(i + b/xy-i 


Now x^o by supposition. Also b tends to zero. 
So we may suppose h to be numerically smaller than x; 
i.e., h/x to be numerically smaller than unity. We can, 
therefore, expand (i -f b t x) n by the Binomial Theorem 
and write the above expression as 


I -f 8 


b «(« — i) b~ 


lim fc ^ 0 x B —- 


x 


,2 

h 


— i 


Y" 


As h is not zero, and i and — i 
ator, we can divide out by b. 


cancel in the numer- 
Thus we get x* 


= bm^o .v» 



I 

1.2 


v 2 1.2.3 ■x 3 



= lim,,^,, x" {njx -j- b X (a finite expression, when;; is a 
positive integer, or, when n is not a positive integer, 
a convergent infinite series, the sum of which does 
not-* co as /;-> o)} 

= n x” -1 , by theorems (i) and (iii) of § 1*7. 

We have thus pr oved the impo rtant proposition: 

id 



*4 


DIFFERENTIATIOB5PIPEE cases 


Ex. 


dx 


*? = 7*®; 


d x^ = ( y/i)xv*- 1 ; x -B = — 5*~ 


dx 


(ii) Let x = o. If # > o, 
/'(o)=Um A ^ 0 ( °^” 


- = lim. 


dx ' 


b n 


>° A 


-=Iim A ^ 0 A*- 1 . 


Hence, if n > i, /'(o) = o, 
if* = i, f'(o) = i, 

f /'(o) is non-existent if £ n_1 changes sign when 
if o < » < i, ■{ the sign of b is changed (cf. § i -41), 

( f'(o) = oo, if b n ~ x does not change sign when 
the sign of b is changed (cf. § 1 • 4). 

If * = o and f(o) = t, f(x) becomes merely a constant and the 
case comes under § 2 • 17 below. 

If n < o, i.e., if n is negative, f( o) is not defined (§ 1-12) and 
therefore the question of the existence of /'(o) does not arise. 


Alternative Proof. If we wish to avoid infinite series, we can 
proceed as follows :— 

d „ {x + by -x n .. _ 1 (r + b/x) n - 1 

dx X Z=hmk ^ ~f - =llm *->« X “ T - b/x ~ 

(supposing x o) 

= lim x" _1 - 1 — - -- (where t = b/x) = x B_1 . » 

Of § f73)- 


2*13. Differential coefficient of sin x. 

d . sin (x 4 -* h) — sin a*. , c . . 

^sffl}f = lim^o ——~ ~h — _ — ^ definition 

_ 1; „ 2 cos (a 4- *}£) sin ^ 

— nm A ^. 0 ^ 

. = cos (*.+ j 


= COS X, • 

* 

because as h o, cos (x -)- \b) -> cos a-, cos x being a 
continuous function of a ; and (sin ih)j(^h) -*■ x, in accord¬ 
ance with the well-known theorem of trigonometry (see 
§ 1 - 73 ) that lim ,_ 0 (sj|Lg)/ g_= 1 . 

Thus 3 - sin x = cos x. 
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2*14. Differential coefficient of cos x. 

d .. cos (x + b) — cos x 

- ix cos * = lrnwo- - h - 

— 2 sin (x + lb) sin \h 

= {- sin (* + \ h ) • 

= — sin x, for reasons similar to those of 

the previous article. 


Thus 


dx 


cos x = — sin x. 


2*15. Differential coefficient of e*. 


_ p* 

dx 


lim 


pr-t 1 


h-> 0 


e h — 1 


= lim *-+o h - 


1 + j&+ \ h ~ - (1 h ,\) /; 3 + ... - 1 
k ->° 6 b 


lim,._ n e x - 


lim ft _ 0 e x {1 + b x (a convergent series, the 
sum of w^ich does not -> 00 as h -> o)} 


= e z . 


Thus 


dx 


e" = e*. 


Alternative Proof. If we wish to avoid infinite series, we can 
proceed as follows :— 


d 

dx 


e» = lim,,.*,, 


«*+* — e 


b 


-- = lim^o «*• 



gh - I 

* «•, because lim A ^. 0 - ^ - = 1 (see § 1*73). 


2*16. Differential coefficient of log x, i.e., log, x. 


1_ . 1* __ 


+ *) — log (x) 
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_ (i + &!*) 

,._ h'jx — 1 /j 2 [x z + — i^ 4 /* 4 + ... 

— -- fj 

= lim A _„ 0 { i/x — h X (a convergent series the sum 
of which does not ->• oo as h -> o)} 

= l ! x - i„ 

d 

Thus log* = i/x. c 


Alternative Proof. If we wish to avoid infinite series, we can 
proceed as follows:— 

d lop- x — hm log (* + b) - log (x) 
dx 10 ^ — Un Wo ~ h -» 


= li m /t- 


x h 


IO *( ,+ t) 


t , h \ x,h 

= x lirn A-»0 l0 8 (* + x ) 

— (i/ x ) lim ( _^ 0 log ( x - /) 1/{ 

= 0/*) log Ksee §1-73) - i/x. 

2 • 17. Differential coefficient of a constant. Let c 

be a constant. If /(x) — c for every value of x, 'then 




c — c 

k -*-0 ~ ~L 


i.e., the differential coefficient of a constant is %pra. 

2 2. Differential coefficient of the product of a 
constant and a function. Let a bf .a constant. Then 


= lim. 


A*+b)-Kx) ] 


“■ a ~j~> ( b y § 1 *7» ®or. iii), 



DIFFERENTIAL COEFFICIENT OF A SUM 


2 7 

i.e., the differential coefficient of the product of a constant and 
a function is equal to the product of the constant and the differen¬ 
tial coefficient of the function. 

Ex. = ®*7> ** ; 5 X' ,a J = }y/i x^-\ 

d f ’ « 

Jx<~ 5 * 2 ) = ~ 5 • * • * : etc. 

2*2i. Differential coefficient of log a x. We know 
that l og, x =-fiog e .v). log a e. 

As log 0 e Is merely a constant, it follows from the 
preceding article that 

^log.x = A log^e., 

2-3. Differential coefficient of a sum. 

Let /(■v)-/ 1 (-v)+/ 2 (.v). 

Then f(x + h) - /,(.v -J- h) + ffx + h). 

Therefore ^ /(- v ) 

- lim ^ AC* + ~ (/i(- v ) + /2C*) I 

- lim ( + /} ) “ 4 - /a(- v + /y ) - / 2 (- v )) 

- llm *»oj 7, + f J 

* • = #1 (ffiffdx + dffx)!dx. 

It is evident that this method is applicable also to the 
sum of any finite number of functions. Thus 

=® f ‘ (x + dU (x) + - + s f *< x >- 

Ex. 1. </(8x 7 + 3 sin x)jdx = 8.7.x® + 3 cos x. 

Ex. 2. ^(4#* — 5 log x)jdx = 4#» — 5 jx. 

Ex. 3. d(vers x)/dx = rf(i — cos x)/dx = sin x. 
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t *4. Differential coefficient of the product of two 
functions. 

Let /(•*) = /xM/aW- 

Then f(x + h) = + o)ffx + h). 

Therefore f(x) 

_ lim /it* + A) / 2 (.v + />) - ffx) fjx) 

= lim A ^ 0 

/(* + h) i / 2 (* + Jj ) ~ /2O)} + ffc) I /i(* + /; ) -/i( x )} 

(by adding and subtracting one term in the the numerator) 

=/i(*)- # 2 (x)^v+/ 2 („\). dffx)jdx ; 
i.e., the differential coefficient of the product of two functions 

= first function x diff. coeff. of second 

+ second function x diff. coeff. of first. 

Whenever one of the factors is merely a constant, § 2 • 2 should 
be applied. 

Ex. d(x 2 sin x)/dx = x a cos x -+- zx sin x. 
d{e* cos x)jdx = — e® sin x + cos x. 

Examples 

Write down the differential coefficients of 

x. x, x 5 , x~*. 2. x 1 ' 2 , x i/s , x~ s/t . 3. \/x, y/x 3 , \lx~ B . 

4. 2x a , 3**, jx~ ? . 5. 8«*, y/z sin x. 6. — 3 log x, — fx 4 . 

7. 4**-|-3 sin x. 8. j cos x — 2«®. 9. 6 log x — y/x— 7. 

xo. x" + «"• * ii. ax 2 + + e. 12. (ax) m + b m . 

*•13. x*logx. 14. e*sinx. *.15. cos x. log x. 

x6. log 0 x-f logx°.«i7. log a x - 18. sinx. log„x. 

* 19. }x t e a +2. 20. 9sinx. e 9 /-/. • 21. Sy/x. logx. 

W * + * + (** 1 * 1 ) + (*r»/3l) + (x‘/4l) + ... 

* 
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2*5. Differential coefficient of the quotient of two 
functions. 

Let fix) =A (x)lMx). 

Then f(x + IS) =f 1 (x + IS)jf 2 (x + IS). 

Therefore 


d_ 

dx 



r (fi(*+]>) 
*-1 M* + b) 



_ lim A(* + h ) A( x ) -_M X . + b )fi (x) 
~ k *° 7 '& + >)]&)•* 


/l( x)| Mz +3 T-M£\-f lx) if 4 ?L+ h ) ~M X ) 

7*(- v + b )h{ x ) 


(by adding and subtracting a term in tbe numerator, and then divid¬ 
ing both numeiator and denominator by b) 


/«s/.W-/,We/.M 


i.e., tbe differential coefficient of tbe quotient of two junctions 

(Dill, coeff. of Numer.) (Denomr.) 

— (Numer.) (Diff. coeff. of Denomr.) • 
Square of Denominator 

d / log x \ _ (x /x) sin x — log x. cos x 
dx' sin x)~ sin 2 x 


2*51* Differential Coefficient of tan x. We can 

use the preceding formula to find the differential coeffi¬ 
cients of tan x and cot x. We have 


d_ 

dx 


tan x = 


A x \ 

dx' cos x' 

d (sin x) jdx. cos .v — sin x. 

cos 2 at 


d (cos x)jdx 
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DIFFERENTIATION. SIMPLE CASES 


_ cos x. cos a* — s in x. ( — sin x) 

~ COS 2 X 

_ cos 2 x + sin 2 x 
cos 2 X 

Thus tan x = sec 2 x. 

dx 



Examplfs 


Write down the differential coefficients of 


I. 

x n /log X. 

2. 

x n /lop a X. 

3- 

(cos Jr)/log x 


ax 2 + b 

5- 

\Ja - \Jx 

/ 

3 -f tan x 

4- 

sin x + cos x ' 

yja - \Jx' 

o. 

5* +T ‘ 


tan x cot x 

8. 

cot X 


e x tan x 

7 - 

log* 

x -r « x ' 

9- 

cot X — x n 


J**_+ 6* + 7 

T T 

i 

12* 

I 

10* 

2X 2 + }X + 4 ' 

lit 

sin x ' 


COS X ’ 


2*6. Differential coefficient of a function of a 
function. 

Consider the function sin x 2 . This is certainly a function of x. 
But its differential coefficient cannot be found by the rules given so far. 
We know the differential coefficient of x 2 , and also of sin x, but 
not of sin x 2 . In order to find the differential coefficient of sin x 2 , 
it is convenient to regard it as a function of x 2 , which is itself a 
function of x. Thus sin x 2 is regarded as a function of a function 

of x. We may have a function of a function of a function of. 

of a function of x. Thus we may have (log cos sin tan *■*)*, or 
something more complicated. But to begin with we shall take up 
only a function of a function of x. 
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Let /(*) =/i {A (*)}• 

Then f(x -f h) {/ 2 (x +■ b)}. 

Put/ 2 (x) = t, and/ 2 (x h)=.t-\- k. Then, as h-+ o, 
/ 2 (x + ^)->-A( x )> because we suppose / 2 (;c) to be a conti¬ 
nuous function of at ; i.e., t k-> t. Hence as h-> o, k 
also -> o. 

Therefore f(x) 


lim AiUx+m-Ai M*)} 

Um A ->.0 j 


— um ft _ >0 - -- j- 


_lim (/i( / +'0“A( / ) * ) 

Iim IA('t/)-A« A (* t *)-A (*) 

=-^- /i (0- 'X A (*)» by § I - 7 , Theor. iii. 


This important theorem is usually remembered (after 
dropping the suffix of A) i* 1 the form 

df _df dt 
dx dt ‘ dx' 


The student sometimes feels a difficulty in seeing why 

lim /j(/ + k) —Mi) 

Um h -+0 -^- 


is df^jdt. He should notice that as b -> o, k also -»■ o. 
can write the above expression as 

fi(* +*) — fiit) 

' k 


lim* 


Hence we 


If he now compares it with the definition given in § 2-1, he 
will see that we have now / in place of x and k in place of h. 
Therefore, as the result does not depend upon b or k, this limit 
must be $(/)/<&. 
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Ex. i. Find the differential coefficient of sin**. 
Put x 3 = t. Then 

d d . d . dt 

d x smx2 = dx smt = -dF sm '-l& 
dx a 

= COS t . = (cos X s ) IX . 


Ex. 2. Find the differential coefficient of (ax 1 + b) z . 
Put ax * + b — t. Then 

S«** + *& =3' , -e<“‘ + s > 

= 3 (<;x 2 + b) 2 . (lax). 

Ex. 3. Find the differential coefficient of log sin x. 

Put sin x — t. Then 


d . d. 

& lQ g sln * = ^ lo e * 


dx 
1 

~ t 
= cot X. 


d , dt 
log A 


dt 


dx 


d 1 / 

~r sin x =“ . cos _v J 

dx sin x 


Important. It is quite easy to write down the 
differential coefficients of functions of a function without 
making substitutions as shown in the above examples. 
After a little practice the student should try to write 
down such differential coefficients at once, and only when 
he cannot do so he should employ substitutions. 


Examples on Chapter II 

Write down the differential coefficients of 
x. e* 3 , sin x 3 , cos x 3 , tan x 3 , cot x 3 , log x®. 

2. sin 3 x, cos 3 x, tan 3 x, cot 3 x, (log x) 3 . 

}. e 3 *, sin 3X, cos 3X, tan 3X, cot 3X, log 3X. 

4. log (x* + a), log (e* + 1), log (sin x + 1), log cos x, 
log tan x, log cot x, log log x, log 0 sin x. 

J. e 3 *, *<1 + 10**^ e cce (tun ^ # cot *. 

6 . sin x", sin (log x), sin e», sin (cos x), sin (tan x). 

7. cos x", cos (log x), cos «*, cos (cos x), cos (tan x) 
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8 . tan x®, tan (log x), tan e“, tan (sin x). 

9. V( sin *)» V 0 °g *)> V( cos x )> V( tan x )> V( cot *)• 

I X I_ I I 

I0 ' sin x 1 ’ log x’ cos x' X n + a"’ y/(x -r- a)' 
it. (ax + b)*, log(ax + b), e ax+b , sin (ax + b), tan(ax + b). 

12. 4 sin x 2 + log (5 sin x + 6), tan e x — 3 log ( ax* + b). 

13. (cos>/x) log sin x, cos 4 x. cos x 4 , e Btn x sin e*. 

14. (x 4 - a) m (x + b) n , (x 2 4 * a) m (x 2 + b) n , (x" + «) p (x m -f- b)i. 

v/l cot x® tan 8 x log cos x e sin x \/(sin x) 

ax + b’ ax 2 -f- b' tan (log x)’ sin x*’ sin\/x 
6. (e* + «“*)/(«* — e~ x ), log {(ax 2 + 1 x 4 - r)(sin x)(x" + «")}, 

log {(ax + b)l(px+q)). 

1 • /(*•"), f(ax n + b), /(sin x), /(tan x). 

8. log x T , log(sin x)® 03 T , log (ax + &) Un x . 

9. -%a + bx 2 , ~\/(a -f- bx) m , \Ja + bx m . 

to. e a - Lbx ~ cx2 , log (agX n 4 - ajX" -1 4 _ ... a „). 
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DIFFERENTIATION {continued). MORE 
DIFFICULT CASES 


3-io. Differential Coefficient of a*. 

/ 0“ = (e l °* a ) r = e x log °. 


Therefore 

i.c.. 


dx 


a* = e x Io * °. log a ; 


s a-= a-log a. 


3 ii. Differential Coefficient of secx. Putting 
cos x = t, we have 

d d , v, rt'.i d ^ . dt 

j-secx = T (cos x) -1 = x /- 1 = t- 1 . x 


- dx-fc' - dt • ■dx 

— — 1 . t ~ 2 cos x — — sec 2 x. (— sin*). 

d 


Thus 


dx 


sec x = sec x tan x. 


3 • 12. Differential Coefficient of cosec x. 


dx 
Thus 


cosec x — (sin x)- 1 — — i. (sin*)' 2 , cos *. 


j- cosec x = — cosec x cot x. 
dx 


i 3 13. Differential Coefficient of sin -1 x. 

, ‘ * Let sin -1 * ==j. 

Then * = slnj. 

r Differentiating both sides with respect to *, we get 
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dy _ 


dy 


i = sin y = T sin y. -f- = cos y. ^ 
dx ■' dy dx ^ dx 

dy i 


Therefore, by division, 


cos y 


V (i—sin^y) -y/ (i—x 2 ) * 


i.e.. 


d 

dx 


sin -1 x = 


VI — X 2 ' 


It should be carefully noted that whereas sin 2 x means (sin x) 2 , 
|^n -1 x does not mean (sin x) -1 . 

314. Differential Coefficient of co8 _1 x. This we can 
find by a procedure similar to the above, or as follows :— 
By trigonometry, we have 

cos -1 .v = — sin -1 x. 

Differentiating both sides, we get at once 
d . 1 

dx Vi — x a 


3*15. Differential Coefficients of tan~ x x and cot -1 *. 

Let y — tan -1 x. 

Then tany = x. 

Differentiating both sides with respect to x, we get 

(cf. § 3 *13) 


2 dy 

**y-dx= x ' 


Therefore 

i.e.. 


dy _ 1 _ 1 _ 

dx ~ sec 2 y ~ 1 -f tan 2 j ’ 

d 1 1 

dx 1 -f x 2 


We have similarly, ^ cot -1 x = — - . 

This also follows immediately from the equation 


cot -3 x — ~ tan -1 x. 


<ff- § 3 ** 4 ). 
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3*16. Differential Coefficients of sec - 1 x and 
oosec -1 x. 

• Let y — sec -1 x. 

Then secj = x. 

Differentiating both sides with respect to .v, we get 

dy 

sec y tan y — i. 

Therefore -y— = - 1 - =- rr~y. -—y; 

</.v sec y tan y secjy(secf)' — i) 


i.e., 

Similarly, 


d * i 

-j- - sec - 1 x — —>%=--=-=. 

dx xV x 2 — i 


, i 

- cosec -1 x = — - . _ 

dx xVx 2 - 

This also follows immediately from the equation 
cosec -1 x — — sec- 1 x. 


3 -17. Differential Coefficient of vers -1 x. 

y — vers 1 x. 
vers y = 1 — cos y — x. 


Let 

Then 

Differentiating, 

Therefore 


i.e.. 


dy 

sm y-& - r - 

^ _ 1 _ 1 

~ sin 7 y^i — cos!) 1 ) 
1 

~ VI 1 - C 1 - versj) a l 
_ 1 

>/(a vers_7 — vers 2 j>) ’ 

1 


dx 


vers -i x =■ 


Vax —: 


It follows immediately that 

d (covers -1 x)/dx = — 1 /\/(2x — x 2 ). 


3 * ao. Inverse functions. 

If there is a relation between x and y, we can generally express 
it in two ways: we can either express y as a function of x, or we 
can express x as a function of y. One of these functions, according 
to convenience, is called an inverse function, sin -1 *, cos -1 * 1 , etc., 
axe examples of such functions. 
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Let there be an inverse function f~ x (x), i.e., let 
J =/ _1 (*)> 

where f~ x should be regarded as one symbol like F, or <f> t or tjj. 
When solved for x, let this become 

* =/oo* 

In the former function x is regarded as the independent variable 
and in the latter j. By differentiation we get dyjdx and dxjdy 
respectively. The relation between these differential coefficients can 
be obtained as follows :— 


WC 


We have proved before that 

df(t) dt df(t) 

dt ' dx dx 

Putting t —y in this, and remembering that x = /(j), 
have at once 


\/ 


dx dy 
dy X dx r * 


This formula is useful in diffeientiating inverse functions. We 
could have saved a few steps in Arts. 3‘13, 3 *15, etc., by using it. 
Thus if j — sin -1 x, then x — sinj. Therefore 



as before. 


1 

cos y 


1 _ 1 

VCi-sin.*}) ~ V(T-**)’ 


3-2i. Differentiation with regard to a function. 

Suppose we have to differentiate sin .v 2 with regard to .v 2 . 
This means that we consider .v 2 to be the independent 
variable. Putting .v 2 = t, we have 

diff. coeff. of sin x 2 with regard to x 2 

d sin x 2 d ^ „ 

— jt sin t = cos t — cos x l . 

d( a 2 ) dt 


We can derive a general rule as follows:— 


Diff. coeff. of/(*•) w.r.t. <j>(x). 


i.e. 


df(x)_ 

’ dm 


=where t =<f>(x) 


df(x) dx 
dx ‘ dt 


by § a• 6 = by § 3-20. 



Hence 


** 


DIFFERENTIATION (continued) 

df(x) _ df(x) d^(x) 
d^(x) dx , dx 


Thus, diff. coeff. of sin x w. r. t. log x 

= *1 ~( 4 ~ sin x) - 4 - log X = xcos x. 

d( logx) \dx /, dx 6 

But such cases are of no practical importance. 


3 * 22? Generalisation of the rule for differentiating 
a function of a function. Suppose we have to differen¬ 
tiate log sin x 2 . Putting sin x 2 = t, we have 

log sin x 2 — log / = jlog/.js 


A ll o 

— -7 T Sill * ■ 

/ AX 

We can now find d(s‘mx 2 )ldx as in § z‘ 6. 

It is clear that a similar procedure will apply in 
general. 

In practice actual substitution can be dispensed with. A help 
towards this end is to note that the formula 

m = d/df 
dx di ' dx 

can be written also as follows :— 

d df t (x) 

dx h 1 h{ ) ’ ~ d { /*(x)} ' ~dx" ’ 

' y > 

and therefore the mental process in differentiating log sin x 2 would 
be something as follows:— 

t We have to differentiate Iog(sin x 2 ) with regard to x. Differenti¬ 
ating this jpgj'regard to sin x 2 we get i /sin x*. We have to multiply 
this by ^l^ffere rendal^rfUcfficient of sin x ! with regard to x. For 
that we d®!rentiate it .fitsi with regard to x 2 and thus get cos X s , 
by which ^we multiply (r/sinx 2 ). We have now to multiply this 

E roduct Withe differential coefficient of x 2 with regard to x. The 
itter is *SK Hence the required differential coefficient is 


*( i/sinx 2 ). cos x 2 . ax. 



LOGARITHMIC DIFFERENTIATION 


$$ 


Ex. i. ^ (log sin x®)» 

== n (log sin x 2 )* -1 . (i /sin X s ). cos X s . 2x. 

Ex. 2. ~ sin 8V ® 
dx 

= cos f® 06 8 * r *. e 008 3/B . (— sin }\fx).}. J x -1/2 . 


Examples 


Write down^he differential coefficients of * 

A. log sin - * x 4 , log cos -1 x 4 , log tan -1 x 4 , log sec -1 x 4 . 
(sin -1 x 4 ) 4 , (cos* 1 x*) n , (tan 3 ' 1 -y/x) 2 , (cot -1 x 8 ) 1/8 . 

a sin 2z j a tan 6*^ fl eec nx j gcosec (Bin «)_ 

4. sin log(x 2 + 1), tan -1 e** +1 , cosec -1 J m+e , sec (a* + x®) 2 . 




A 

4S. 


/$■ 


ro. 


(i. 


Vlog sin x, Vsec -y/x, Vain -1 x 6 , Vcot* 1 e*. 
sin" 1 (»x), cot 2 (3<“ + 1), cosec 8 (m sin -1 x). 
tan -1 {x/V(* + **)}> cos -1 {(x — x -1 )/(x + x -1 )}. 
cosec* x m , (cosec -1 x™)*, sec* (ax* + bx + e). 
log sin -1 e 3 *, log cot -1 a 5 ** 8 , log sec(«x + k) 3 . 

1 a 10 *, sin -1 (i-f x 2 ) -1 ' 2 , log cosh x, log log log x*. 

* [Darra, 1936] 

Find the differential coefficients of 


|x(i) a® 1 " -1 ® with respect to sin -1 x, 
k'tii) e* with regard to y/t, [Madras, 1937] 

log 10 x with regard to x 2 . [Andhra, 1936] 


3*23. Logarithmic differentiation. When a varia¬ 
ble is raised to a variable power, neither the formula 
for x n nor that for a x is applicable. We have to 
take logarithms and differentiate. This process, called 
logarithmic differentiation, is also useful when the function 
consists of the product of a number of functions. 

1. Find the differential coefficient of (sin xy°t*. 

Let y — (sin x) ,0 » *. 

Taking logs, log y — log x. log sin x. 

Differentiating, y . = log x. ^T —. cos x -f —log sin x. 
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differentiation {continued) 


Therefore d £ = (sin x) ! <* * {log x. cot a- + (log sin x)/x}. 

Ex. 2. Find the differential coefficient of x 1 - 1 - (sin x) Iost *. Here 
we cannot take logarithm^ directly. In such cases we have to find 
the differential coefficient of each term separately. 

Let y = x®. Then logj = x log x. 

Therefore — ~ —x. — -f- log x, or d J — x* (i 4 log x). 

y dx x b dx 

Again ^ let % = (sin x) loB *. Then log ^ =■ etc., and 

^ — (sm x) loB J f log x. cot x 4- (log sin x)/x}. 

Therefore ^ {x® f- (sm x) loB T } 

— X* (x + log x) f (sin x) ,0B 1 {log X. cot x + (log sin x)/x (. 


3-24. The differential coefficient of (fj(x)j 
Let j — iff (x)}h (x K Then log y =f 2 (x) log/j (x). 

Therefore ~ = /*(*)• j^ x ) . f x '(x) + f t '(x). log f x fx), 

° r 4x -//*)• 

+ { /i(*)} f d x) A'(x). log fffx) ; 

i.e., to differentiate {f (x)} f 2 { r) differentiate first as if f % (x) were 
constant, then differentiate as f f t (x) were constant and add the two 

Bn. -j- (sm x) log r = (log x) (sm x)<'°* *) -1 . cos x 

+ (sin x) Io * *. (1 lx), log sin x, as before. 


3 25. Differential Coefficient of the product of any number 
of functions. 

Let J —fi (*)■ fa (■*)• fa (x). •••/« (*)• 

Then log y = log/,(x) -f log/,(x>) Jog/ B (x). 

Therefore T - -f- = + - f f + ... + &H-, 

y d* h {x) r fz {x) f n (x) 

°* % =fi'(x)f t (x)f i (x)...f n (x) +A(x)f a '(x)Mx)...f n (x)+...; 



IMPLICIT FUNCTIONS 


i.e., to differentiate the product of any number of functions multiply the 
differential coefficient of each function taken separately by the product of all 
the remaining functions and add up the results. 

Examples ■ 

Differentiate 

A. x®, x* in *, x® in *•, x coe x cot b* ; x 5 ® 3 . f Dacca, 1937] 

Jt. x(i — x 2 ) -1 '' 2 cos -1 x, xe x sin x. [Madras, 1924,1936] 

''3. (log x) sin *, (sin x)>°* *, (sin -1 x) !og *, (cosec -1 x) hg *. 

4. (vers -1 x) 008 *, (cosec -1 x) T3:r +^, (tan -1 x) (C0B ®+ sin ®). 

5. (1 + 1 /x)« + x 1+1/ ®, (cot x) sin * + (tan x) 008 *. [Agra, 1934] 

6 + 4 ) \ f i ^ ( x I x W( l + tan x ) 

V(* a +3)’ \J \ (x -p) (x - q)}’ cos*x 

7. (x — i) 2 (x + z) 3 (x + 4) log x, (sin x)(log x)x* cos x. 

(1 — 2x) 1/2 (1 + x) 1/2 sec 2 ax, 3® x 54 ® cos -1 x. 

3*26. Implicit functions. If the relation between 
and y is given by an equation involving both and this 
equation is not immediately solvable for y, then y is called 
an implicit function of .v. On the other hand, when y is 
given in terms of x, y is called an explicit function of .v. 
In the case of implicit functions there might be more than 
one value of y for each value of x, and there might be 
other complications. But, without paying heed to these, 
it is possible to get the value of dyjdx by mere differentia¬ 
tion of the given equation as it stands. 

Ex. Find dyjdx when x 3 +y s -f- j xy — c — o. 

Differentiating, we get jx 4 + iy*y + 5 ( xy' +_j) = o. 

Therefore dyjdx — — (x 4 +j)/(x -f y*). 

3‘27. Parametric equations. Sometimes x and y 
arc both expressed in terms of a third variable, usually 
called a parameter. We can alfvays find dyjdx in such cases, 
without first eliminating the parameter, by the use of 
§§2*6 and 3"20. 

Thus, if x =f x (t), and y =/ a (/), 

dy _ dy_ dt_ _ dy , dx 
d is. ~~ dt * dx ~~ dt / dt ’ 


then 
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DIFFERENTIATION (continued) 


Ex. If x — a cos 0, and j = b sin 0, find dy/d x . 


Here 


dy __ / dx _ b cos 6 

dx ~ dO I dO ~ — a sin 0 



Examples v 

Find dyjdx •when 

i. x* + )axj' -\-y 3 = a 3 . 2. x n -\-y n — <j b v 

j. y = x*. [Luckuou, 1933] 4. x 2 '' 6 -i- _j_ ji/b — a vi' 

5. x*.f = x. {Calcutta, 1937] 6 . e* logj = sin-i x + sm ~iy, 

7. x "4 - y* = a b . 8. (sin x) 1 * 8 » + ( cos v = a . 

9. x(x 2 ■(-j 2 ) 1/2 -f tan -1 (y]x) = 1. 

10. V(^* +J) ~ log (* 2 ~y)- [Andbra, 1937] 

11. x — a (t — sin /), y = a (1 — cos /). 

12. x = a (cos t + log tan J/), J — « sin A 

13. x - log t + sin /, y — e 4 -f- cos t. 

14. x — sin Z 3 + cos t 3 , y — sin¥ + z cos -1 /. 

1 j . Ifx(i +j) 1/2 l j(i -f x) 1 /a ~= o. Drove that ^7/4^ _( j -f x )"*. 

{Benares, 1933] 

[Transpose, square, and solve for y. Reject the r( }ot „ _ x 
does not satisfy the given equation and differentiate tj, e other root.] 


3‘28. Transformation. Sometimes an algebraic 
or trigonometrical transformation before differentiation 
materially' 'shortens the work. 


q/V 

Put x = tan 0 . Then 
Therefore 


Differentiate tan" 1 (zx/(i - x 2 )}. ^ ra> I9JO j 

zx _ 2 tan 0 
1 -x* ~ 1 - tan 2 © ~ “* 20 - 
zx d 


d , » , 

-5- tan -1 - s = r tan -1 tan 2 

dx 1 — x 3 dx 


== J? (2<,)= & (2tan “ , *') = 


r+~s*• 


Ex. z. Differentiate £. ± ^+- g g p*± <W±j 
. x* + * 

Dividing out, we find that the given expression 

= x* + 3X + 6 — zoftx* ^ «). 



HYPERBOLIC FUNCTIONS 


Differentiating, we find that the required differential coefficient 

_„ +l x 10 -3** 

— + 3 + (x 3 -t- a)»* 

(x* — I'i 1 ' 2 x 2 ' 3 

Ex. 3. Differentiate log --— E —- • 

3 ° ax + b 

The given expressionlog (x 2 — z) + 

Therefore the required diff. coeff. = 


x — log (ax b). 

zx + _L_ 

3(x* — 1) )x ax -f b 


Examples 

Differentiate 

i- logV(^ 2 + * i)» log {(4x - r 5 j 1/a /(zx -t- 1)}. 

2. (x 4 + 5X 2 + 9)/(x 2 -L 1), (jx 3 — 7X 2 + 8^r + x)/(x 2 — x). 

*■ 3«x 


tan- 1 tan- 1 _ 

a(a 3 - 3 x 2 )’ VO 2 * - x 2 )’ 


5- 

4. cos- 1 (4X 3 

5. tan- 


tan -1 - 


a* — 2x*‘ 

3x), cos -1 y/ {(i - x)/ 2}, sin- 1 (3X — 4X 8 ). 




i-cos^O ' 1 o_-_x -,V(l-■-»■)-I 


, tan -1 - — , tan - 
i+«* 


+ cos x/ ' Z 4- «X' X 

6. sin -1 {xy/(i — x) — y/xy/(i — x 2 )}. [^gra, 1934] 

7. Find the differential coefficient of cot cos -1 x and illustrate 

graphically. ' [Bombay, 1935] 

•* t 

3 * 3. Hyperbolic Functions. These functions are defined as 
follows:— 


sinh x = i (e® — e - *), 
coth x = cosh x/sinh x, 
cosech x = 1/sinh x. 


cosh x = i (e“ 4- e - *), 
tanh x — sinh x/cosh x, 
sech x — 1 /cosh x, 

(i) We notice that 

cosh* x — sinh 2 x = | (^ + «-*) 2 — i (r* — *-®) 2 

= $ (n 2 * + 2 4 - f" 2 *) - l (i 2 *- 2 + if- 2 *) 

y=H 2 + 2 ); 

i.e., ^irosh 2 x — sinh 2 x = 1. 

(ii) Again, ^sinhx a. $ ^ («?-e - *) = g («* + »“*); 


i.e.. 




sinh x = cosh x. 



DIFFERENTIATION ( Continued) 


Similarly V ^ cosh x — sinh x. 

(iii) Other formulae, which can be easily verified, are: 

j d 

tanh x = sech 2 x, j , coth x= — cosech 2 x, 
v dx ’ 'S dx 

d d 

~r~ sech x = — sech x tanh x, . cosech x = — cosech x coth x. 
dx dx 

(iv) If y = cosh -1 x, then x — coshj = & (e y + f -y ). 

Multiplying by ze y , and transposing, e 2y — ixe y -f i-o. 

Solving as a quadratic in t y , e y — x ± \/(x 2 — i). 

Therefore y — log {*• ± \/(x 2 — i)}. 

The principal value is defined as the one in which the positive 
sign is taken, and is the value which is usually denoted by cosh -1 x. 

Hence cosh -1 x = log {x + \/(x s — i)j. 

Similarly sinh -1 x = log {x +>/(x a i) ), 

tanh -1 x = £ log * 

The differentiation of the inverse hyperbolic functions, therefore, 
would present no difficulties. 


3-4. Differentiation of Infinite Series. Not every infinite 
series has a meaning, for it might be divergent or oscillatory. Even 
if a series is convergent and its sum is f{x), the result of differentia¬ 
ting it term by term might give a series which does not converge 
to/' (x). Hence, we are not justified in differentiating a series, unless 
we prove first that it is permissible to do so. 

But these considerations are very difficult and it is sufficient for 
the beginner to be able formally to differentiate a series. 

Similar remarks apply to continued fractions, products or other 
expressions in which some process is carried on an indefinitely large 
number of times. 


... to infinity 


Ex. If y = x®* , prove that x 


We have 
Taking logs. 

Differentiating, 


dx 

y = x v . 
log y =y log x. 


- -.r 

1 — y log x 

[Patna, 1933] 


dy 


dy 
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Therefore, 


or 



x *1 = f 

dx 1 —y log x ’ 


3-5. Differentiation from first principles. Differentiation 
from first principles means that the propositions about the differentia¬ 
tion of sums, products, functions of functions, etc., are not to be 
applied ; neither are the results of differentiating the standard forms 
to be assumed. The process is of no practical utility; but a knowl¬ 
edge of it is desirable. So those standard forms which have not 
already been differentiated from first principles and also some typical 
examples are considered below. 

(i) a x . The differentiation of this from first principles is very 
similar to the differentiation of e* (§ 2- 15). Just as e h was expanded 
in powers of b, similarly a h should be expanded. This expansion 
is 1 + h log a -f- {h log <?) 2 /a! 4 - .... The second term now is 
h log a instead of b. Hence the final result involves log a as a factor. 
If we adopt the alternative procedure of § 2 • 15, we must employ the 
result lim^a (a* - i)jh = log a. (See § 1*73.) 


(ii) 


d tan (x 4- h) — tan x 

r~ tan x — lim ft ^. 0 - / 


= lim* 


sin (x 4 - b) cos x — sin x cos (x +h) 
h ~*° h cos (x + h) cos x 

sin b 0 

— 1— , . — x - = sec* x. 


h0 b cos (x 4 - h) cos x 
(iii) The differentiation of cotx is similar. 


(iv) 


dx 


secx 


: lim* 


sec (x -f h) — sec x 
b 

cos x — cos (x -f- b) 
h cos (x + h) cos x 
_ 2 sin (x + $b) sin \b 

— lm h-+o fo cos i|_ ^ cos x 




=■ | 


sin (x + \h) sin \b ) __ 
cos (x + h) cos x * bb j 


etc. 


(v) The differentiation of cosec x is similar. 

(vi) The differentiation of vers x is almost the same as that of 
cos X. 

(vii) To differentiate log B x write it as (log„ e) log x and proceed 
as in § 2*2. log„ » will remain a common factor throughout and 
so will appear as a factor in the result also. 
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DIFFERENTIATION (» Otltimed) 


Of 


(viii) To differentiate sin -1 x, put y = sin -1 x, and y + k = 
sin -1 (x + ^)- As b -»■ o, £ also -> o. We have now 

x -j- h — sin (y + k), 
and x = sinj. 

Therefore h — sin (y + &) — sin y, 

sin (y + k) - sin y k 
1 “ “ _ A ' h 

sin (y - 1 - Jh) — sin y sin -1 (x + h) — sin -1 x 

. _ - - . — j . 

_ .. ... , d ‘in y d sin -1 x 

Taking limits as h-+o, i — dy ‘ ~dx~ ‘ 

Therefore ^ sin- 1 x = — 1 —— ~ 1 - . 

dx cos y v(* ~ s 'n i >) -\y(i — 

(ix) The above method will apply in the case of all the remain¬ 
ing inverse circular functions. 


Ex. Differentiate sin x 2 from first punciples. 

d . , sin (x + h ) 2 — sin x 2 

s> sinxa = hm A ^ 0 - r j - 


firm 


( sin (x + /') 2 - sin x 2 (x -j- />) 2 — x 2 ) 
►°| (^+A)i _I X 2" • /■ ~J 


= lim f - £°1 ^ ^ ^ sin i {(x + />) 2 — x 2 } 


2/f.X T b 2 


zhx — ) 

h—) 

Um A->o| COS } { (X + h ) 2 + X 2 } (zx 4. A) J 


= (cos X 2 ) 2X, 


because as h-*-o. 


sin 4 (zhx -fi b 2 ) 


-*■ i ; 2X -j- A -*• 2X; 


4 (il&X + £ 2 ) 

and cos £{(x + ^>) 2 -f x 2 } -»■ cos 4{x 2 + x 2 }. 

Therefore 


-r sin x 2 = 2x cos x 2 . 
dx 


It would be noticed that we have here employed really a combina¬ 
tion of §§ 2* 13> 2*i2 and 2-6. Ail such examples can be solved 
by a similar combination of the methods already employed for 
deriving the rules of differentiation and the methods employed for 
< obtaining the differential coefficients of the standard forms. 
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f i. Find fiom first pi maples the differential coefficient of 

sin ax. j Allahabad, 1923] 

Find the differential coefficients of.— 

2. sin 2 {log (x 2 )}. [Bin , ’30] 3. logman- 1 *) [London,' 32] 

4. log 10 x. [London, ’34] 5 VK* 2 x 2 ),(/> *)}. 


s-r dog 0 {(^ i)(x 2 0-14;. 

9. !o»{V(^ <0 \J(x b)} 

10 . ~ e \ x 2 ) /II. 

1 VC* -*- l ) 1 

12 log v .; r 

VC* J ) 1 v 

13 tan -1 { {bja) tan x 1 . 


e T ~ ian -1 x 

VO - *’) 


\ndbra , 1936] 


[Ca/., 1956] 

a \I jx Ue x % 

\A ' 

1937] 
|/><VV 1936] 



14. see \° 

. 1 

16. log 


[London, 15. VO “"log a log sin x). 


x 


tan 


-x 'VO 


/ •“** 2 ni r., 1931] 

- A - l V3 1 X 2 1 1 

17. log {VC 1 log a) sinx}. [Bombaj, 1936] 

it, io*°* *" u *. |A 1 I., ’32] 19. 7 ,z+ar . [AWijj, ’35] 

20. cotxcothx. fA).I ,’32] 21. (tanx) l0KJ — (cotx) sin *. 

22. cotcos -1 x. [Lucknon, ’33] 23. tan -1 j(V A ) 0 a 1 2 )}. 

24. tan -1 {x sin a (1 - x-cosa)}. [Punjab, 1936] 

25. tan^jxV 2 ^ 1 x 2 J}. 26. sin K. 

27. cot 3 ^ 1 * x*). 28. x log x. log log \. 


29. smx sin 2X sm 3X sin 4X. 30 tan 1 


-i f cos * { 
(i - sinx}' 


31. x»>“* *. [Punjab, ’29] 32. vers -1 e 3 *. 

33. tan arc sm x. [Af. T ,’29] 34. x***|*£?S. [Af. T., ’28] 

33. x<®*>. [A^ratt, 1936] v36. (a*)* • 

37. tan -1 (x*** 1-1 *). 38. a cot -1 {m tan -1 (bx) }. 

39. arc tan (sm j"). [Dacca, ’37] 40. e* fl . [Af. T., ’*4] 

V* + c °t -1 V / > ^here / — VC* 2 -4 - 0- 
42. log”x, -where log* means log log... repeated a times. 
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DIFFERENTIATION (coittfaued) 


* 4j. Express in terms of the/differential coefficients of u, v, w 
with ytespect to x those of J 

» 2 r s w, **,‘$og 10 *)’• [Malfr- Trtpos, 1925] 

Prove that 


4J* 

vith re 
\^ 4 * 


dx 

45. Prove that 
d 


d fy sln _ 1 x | & (a ,_ x , 

W ( 2 2 <7 J 


!)i/2 # 


dx 

'Ofc 


{_L loe x2 + *V 2 + 1 j_ 1 tan -1 1 = —-_ 

( 4 V 2 ® x 2 — xV 2 -+ I 2-y/ 2 I— -< 2 ) X 4 + I 

v( j - * 2 ) -t- V(t —y) = — >)» 


If 

prove that 

dy _V( I _ - ? a ) 

\/(i - x 2 )' 

Find dyjdx in the following cases: 
47. jx 4 — x 2 y 4- zjp — o. 


[Lw^ow, 1935] 


[I jicknov, 1933] 

4%. ax'- -V 2hxj? V^/-r agx -V A t • o. r [P&tr>», *93*} 
— a. Vo. y — cot-’ {m tan- 1 (j/x)}. 


49. (tan x)“ -J- j rot r 
51. x = acos 3 /, | 
y a sin 1 i. J 

1 t c • r \ .,, . dy sifl" (*+)') 

53» If siny = x sin (a -r y), prove that , — — 


32. x — 3a/'(i 1 ^). 
y — 3a/ 2 /(i -> /’)■ 


.} 


; 


54. If x" == prove that 


dy 


dx sin a 

Jog x 


. [Benares, 1934] 


dx (1 r log x) 2 ‘ 

35. Differentiate 

tan -1 [{ (x + x 2 ) 1 / 2 + (1 - x 2 ) 1 ' 2 } {(1 + x 2 ) 1 / 2 - (1 - x 2 ) 1 ' 2 }- 1 ]. 


[Put this expression equal to y and show that 

(tanj + i)/(tanj — 1) = (1 + x 2 ) 1/2 /( x— x 2 ) 1/2 . 

Square and solve for x 2 , which would be found to be equal to 
l 2 y. Now differentiate.] 

x i/a _L a l/3 

56. Differentiate tan- 1 . 

57. Differentiate tan -1 [{VC 1 + — x}/xj with respect to 

t^n- 1 x. [Patna, 1934] 

,58. Differentiate (log x)** 0 * with regard to sin (w cos- 1 x). 

39. Differentiate tan -1 {zx/(i — x 2 )} 

. regard to sin -1 {2x/(i -j- x*)[. 


[Benares, 1 ft}) 
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Find dyjdx if: 

X X ^ X X X X . - 

00. y = -r** r — , r J . ...to inf. 

<2 •*J- v -f* <3 -f- b -7- iZ -1- & -j- 

61. J = (cos *■)<«• *) fcos * ) - t0 inf - 

62. y — (1 4 *•) ( i — ( 1 + ^ ) ( 1 — * ) ... to inf. 

^3. jr -= VtaiTx Vtanx + ...to~mf. 

y j ^ 

''04. ffj 1 —{-— — ...to inf., prove that 


r t 

ay _ 1 xf { 1 j 1 
A' z — x x - x .v -*• 


... to inf. 


r if P 11 1 1 

6 j. If , —a - --... 

<2 * 7 , — - <?„ -+- V 


, prove 

-it- [O//.B*.]. 
-- - } 


66. Given that 

.v 


*• .V *• 

COS -5- cos , cos —. .. 

, . , sin x 
.... ad inf. — — , 

2 2 2 J 2 4 

x- 

XI XI X 

* tan * -r 0 tan ~ 

Z 2 4 2 4 Z 6 Z 6 

-r ... ad. inf. — 1 — cotx. 

X 

1 2 X 1 2 X 

.sec 2 .-‘--.sec*-r .. 
2* 2“ 2“ 

. ad inf. = cosec® x — 

x z 
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SIMPLE APPLICATIONS 


4-i. Velocity. The student must be familiar with 
the idea of velocity. Suppose now that a particle is falling 
under gravity, so that the velocity of the particle goes 
on increasing. What exactly is meant b\ the velocity at 
a particular instant ? 

Assume that the particle started from A at the instant 
from which we reckon time. 

Assume further that at time t the particle is at B, 
and let AB = s. What is the velocity at time t ? 

Suppose we wait till the time has become f -f- h. 
Let the particle then be at C, BC being equal to k. 

Then kjh is the average velocity during the 
interval h under consideration. 

But this average velocity must be greater than 
the velocity at the beginning of the interval, be¬ 
cause the velocity is increasing. If we take h to be 
very small, the velocity at time t would be very 
nearly equal to kjh, but not exactly. This difficulty 
would remain however small h may be taken, pro¬ 
vided it is not made zero. 

But if we make h zero, then k also becomes zero, 
and we cannot infer what the velocity is. 

So wc have to define velocity as the limit of kjh 
when b-+ o. 

Now, if we regard t as an independent variable, we 
may write j —- fit). 

SoUnw^-lim .,.-±4=-' 


A 

B 

C 


- lim & + If) * - ds 

~ mWo h ~~df~dt 
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Thus, velocity = 

We may expect, theitfore, that the differential calculus 
■would be very useful in mechanics. 

4 *ii. Acceleration. If v is the velocity at time /, 
considerations similai to the above w ill lead us to define 
acceleration as follows • 

, . dv 

acceleration — , . 


E\ A paiticJe is projected downwards with a velocity u and 
the acceleiation is constant and equal to f Find the velocity at any 
instant and the space described in time t 


Here 


di 

dt 


= / 


We can guess, theicfore, that 

i-ft-^-A, .(i) 

where A is a constant 

[The student might w ondei vhi // - A has been taken instead 
ofsimpl) ft , the latter -value of t docs make di dt equal to f as 
required But he must remembci that ft is mereh a particular case 
of ft -f A, vi 7, the case when A is /eio, and a particular case 
might not seive our put pose | 

It is given that the velocitv is equal to » when t — o Substitu¬ 
ting these values of i and l in (i) wc get 

u —/o 4 A, 

which gives the value of A Thus (i) becomes 

v _ u - ft. 


But v — dsjdt Hence 
ds 
dt 


■ » n-ft 
We can guess, therefoie, that 


s = ut 


J // 2 4 B 


But t = o when t = o. Hence B = o. 

s = ut 4 Jft*. 


We have therefore 
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SIMPLE APPLICATIONS 


4*2. Increments and their ratios. If at is 3 at first, 
and then becomes 4, we say that there is an increment of 
1 in x. If, however, x is 3 at first and becomes 2 after¬ 
wards, there is a diminution in x; but it is more con¬ 
venient to say that there is an increment of — 1 in x. 

In general, if x changes from to x„, the increment 
in x is x 2 — x l5 whether x 2 — .v x be positive or negative. 

The increment in x has so far been denoted by b, 
and the increment in y by k. But in the applications of 
the differential calculus it is more convenient to denote 
the increment in .v by 8.v, the increment in y by 8j, and 
so on. 


The reason is that if there are manv quantities which change 
and we use letters like >6, k, l, ... to denote their increments, it be¬ 
comes difficult to remember which symbol is the inctcmcnt of a 
particular quantity. But the student must be careful to regard &x 
as one symbol, and not as the product of 8 and x. 


We shall now show that the difenntial coifficitnt of a 
function y of x with respect to x is the limit of the ratio of 
corresponding increments in y and x, as the imrement in x tends 
to •s'ero (positive and negative increments both being con¬ 
sidered). 

If y is a function of .v, say y — f(x), and x,y and 
x -j- b,y + k are 'pairs of corresponding values, then the 
ratio of the increment in y to that in x is k\h. 

Now lim^o | - lim A ^ 0 - ? ' + * ~ J 


=■ lin Wo 


/(■v + /; ) - f(x) 

b 


t.e., 




k _ dy 
h — dx ’ 


which proves the proposition. 


In the usual notation for increments, ‘' 



i*-> o 


By _ dy 
8x — dx’ 
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4*3. Rate of Increase. Consider the problem of 
§ 4 - i again, in which s is the distance described by a 
particle in time t. The average rate of increase of s in an 
interval of time §/ 

increase in s in the interval 5/ . 5-f 

~ 87 ’ 1,c ‘* bt’ 

Therefore the rate of increase of r at time t 

= 4-1). 

So we can assign a new meaning to the differential 
coefficient dsjdt. It is the rate at which s increases with /. 

But it is not necessary that the independent variable 
be time. NX e can conceive of the rate (at a given instant) 
of growth of j with .v. 

The differential coefficient dyjdx will then be the rate at 
which y increases with 

Ex. A balloon, which always remains spherical, has a variable 
radius. Find the 1 ate at which its volume is increasing with the radius 
when the latter is 10 inches. 

If the ladius is x, the volume (sayj) i^ it x 3 . 

Hence the rate at which the volume increases with x is 

(5 * i c., $ *• }x*. 

Hence the required rate of increase = ) it . 3 . io 2 cu. in. per 
unit (1 in.) increase in the radius. 

[ Verification. We can venfy the above by elementary methods. 
Suppose the radius becomes 10 inches { o-oi inch. 

Then the new volume is "J Jt (10 -oi) 3 cu. in. 

The old volume was ^ it io 3 cu. in. 

Hence the increase in the volume — | it (io - oi 3 — 10 s ) cu. in. 

The increase in the radius — o - oi in. 

Thus the average rate of increase of volume with radius (in 
cubic inches per inch) 

, IO’OI 3 — io 3 
= $ it. — 

a O’OI 

= | it{io 8 + j.io 2 . (o-oi) + 3.10. (o-or) 2 + 

(o'oi) 8 — io 8 } jo- 01 by the Binomial Theorem 
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= J n {j.io 2 + 3.10. (o-or) -f- (o‘Oi)*} 

— Jn.. 3. io 2 nearly, 

which is the same as before. Hence we have approximately verified 
the calculation made above. 

By supposing the increase in the radius to be b instead of o - oi, 
the average rate would have come out as 

4 n {3. to 2 + 3. io. h + h z }, 

and taking the limit as b -> o, we can easily show that the exact (and 
not merely an approximate) rate is 3. io 2 .] 


4*31. Meaning of the sign of the Differential 
Coefficient. Let f(x) be a function of v. When x = a, 
the function has the value /(a). If x is given a small 
positive increment, f(x) might become greater than f(a), 
or might not. If it docs, wc may express this fact by 
saying that f(x) increases with x at x — a. 


We took the increment in to be small. 
increment (say PR instead of PfJ in 
the marginal figure), the new \alue y 
of the function might be less than 
before. When we say that f(x) increases 
with x at x — a, we mean merely that 
we can find a number b t (i.e., PQ in the 
figure) such that f(a + h) > f(a) when 
o < b < h v This is sometimes expressed q~ 
by saying that f(a + b) > f(a) fot suffi¬ 
ciently small ( positive ) values of h. 


If we take a large 



We can now show that if for any 1 alue, say a, of x 
the differential coefficient dyjdx is positive , it means that 
f(x) increases with x at x = a. On the other hand, if dyjdx 
is negative at x — a, it means that f{x) di creases as x in¬ 
creases. 


For, if dyjdx is positive at ,v = a, 
f(a + h) f{a) 

h 


must be positive, at least for sufficiently small values of h. 
This means that fia + G) — f{a) must be positive for 
sufficiently small positive values of h, i.e., f{x) must in¬ 
crease with x at x = a. 
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Similarly, if dyjdx is negative at x — a , f(x) must 
decrease as x increases. 


The student should note that “f(x) decreases with x” means 
that f(x) decreases as x decreases, and so he must not use this expres¬ 
sion when he means that “ f(x ) decreases as v met eases.” 

We shall show in a latct chapter what happens when dyjdx is 
zeio and is thus neither positive, noi ne<>-atnc We shall show that 
at such a point f(x) has got in general eithei a maximum (greatest) or 
minimum (least) value. 


Ex. 1. Show that the function x 1 steadily increases from x _ — oo 
to x L oo, but x 4 decreases from x — oo to x - o and then 
increases. 

If y — x 3 , dy ! dx 3 x 2 , which is always positive. Hence for 
every value of x, x 5 increases as x increases 

Again if y — x 4 , dyldx - 4 x\ which is negative when x is # 
negative, and positive when x is positive, which shows that for 
negative values of x, v 4 diminishes as x increases (algebraically, of 
course), but for positive salues of x, x 4 met cases with x. 

[The student should diasv graphs of these functions]. 


Ex. 2 The top of a ladder 20 feet long is resting against a \ ertical 
wall on a level pavement, when the laddet begins to slide outward. 
At the moment when the foot of the ladder is 12 feet trom the wall 
it is sliding away from the w all at the rate of z feet per second. How 
fast is the top sliding downwaids at this instant? How far is the 
foot fiom the wall when it and the top arc moving at the same rate ? 

At time / seconds reckoned fiom some fixed instant let the dis¬ 
tance of the foot of the laddei from the w ah be x feet and the height 
from the pavement of the top of the ladder be y leet. Then, by geo¬ 
metry, 

x a + j 2 - 20 2 . .(1) 


Differentiating with respect to /, we have 


dt 


d) 

dt 


(*) 


At the moment mentioned in the pioblem, x = 12, dxjdt = 2. 
Soj = 16 by (1), and dyjdt - - : bj (2) 

Hence the top of the ladder is sliding dontmards at the rate of ij 
feet per second. 

•Again, if dxjdt and dyjdt are equal numencally, (2) shows that 
x must be equal to y. Hence b) (r) the value of x then is io\/2; i.e., 
the foot of the ladder is at a distance of io\/z feet from the wail when 
it and the top are moving at the same rate. 
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Examples 

1. Prove that tf a particle moves so that the space described is 

proportional to the square of the time of description, the velocity 
will be proportional to the time, and the rate of increase of the velo¬ 
city will be constant. [Dacca, 1938] 

2. A point moves in a fixed straight path so that 

s =yjt, 

show that the acceleration is negative and proportional to the cube 
of the velocitv. 

3. If the path of a me ving point is the sine curve 

x — at, y — b sin at, 

show (1) that the x component of the velocity is constant, and (11) 
that the acceleration of the point at any instant varies as the distance 
from the axis of \ 

4 Show that the volume ot a spherical soap bubble increases 
43tr 2 times as fast as the radius 

5 Sand is being poured on the ground fiom the orifice of an 
elevated pipe, and forms a pile which has always the shape of a light 
circular cone whose height is equal to the radius of the base If 
sand is falling at the rate of a cubic feet per second, how fast is the 
height of the pile inci easing when the height is b feet ? 

6 A point source of light is hung a feet directly above a 
straight horizontal path on which a boy b teet in height is walking. 
How fast is the boy’s shadow lengthening w hen he is walking away 
from the light at the rate of c feet per minute ? 

* 4 • A rod AB, 10 feet long, moves with its ends A and B on two 
perpendiculsi lines OX and 01 respcctrvelv If 1 is 8 teet from 0 
and is moving away at the late of 2 feet per second, find at what rate 
the end B is moving [Madras, 1936] 

8 An inverted cone has a depth of 10 cm and a base of radius 

5 cm. Water is poured into it at the rate of 1J c c per minute Find 
the rate at which the level of the water in the cone is rising when the 
depth is 4 cm [Madras, 1937] 

9 A particle describes an ellipse whose semi-axes are 4 feet and 
3 feet with a constant speed of 1 foot per second. Find the velocity 
of the foot of the perpendicular from the particle on the major axis, 
when the particle is at a distance of 1 foot from the major axis. 

[Madras, 1934] 

10. Prove that as x increases, 

(a sinr + i cos x)j(c sin x + d cos x), 
where a, b, c, d are constants, eith|r increases for all values of x, or 
decreases for all values of x. [Andhra, 1937] 

11. Find the range of values of x for which the function x 8 — 

(ax® — 36X + 7 increases with x. [Madras, 1937] 
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4-4. Approximate Calculations. Small 
ments. 

Since l ™*^«5.v =s £ > 

we must have, for small values of 5x, 

by dy _ 1 

&c-- a- a PP roim - ML, y; 


i.e. 



in ere - 


This formula is very useful in calculating small changes, and is 
of immense importance in the them y of small eirors, in physics, and 
in several othet btanches of science. It will be shown latei that we 
can safely employ this formula whenever bx is so small that its 
second and higher powets can be neglected. 

Noil, bx is the absolute error in x. The relative error 
in x is bx/x. The percentage error is too (bxjx). Thus if an eiror 
of o" • o 1 is committed in mcasunng a length of 5", the absolute 
error is o"-oi, the lclative ciior is 0-002 and the percentage 
error is 0-2. 


Ex. 1. A balloon is sphcucal and has a ladius of 10 inches. If 
its ladius inctcases by o-i per cent, lmd approximately the per¬ 
centage increase in the -volume. 

The volume — V, say r , - \tv ", wheie r is the radius. 

By loganthmic differentiation. 


Hence 


1 dV _ 3 
V dr — r ' 
bV 3 

—y =_ ^ b> approximately. 


Multiplying both sides by 10 and putting o-i for 100 br/r, we 
have at once: 

the percentage inctcase in V - 3 x o-i approximately. 
Ex. 2. Given log t 4 — 1-3863, find log, 4-01. 

8(logx) — (i/x) fix - | x o-oi — 0-0025. 
Therefore log, 4-01 = 1-3863 -)- 0-0025 = 1-3888. 


Examples 


1. Given log, 0 4 = 0*6021, calculate approximately log 10 404, 
it being given that log 10 x = 0-4343 log, x. [Andbra, 1936] 
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2. Given that log 10 e = 0-4343, find log 10 io-i. 

3. A regular hexagon ABCDEF consists of six equal rods 
which are each of weight W pounds and length a feet and are freely 
jointed together. The hexagon rests m a vertical plane with AB in 
contact with a horizontal table. Prove that the decrease in potential 
energy when the angles A and B each increase by i° is approximately 

i,aW sin i° foot-pounds. 

[Note that the measure of i° in radians is equal to sin 1° ap¬ 
proximately.] 

4. A gas expands isothermally. If the volume v and the 
pressure p are connected by the relation pi — constant, find the 
increase in pressure -when the volume of a quantity of gas under 
a pressure of 20 lbs per square inch is altered from 1000 cubic inches 
to 999 cubic inches. 

j. A tower is at a distance of 500 feet, and its top js observed 
to be at an elevation of 30°. Calculate the total height of the ton cr, 
supposing the height of the observei to be 3 feet. If the angle of 
elevation was really 30° 12', what enor has crept into the calculated 
height of the tower? Given 12'= 0 0035 radian approximately. 

6. The radius of a sphere is found bv measutemenr to be 18-3 

inches with a possible error of o • 1 inch. Find the consequent errors 
possible in (1) the suiface area, (2) the volume, as ca'culatcd from 
this measurement. [Madra r, 1936] 

7. The pressure p and the volume v of a gas are connected by the 
relation pv x * — constant. Find the percentage increase m the pres¬ 
sure corresponding to a diminution of £ per cent in the volume. 

[Andhra, 1937] 

8 The time T of a complete oscillation of a simple pendulum of 
length / is given bv the equation T— where g is a constant. 

Find the approximate eiror in the calculated value of T corresponding 
to an error of 2 per cent in the value of /. [Madras, 1937] 

9. With the usual notation, if A be the area of a triangle, prove 
that the error in A resulting from a small error in the measuiement of 
c, is given by 

5 A = iA{i/s + 1 /(s — a) + i/(j - b) - 1 /(s — c)}be. 

[Aladras, 1934] 

4-5. Applications to the Theory of Equations. If f(x) is a 
rational integral algebraic function of x and the equation f(x) = o 
has two roots equal to o, then f(x) must be of the form 

(x — a) 2 F(„y). 

By actual differentiation we see that the equation j'(x) = o 
must in this case be 
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i(x - a) F(x) + (x - a) 2 F'(x) = o ; 
so that a is also a root of fix') o. 

It is easy to show similaily that whenever a is a multiple root of 
f(x) = o, it will also be a root of f'(x) - o. Thus, by hndmg the 
G. C. M. of f(x) and fix), we can find such roots. 

Ex. The equation x 4 — x 3 — x -I- i — o has one double root. 
Find it and hence solve the equation. 

(x* — x 3 — x \ i) 4X 3 — jv® — i. 

The G.C.M. of 4X 3 — 3.V 2 — 1 and x 4 — x a - x -f 1 is x — 1. 

Hence (x — i) 2 is a factor of x* - x 3 — x ♦ 1. 

Bv division we find the othei factor to be x 2 - x -J- 1. 

This equated to zcio gives the roots as — £ )/. 

Hence the foul roots of x 4 — x’ — x f 1 =oaie 
1, r, - £ - j/, and — £ — 

4-51. Approximate solutions of equations. Newton’s 
Method.* It <ve have to get a better value of a root of the equation 
f(.\) o, vhen it is known that its appioximate value is a, the pro¬ 
position ot § 4'4 is useful. 

Foi, it a * 8x be the root, then f(a 8\) must be zeio. 

Also, as a is an approximate value of the mot, 6x must be small. 
So by § 4-4. 

8/(x) fix) 8v ncaily, 

l.e , f[a 1 8v) - f{i) — f'{a). 8x, ncaily. 

Hence we hate, sihee f{a fcx) o, 

8x — — f(a) f'(a), approximately. 

This determines 8x, which added to a gives a better value of 
the root. 

It is obvious that/(x) need not be algebraical. 

Note. Taking a + 8x as the new appioximatc value of the 
root, the above process can be repeated to find a still better value 
of the loot, and so on. 

Ex. Find that root of the equation 
x 4 — 12.x 1- 7 - o 
which is approximately equal to 2. 

♦Named after Isaac Newton (1642-1727'), the great English 
mathematician, who was the fitst to invent the calculus (see the 
Histarical Note at the end of this book). The method given here 
is the modification originally given by Joseph Raphson (1648-1715), 
a Fellow of the Royal Society, London. Hence this method is also 
called the “Newton-Raphson Method.” 
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Here /'(x) = 4X 3 — 12. 

So /'( 2 ) = 20 - 

Also /(2) — — 1. 

Therefore 8 x — + 1/20 = 0-05. 

Hence the root is approximately equal to 2*05. 

[Repetition of the process a few times would show that the 
root is 2 • 047275 567 correct to 9 decimal places. The method, 
however, becomes very laborious after one or two steps.] 


4-6. Applications to Geometry. Another mean¬ 
ing of the Differential Coefficient. The differential 
coefficient is useful in evaluating limits which cannot be 
found by mere substitution (Chap. XIV), in finding 
maxima and minima of functions (Chap. XIII) and in 
expanding functions of x in powers of x (Chap. VI). 

In geometry it is useful in finding tangents and 
normals of curves (Chaps. VII and VIII), the rate at which 
they bend (Chap. IX) and their shapes (Chap. X). 


These various topics will be dealt with in due course. 
In particular, it will be shown that if y 
= f(x) be a curve, then the tangent to it Y 
at any point (.v, ji) makes with the axis /-. 

of x an angle ip whose trigonometrical J/ 

tangent is dyjdx ; i.c., ]/ 


tan ip — 


„. of x 7 

This gives us a new meaning of 

the differential coefficient, which is of great importance in 
the application of the differential calculus to Geometry. 


Examples on Chapter IV 

1. If at time t the displacement j- of a particle moving away from 
the origin is given by 

j = a sin / 4 - b cos it, 

find the velocity and acceleration of the particle. 

2. A stone is dropped into a calm lake, sending out a series 
of concentric ripples. If the radius of the outer ripple increases 
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uniformly at the rate of c feet per second, how rapidly is the dis¬ 
turbed area increasing / seconds after the stone hits the water 3 

3. A militaiy observer in an aeroplane is ascending at the rate 
of a miles an hour. How fast is the visible aica of the earth’s 
surface increasing in square milts per minute t minutes after the 
plane left the ground 3 (The radius of the earth may be assumed 
to be r miles.) 

4. Van der Waal’s equation for a gas is 

(p — ai ~ 2 ) (v —b) - k, 

where p is the pussurc, / the volume, and a, b and L are constants. 
What is the change in volume per unit lnciease in the pressure 3 

j. If the height of a cone increases by a per cent, its semi¬ 
vertical angle remaining the same, what is the approximate percentage 
increase (1) in the total area and (11) in the volume, assuming that a 
is small 3 

6 The angle of incidence <j> and of refraction t|> aie connected 
by the relation sin <f> p, sin iji, where p is a constant. If <f> should 
change fiom 6o° to 39° 50', what would be the corresponding 
change 111 the value of iji. supposin r that its totmet value was 45° 3 

7 The area of a triangle is cilculated from the angles A and C 
and the side b If a small etrot 8A is made m measuring A, show 
that the percentage error in the area is approximately 

looSi-l sin C/{ sin A sin (A -1- C)} [London] 

8. The rate of flow Q of water per second over a sharp-edged 
notch of length l, the height of the general level of the watei above 
the bottom of the notch being h, is given by the formula 

Q — C {1 — hfo)lP n , 

where ns a constant. 

Show that for a small error 5 h in the measurement of b, the 
error 8Q in £) is 

£<-(3/- 8h. 

9. If f'(x) > o, for a < x < b, show that f(x) is an increasing 
function of x in this interval. 

Two points A and B lie on a fixed straight line. They are on 
opposite sides of, and at equal distances from, a fixed point O on the 
line. P is any fixed point not on the line AOB Show that the 
sum of the distances of P from the points A and B is increased, if 
the distance AB is increased. [Math Tnpo r, 1934] 

10. Solve the following equations by finding first their multiple 
roots : 

(I) 4X 1 — i-jx 2 — zjx —6 = 0, 

(II) x* -f- }x 3 — }x 2 — ix + 6 = o, 

(in) 8x 4 — 2Q5C 3 + 18x 2 — 7* + 1 = o. 
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11. What condition must a and b satisfy in order that the 
equation x? x* ~\- ax b — o may have a double root. 

12. One root of the equation 

X 4 — I2X 2 — I2X — 3 = o 

is approximately equal to 4. Find it correctly to two decimal places. 

13. Show by starting from the rough approximation x — Jt as 
a root of the equation sin x — ax, wheie a is small, that a much 
better approximation can be obtained as 

x — (1 — a r a 2 ) Jt. [Dacca, 1936] 

14. The motion of the needle of a galvanometer is given by 

the equation 0 = 6 e~ f 2 sin 3 1, where 0 is the angle in radians 
made by the needle with the ?ero position at the end of t seconds. 
Find the angulat velocity of the needle at time t, and show that the 
extieme excursions to the right and left of the zuo position occur at 
intervals of 11/3 seconds, and that the angles corresponding to these 
extreme excursions form a geometrical progression of common ratio 
— [ Madras , 1936] 

15. The angle A of a triangle . 1 BC is found by measuicmcnt 
to be 63 degrees, and the area is calculated by the formula \bc sin A 
Find the percentage error m the calculated value ot the area, due 
to an error of 15 minutes in the measured value of A. [Madras, 1937J 

16. A circle is drawn with its centre pn a given parabola and 

touching its axis. Show that if the point of contact recede with a 
constant velocity ftom the vertex ot the parabola, the rate of increase 
of the area of the cncle is also constant. [Madras, 1936] 

17. ABCD is a lectangular protractor in which AB = 6 inches, 
BC = 2 inches and 0 is the midpoint of AB. An angle BOP is indi¬ 
cated by a mark P on the edge CD If in setting off an angle 0 degrees, 
a mark is made 1/100 of an inch along the edge from the correct spot, 
show that the enoi in the angle is 

9 sin 2 0 /ion dtgrees. 


[Andhra, 1937] 
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SUCCESSIVE DIFFERENTIATION 

5 • i. Definition and Notation. If y be a function 
of x, its differential coefficient dyjdx will be in general 
a function of x which can be differentiated. The differen¬ 
tial coefficient of dyjdx is called the second differential 
coefficient of y. Similarly, the differential coefficient of the 
second differential coefficient is called the third differential 
coefficient, and so on. The successive differential coeffi¬ 
cients of y are denoted by 

dy d 2 y d 3 y 
dx>d^' Zv 3 ’"” 

the «th differential Coefficient of y being . 

i r 

Alternative methods of writing the «th differential coefficient are 
D *J> Jn> d”y/dx n , y n K 

In the last case the first, second, etc., differential coefficients 
would be written as j', y", y" f , etc. 

The value of a differential coefficient at x = a is usually indicated 
by adding a suffix; thus : ( y n ) r ~ a or ( y n ) a . If y — /(*•), the same 
thing can also be indicated by /(*> (a). 

5 2. Standard Results 

.. (i) If y = (ax + b)», then y\ — m . a(ax + b) m - 1 > 

4 

j 2 = m(m — x). a\ax -f b) m ~ 2 , etc. In general 

D* (ax -f- b) m 

— ip(m — i) (m — 2) ... (m — n + i) a n (ax -f b) m n . ' 

If m is a positive integer, the (m -j- i)th and all the 
successive differential coefficients would be zero. 


5 
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(2) If y — e ax , then y x — ae ax , y 2 = a 2 1 In that the 
general 

*- g®* — Q n c aaj « 


(3) Similarly D n a* = (log a)" a T . 

(4) If y = log (ax + b), y t =. a(ax + b)~\ 
(— 1 )a\ax + b)~ 2 , J 3 = (— 1) (— 2 ) a\ax 4 &)- 3 , 
In general 


D” log (ax -f b) = 


(- i)"- 1 (n - 1)! a* 
(ax 4 b)“ 


^2 = 
etc. 


(5) If y — sin (ax |- b\ 

y 1 = a cos (ax 4 b) — a sin (ax 4^4 i«), 
y 2 = a 2 cos (ax 4 /; 4 l,Jt) 

= (P* sin (ax 4 b -I- jt), 
y 3 = a 3 sin (ax 4 b 4 331 / 2 ) ; etc. 

In general, D" sin (ax 4 b) -- a" sin (ax 4 b ^ Inn). 

(6) Similarly 

D n cos (ax 4 b) - a" cos (ax 4 b 4 Jnx). 

Corollaries. Putting a = j and b — o, we have 
D n sin x — sin (x 4 \n*)> 
and D n cos a- = cos (x 4 


(?) ^ 
Putting 

Similarly, 
In general 


' y = e ax sin (bx 4 c), then 
y x =s= e ax b cos (bx 4 c) 4 sin (bx 4 c). 
a = r cos <p and b = r sin <p, we have 
jj = sin (for 4 f 4 ?)■ 
j 2 = rV* sin (bx 4^4 2 t P) "> etc. 


\^y / {e ia sin (bx 4 c)} = r» e 0 * sin (bx 4 c 4 nsp), 
where t = (a 2 4 b a ) 1/2 , and <P = tan -1 (b/a). 
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(8) Similarly 

D«{e°® cos (bx + c)} t n e ai cos (bx + c 4- nq>), 

where r and qp have the same meaning as before. 

5.3. Decomposition into a sum. Before applying 
the above standard results to particular functions, it is 
often necessaty to break up the given function into a 
sum of suitable functions. Some methods for this are 
dealt with below. 

5 '31. Partial Fractions. For finding the «th differ¬ 
ential coefficient of a fraction whose numerator and 
denominator arc both rational integral algebraic functions, 
the given fraction must be decomposed into its partial 
fractions. 


Ex. Find the nth differential coefficient of 7 -A— --. . 

(x-l)(x- 2) 

We know by algebra that 

x 3 __ - _ , _ 7-v — 6 

(* ~ i) (* ~ 2 ) “ * 5 (* - 1) Of- 2 ) 




x — t 


8 

x — z 


Therefore, if « > 1, , 
ax ' 1 

-( - 

5 ‘32. Use of De W”' n. Even wh' 

wc cannot break up th ’ n 

fraction into real lim 
used after resolving 
real or imaginary 


7 ■ x* 

(x - 1 )' (x 


2 ) 


0" rI («!)( 1 — 8 1 
; y y-\ (.v - Of 1 (.v-a)"’’ 1 } 
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Therefore, y n — 


a ( — — j)j f _ _i_ 

zia ( (x — ia) n 


I 

(x -f- «)“ 



Put x = r cos <f>, a — r sin <j >; then 

— k( - i) s (» - *)•' »-»{(cos <j> — i sin $-» 

— (cos <f> -+ / sin 

— J ( — i)” (« — i)! //•“"{ (cos ncf> + i sin n<f >) 

— (cos / sin »</>)} 

=.= ( — i)*^ (» — i)! r _n sin tt<f>. 

But r~ n — a - " sin" <f>. 

Hence D"tan _1 (xja) - - ( — i)" -1 (« — i)! a~" sin" <j> sin n<f>, 
where i j> — tan -1 {a x). 


5 Trigonometrical transformation. It is pos¬ 
sible to break up products of powers of sines end cosines 
into a sum by Trigonometry. 

Ex. i. Find the »th differential coefficient of sin 5 at cos 3 x. 

Let cos x + i sin * — y; then cos x — i sin x — y 1 . 

Therefore z cos x - % ■+■ y 1 , zt sin x — ^ - y 1 . 

Also by De Moivre’s Theorem, z cos px — y - r y *; 

zi sin px - y — y p . 

Therefore 2 5 2® i 6 sin 5 x cos 3 x = (y- y 1 ) 5 (^ -r y 1 ) 3 

= (x - z~*) - ® (? 6 - z~*) - 2 (t 4 - z~ l ) * 6 (^ - y 2 ) 

— zi sin 8x — 4/ sin Gx — 4/ sin 4* - 4 - 12/ sin zx. 
Therefore , . 

D“ (sin 5 x cos® x) = z -7 {8" sin (8x + J«it) — 2. 6". sin (6x - 4 - J»it) 

— 2. 4" sin (4X -r J»jt) J Gjfz* sin (2X + $»Jt)}. 

Ex. 2. Find the "’ntial coefficient of Sin x cos jx. 

Here ’ ’ ^«n 4X — sin zx). 

nr 

->n (2x + £««)}. 


of x 4 r 5 *, l2 , 

"2 + y — o. 

-4- b^y — o. 
[Calcutta, 1956] 
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Find the «th differential coefficients of 


v 4 n /e a * +b . 

5-' 

{ax -f- by' 9 . 

v 6%Slog{(ax + b ) {cx 4- d)}. 

7- 

sin 2x sin 3X. 

8 . cos x cos zx cos 3 X. f M.T., ’ 30 ] 

9- 

cos 4 x. [Punjab, 1936] 

10. cos 2 x sin 3 .v. [All., ’23] 

. Slvt^K- «1.1 * 

12. e ax sin bx cos cx. ' 

11. 

e ax cos 3 

I 3 > 

{a* ~ X 2 )" 1 . 

[ALT., ’ 3 ?1 

15- 

1 

1 — 5X 4 6x 2 

, 16. x/(x — a) (x — b) (x — c). 

17./ {ax + b)l(cx + d). 

/18. x 2 /(i — x 4 ). [Andhra, ’36] 

Vi 9. 

tan-t(i + x)/(i — x). 


20. Find the «th differential coefficient of e ax sin bx and deduce 
. the «th differential coefficient of sin x sin bx. [Allahabad, 192}] 

S’ 4 - Leibnitz’s Theorem.* This theorem is useful 
for finding the »th differential coefficient of a product. 
It is as follows : 

If u and v be any two functions of x, 

D"(uv) = (D"u).v + n Cj D n_ 1 u.Dv + "C 2 D"- 2 u.D a v 

4 - ... L «C r D n r u.D r v 4- ... 4- u.D*v. 

We shall prove this theorem by mathematical induc¬ 
tion. Assume that the above result is true for a particular 
value of n. Then, differentiating with respect to x, we 
have 

D"+ 1 (u v) = {(D n+1 u).r 4- D n u.Dv } 

4 - n C 1 {D n u. Dv + D n ~ 1 u. D 2 v) 4- ... 

4- n C r {D n ~ r+1 u. D r v 4- D n ~ r u. D rrl v } -f-... 
4 - {Du. D n v 4- u.D nyl v). 

Re-arranging, we have 

D^iuv) = (D n+1 u).v 4- (1 4 - "Cj) ( D n u. Dr) 4-... 

, 4- (”C r 4 - n C r+1 ) (£>- r u. D r+1 v) -f ... 4- u.D n +h'. 

*Named after the German mathematician Gottfried Wilhdm 
Leibnitz (1646-1716), who was an independent inventor of the 
calculus, and to whom our flotation for differentiation is due. 
(See the Historical Note at the end of this book.t 

L i 
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n C T ~h n C T +i — n+ 1 C rrl . 

Hence Z> +1 (#y) = (D n+ 1 u).v -j- n+ 1 C 1 D”u.Dv -j- ... 

+ n+ 1 C r+ 1 D n ~ r u.D r+1 r + ... 4 - u.D^h). 

Therefore, if the theorem is tiue for any value of n, 
it is true for the nest value of n. 

But it is easy to see that it holds foi n =- 2, for 
D(tt v) = (Du), v -f u. Dr , 

therefore D\u :>) ~ (D 2 u).v 4- 2 Du.Dr -j- u-D 2 r. 

Hence the theorem mus* be tiuc when n— 3, and 
so when n ~ 4; and so on. Thus it must be true for 
every positive integial value of //. 

Ex. 1. Find the sth diffeiential coefficient of D ( ax . 

Choosing, for the bake of convenience, x 1 to he the second 
function, we have at once D n (\ 3 .e aT ) 

— a n e a *. v 3 U n Cj d n ~ 3 e ax . 3X 2 4 *C i a n ~-e°*. G\ n C 3 a*- 3 i a *. 6 . 

This can now be simplified. 


Ex. 2. Differentiate n times the equation 

(i — x 2 ) ~ x fa •+<*?>— o. [Allahabad, 1926] 

Here 

Dn {(1 — xT )Ji } — (1 - xi ))'v^t 

L ”■ (- 2*)jWl j {»(» - j)/ 2! H- 2)j„, 
D “ (- *Ji) -■= - xj B+1 - ny n , 

D n (* s j) - + « 2 j„. 

Adding, 0 ~ (1 - (*« 1) xy B+1 - (» 2 - 

i - e -> -* 2 ) 22 -<**+ o*- (« 2 -* 2 ) £ =°- 


Examples 

1. Find the 4th differential coefficients of xVf'x 3 log x, 
x|sin 3X, (log x)/(x + a), x «°* sin hx. 

Find the «th differential coefficients of 

i. -v* «**. 3. («x + £)». 
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b). 


and 


,4. x 3 cos x. [M. T., ’25] 5. x 2 (ax -fi b) m . 

6. X s log x. 7. sin x log (ax 

,8. «* log x. [M. T., ’25] 9. x 2 tan -1 x. 

jo. If_y = a cos (log x) -) b sm (Jog x), show that 
x 2 j 2 4 - xj\ y — o, 

x*Jn+i + (2* + 1) -t- (» 2 -+ 1) — o. \Benares, 1933] 

If y — A e~ kt cos (pt ~ e), show that 


11 


d’-y 

dt- 


2 1 


dy 


o. 


ill J 

where ;/ 2 — ^ . >4 2 . 

12. If y — x 2 «*, show that 

d) d l , 


[AW/wx, 1936] 

4(»- l)(*r- 2)y. 
[Nagpur, 1934] 


5 4r. frth differential coefficient for special values of x. 

Sometimes, although \vc may not be able to find the #th differential 
coefficient in a compact foim fot the general value of x, we can find 
the »th differential coefficient for some special \alue of x. The pro¬ 
cedure will be cleai fiom the followung example. 

Ex. Find (j n ) 0 w'hen y sm (a sm -1 x). 


Here y x - cos (a sin- 1 a). a .... (1) 

or (1 — x 2 )j, 2 a 2 cos 2 (a sin -1 x), 

i.c., (1 — x a )y 1 2 =• a 2 (1 — j 2 ). .(2) 

By differentiation, (1 — x 2 ). — 2 xy x 2 — ~ iyy 1 a 2 . 

Dividing out by iy u 

(1 — x 2 )y 2 — x)j \ a 2 y^~ o. .(3) 


Differentiating this n times by Leibnitz’s Theorem (see Ex. 2 of 
the previous article): 

(1 - x 2 ) j n+2 - (in 1) xy n+1 - (n 2 - a 2 )y n = o. . (4) 
Putting x = o, this gives 

(j»+a)o = (« 2 ~ d 1 ) (y n )o- .(j) 

But by (1) and (3), (y t ) 0 - a, and (y 2 ) a = o. 

Hence, by (5), J 2 , y 6 > ••• are 2ero at x = o, and if » is odd 

' (jrdo = {(« - 2) 2 - a 2 } (y n ^ 0 , 

= {(« - 2 ) 2 - a 2 } {(» - 4) a - a*}(jn-t )o = etc - 
Thus 0g o = {(*- 2 ) 2 -* 2 } <(»-4) 2 -^} {(*-6)*-4*}... {I-**}*. 






SUCCESSIVE DIFFERENTIATION 


Examples 

i. If y =[Iog {x + y/(i + x 2 )}] 2 , show that 

Un+ 2)0 = “ « 2 (j»)o; 


hence find (y n ) 0 . 

z. If J' = sin- 1 x, find (j n )„. 
If u = tan -1 x, prove that 


. </# 

and hence determine the values of all the derivatives of u with respect 
to x, when x — o. [Math. Trtpos, 1931] 


Examples on Chapter V 


If p 2 = a 1 cos 2 0 + b 2 sin 2 0 , prove that 

„ , d 2 p a 2 b 2 
P d(i 2= ~ p 3 • 


[ 4 ?™, r 9 2 9 ] 


2. Prove that the value of the «th differential coefficient of 
x®/(x 2 — 1) for x = o is zero if n is even, and is - - n 1 if n is odd 
and greater than x. [Moth. Trtpos, 1935] 

W 

Find the «th differential coefficient of tan -1 {2X/(l - x 2 )}. 

{Calcutta, 1938] 

If ax 2 + zhxj -f by" +jjp< + zfy c — o, show that 
~~ D 2 j = A {bx + by +/)- 3 , 

where — abc + zfgj^ — af 2 — bg 2 — ch 2 . [Punjab, X930] 

5^ Find the »th differential coefficient of x* -1 log x. [Dacca, ’35] 
If jp im -j-j - 1 /*» = zx, prove that 

(x 2 - i)j * +2 + (2 n + 1) xj n+1 + (« 2 - m 2 )y n = o, 
where j n denotes the »th derivative ofj. [Bombay, 1937] 

7. Prove that the «th differential coefficient of x"(i — x) B is 
equal to 

»lf I -x)4x -”* * , f 

' ' ( I 2 I — X l 2 . 2 2 (i — AT) 2 J 

- 8. If y = x(a 2 + x 2 ) -1 , prove that 

'** j n — (— i) n n ! a - " -1 sin”+ 1 <f> cos (» + i)</>, 

where tj> = tan -1 (a/x). , 
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9. Show that if u = sin nx + cos nx, then 
u r = rf {1 + (— i) r sin 2«x} 1/2 , 

where u r denotes the rth differential coefficient of u with respect 
to x. • [Lucknow, 1934] 

fo. Prove that the value when x — o of D n (tan -1 x) is o, (» — 1)! 
of^(n — 1)! according as n is of the form 2 p, 4 p ( x, or 4p + 3 
respectively. 3 )>• fl . [I. C. S., 1929] 

11. Prove that 

^n( S ~) = | P sin (* + £**) + Q cos (x + inn) | jx n +\ 
where 

P = x n — n{n — 1) x n_2 f «(« — 1) (n — 2) (» — 3) x n ~ 4 — ..., 
and Q—n x n-1 — »(« — 1) (n — 2) x" -3 -+• ... 

12. If y =- e a ain_1 *, prove that 

- x 2 ) j„, a - (in + 1) xy n+l - (« 2 + a 2 )y n = o, 

and linwo (j*nly») « 2 + fl2 - [Allahabad, 1927] 


'/ij. If j = (sin -1 x) 2 , prove that 




(i - x 2 ) 


a ^ 2 y_ dj_ 

dx- dx 


Differentiate the above equation « times with respect to x. 

[Agra, 1937] 


14. Find the «th differential coefficient, at x = o, of e nax **. 

itf. If y — (x 2 — i)", prove that 

(x 2 - 1 )y n+i + zxy n+1 - n{n + 1 )y„ = o. 

d n 

Hence, if P n — ^- n (x 2 — 1)", show that 


[Agra, 1933] 

16. If cos -1 (yjb) -- log (x//»)", prove that 

* 2 Jn+2 -f ( z « + 1) xjn+i + z« 2 j n = o. 

[Nagpur, 1935] 

17 - - (* + Vr+ x 2 )’", find (y„) x=0 . 
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18. If Y = sX and Z — tX, all the variables being functions of 
x, prove that 


T 9 - 


X Y Z 
X x Y 1 Z x 
x 2 y 2 z a 



[Benares, 1935] 


Show that the 2«th differential coefficient of cos 2m x) is 


( — )* 2 -2m+1 \{zm)- n C a cos imx 

+ (zm — Z) 2n C. x COS (2W — z)x f . + 2 2n COS 2.v], 

where C r is the coefficient of x r in the expansion of (1 -( x)- m in 
powers of x. [Math. Tripos, 1928] 


20. By forming in two different ways the »th derivative of x 2n , 
prove that 

n 2 , v 2 (« - i) 2 , n 2 (n - i) 2 (n — 2) 2 (2;;)! 

I+ I 2 " 1 ' I 2 :2 2 “" 1 2 .2 2 .3 2 4 •" (»!) 2 ‘ 


[First find the «th derivative of the product of x n and x n ; next 
that of x 2n .}—> ep' Aa 

*7 d 

^'21. Prove by induction or otherwise that if D means cos 2 0 , 

then 


D n (J sin 2 0 ) = (— i) w .»! (cos 0 )" 11 cos {(» + 1) (Jit — 0 )). 

\Lstcknow , 1930] 

22. If y = — ^ 4 rX —- ,-j^herc ac > b 2 ; prove that 
, , . <*i»* * ^ 

J„ = (- !)»(*!)( , , ,) _i_ -A*. 

\«+ zbx • oc 2 / ?V* V «i av. £ - 

-1V ~ b 2 )\ 
M ex )' 
[Patna, 1933 


X cos | (« j- 1) tan - 
23. If x My = i> prove that ^ _, 


J~n (*V*) — " I { J n — (”Q 2 J B-1 X- + ( n Q) 2 J B ~ 2 * 2 +... + (—) B X n }. 

[Madras, 1935] 



CHAPTIR VI 


EXPANSION OF FUNCTIONS 

6*i. Infinite series. The ouhnaiy processes of addi¬ 
tion, subtraction, multiplication, division, rearrangement 
of terms, raising to a given power, taking limits, diffeien- 
tiation, etc., though applicable to the sum of a finite number 
of terms, may break down for infinite series. The ex¬ 
pansions in the form of infinite senes obtained by the 
”vrhods given below are therefore to be regarded merely 
as formal expansions, which may not be true in exceptional 
t.ises. That is why the expansion in the form of the 
sum of a finite number of terms obtained in §6 9 is 
genet ally preferred. 

6-2. Maclaurin’s Theorem. Let/(.v) be a function 
of .v which can be expanded In 'powers of ,v and let the 
expansion be differentiable term by term any number of 
times. 

Suppose /(.y) = A 0 + A- l x - 1 - . 1 2 x 2 -+- A 3 x 3 -j- ... 
Then by successive differentiation we have 

f f ( x ) - All A 2 1 2 -V + \ d 3 \ 2 !- 4 4 v3 A ... 

/"(.v)^2.I 1 2 f- 3.2 . f 3 V+ 4.3 l 4 .\ 2 -f-... 

f'"(x) -- 3.2.1 *1 3 -j- 4.5.2 1 4 \ — ... ; etc. etc. 

Putting x - o in each of these, we get 
/To)- A 0 ,f'(o) - A v f"{o)- 2! o) = 3 Ld 3 ,... 

Hence* f(x) f(o) -j xf'(o) T X ( f"(o) 

+ *jf"'(o) + ... + ^ f <n> (o) + 

*This result is generally known as Maclaurin’s Theorem after 
Colin Maclaurin (1698-1746), professor of mathematics at the Univer¬ 
sity of Edinburgh. It was discovered by Stirling (1717) and published 
by Maclaurin (174a) in his Fluxions. 
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Ex. Expand sin x by Maclaurin’s theorem. 


f(x) = sin x. 

then f( 0) = o. 

f'(x) = cos X, 

m = 1, 

f"(x) = — sin x. 

/"(0) = 0, 

/'"(*) — — COS X, 

•s 

(0) 

II 

1 

v-t 

etc. 

etc. 


/(») (x) = sin (x + Jwt), /<"' (o) = sin 4»it 

= o if n = 2», 

and — (— i) m if n — im + i. 


Hence sin x = o -f x. i 4- o |- - -(- i) -| of 


.v s 


v'Snt+l 

+ • + <- 


f 


Note. When the «th differential coefficient of the function can¬ 
not be found, the «th term of the expansion cannot he ascertained. 
It is possible, however, that the »th differential coefficient be known 
for x — o (see § 5-41). 


Examples 

Expand the following functions by Maclaurin’s theorem: 


n. 

COS X. 

2. 

(1 + x) m . 

< 3 - 

log (1 + x). 

jte- 

t*. 

5. xin- 1 x. 

fj tanx. [Andhra, 1937] 

* 

[Nag.,’ 32] 
tan _1 x. ( Calcutta, 1936] 

9 - 

e*® 8 *. [P.C.J - .,’31] 

^10. 

pa cos -1 * 

11. 

sec x. [Punjab, 1932] 

12. 

e“ sec x. [Ben., ’32] 

I 3 * 

log(i f- x). [Dacca,’ 36] 

14. 

sin x sinh x. 

T 5 * 

log (1 + sin 2 x). [4gra, ’33] 



l6. 

Show that 




2X 3 

e* cos x = 1 -t- x —- 

2 2 X 4 

“ ' 4 ! 

2 S X fi 2 g X 7 

“ 5 ! + 7 ! + - 


[Allahabad, 1925] 

17. ^pply Madaurin’s theorem to prove that 
log seE x = ^x 2 -f tV x 4 + ,*** + ... 


[Agra, 1929] 
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18. Use Maclaurin’s theorem to find the expansion in ascending 

powers of x of log e (i 4 - e 1 ) to the term containing x 4 . [ Nag., 1935] 

19. Show that the first five terms in the power scries for 
log (1 + sin x) are 

x - £ x 2 + $ x 3 — x 4 -f- x 5 . [Patna, 1957] 

^ v/ 2o. Apply Maclaunn’s theorem to obtain the expansion of the 
function e ax cos bx in an infinite series of powers of x, giving the 
general term. 1934] 

6-3. Taylor’s Theorem. Let /(</ -j- L) be. a function 
of h which can be expanded in powers of b, and let the 
expansion be differentiable any number of times with 
respect to h. 

Suppose f{ii f- h) = . 1 0 -f -. h A 2 h' 2 + A z IP -t-... 

By successive differentiations with respect to h, we have 

/V ~i~ h) - 'I] -T- 1 4^ r 3-V* -f- 

for ^ f(ii 1 h) - “ dt f{t\ d * h , where t = a -p 6 

= m- I -/VM); 

f'fa + b) = 2 .1 .1 2 + 3.2 .-1 3 h — 
f i<t + b) - 5.2.1 A 3 h 
etc. 

Putting h - o in each of these, we have 

/(») -= .-v /V) - y» = 4 i„ 

y- 3 i. v... 

Hence 

f(a -| h) - f(a) + h f'(a) - - ^ f" (a) + ‘f ("'(a) 

i. 3. 

I- - + nh“ (»)-••■ 

This is known as Taylor’s Theorem.* 

*N anted after the English mathematician and philosophei, Biook 
Taylor (1685-1731). The formal result was first published by him 
in his Methodus lncrementorum (1715). A real proof was first given a 
century later by Cauchy. ' 
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If we put a = o, and h — x, we get the particular case known 
as Maclaurin’s Theorem. For this reason the lattei theorem also is 
very often referred to by the name of Tailor’s Theorem. 

Taylor’s theorem is generally quoted as 

ffx + h) f(x) + h f'(x) + ^ f"(x) + ^ {'" (x) + ... 

T h n ;f'->(*)+.... 

which is obtained at once from the above on replacing a bv x. 
A more usefu 1 form is obtained on replacing h by (x — a). Thus 

f(x) - f(a) [ (x - a) f'(a) r (x ~ f"(a) 

-t <X “ a)3 f'"(a) f • • h ( -“ ! a)Mf ,! ' ( a ) + 

which is an expansion m powers of (x — a). 

Ex. i. Expand log sin (,\ + b) in powers of h by Taylor’s 
theorem. 

Let /(x) - log stn x. 

Then /'(x) = cot x, 

f"(x) — — cosec 2 x y 
f"'(x) -= - 1 2 cosec x cosec x cot v, etc. 

Hence log sin (v 4 - h) — log sin x \- b cot x — A b l coscc 2 x 

-I- & b 3 cosec 2 x cot x — ... 

Ex. 2. Expand log sin x in powets of x — z. 

We can write log sin x as log sin (i 4 -x - z). Hence, replac¬ 
ing x by 2 and h by x — z in the above, we have 

log sin x =- log sin z 4 - (x — z) cot 2 — l(x — 2) 2 cosec 2 2 

$ (x — 2) 3 cosec 2 2 cot 2 - ... 

Examples 

1. Show that log (x 4 - b) -= log h + * - ^ ^ -f .. 

2. Expand sin -1 (x |- 16) in powers of x as far as the term in^ 

Expand the following in powers of the quantity indicated: 

3. e 2 * in powers of (x + 1). 

4. tan -1 x in powers of (x — ^;r). 

5. sin (in + 6 ) in powers of 8 . [Annamalai, 1936] 
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6. zx 3 + jx 2 + x — i in powers of x — z. 

f. Use Taylor’s theorem to prove that 

tan -1 (x + h) — tan -1 x + h sin ^ S1 ^ ^ - (h sin ^) 2 S1Q 

-f (/ism?) 1 —- ^ ..., 

where ^ = cot -1 x. [xlgra, 1932] 

6-4. Approximate calculations. It is often neces¬ 
sary to know what is the increment in any quantity when 
the variable on which it depends is changed by a small 
amount. This wc can find at once by Taylor’s theorem 
Thus if y = /(.v), 

J + 8J =/(.v + S-v) -7(.v) f §.v/'(.v) 

+ (1/2 !)( 6 A-) 2 /"(*) + .» 

Hence 8y - ^ 8x ^ (5x) 2 + ... 

If the second and higher powets of 5 x can be neglected, we 
have the formula of § 4-4. 

6-41. Orders of small quantities. If x is small in comparison 
with unity, and we take x to he a small quantity of order 1, then 
x n is called a small quantity of older n. Moieoter, if A is nearer 
to x n than it is to x” -1 or x B * 1 , A also v ill be called a small quantity 
of order ft. How small x should be in order that it mav be cal’ed a 
small quantity of older 1 is pcifectly arbitrary. In approximate 
results the terms of order higher than a certain one are neglected, 
the number of the terms letamed depending on the accuracy desired 
and the rapidity with which the terms diminish. 

6 - 5. Expansion by Algebraic and Trigonometrical Methods. 

When w r e want only the first few terms of an expansion, it is \try 
often more convenient to use the Binomial, Exponential or the 
Logarithmic theorems, or the well-known expansion of sin x or cos x, 
in conjunction with algebraic or tugonometucal methods. 

But care should be taken not to inadvertently omit any term of an older 
lower than , or the same as , that of the highest order term retained. 

Ex. Expand « ,in * as far as the term containing x 4 . 

We have e 8111 * — 

= r -f (x — i x 3 + ...) -f £ (x — £ x 3 -f ...) 2 
+ i (x - £ x 3 + ...) 3 + jV (x - ... ) 4 + ... 
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-t- * (*M ) + s l * (* 4 ) i 

=• i + * d i ** - j x< + 

**6 6. By Differentiation of a known series. Occasionally it is 
possible to denve an expansion by differentiating a known senes. 

Ex Expand sec 2 x 

\X 7 c knr w that tan * \ , 2 .\ 5 

Hence, by differentiation, sec 2 \ 1 1 


67. Rolle’s Theorem*. If f \) /f ^uo w hen 
\ — a and cJso it hen \ — /;, and ij f \) p< 1 u tw r </ diffcnnltal 
cncffuicnt f '(\) fm any ud’tt of v //; /// dow.w (a, If), Ihen 
f Kf') will Im ^cro for „/ /h/az one it/nt of \ be hum a and b. 

Throughout this chapter the numbers a .mu b are supposed to 
be included in the domain (a, L) 

The tiuth of this theorem 'x obvious fiom gtorr'cttical 
intuition; for, if /(a) — o 
and f(b) — o, there must be 
it least one point like V 
where f\x) is 7cio, i.e , 
where the tangent is paialkl 
to the v-axis. Then, might 
be three such points (as in 
the figure), or even more. 



If/(v) is discontinuous at any point lefwetn u and b, nr if f'(\) 
does not exist at some point, the theo.cn may no. be true 

Thus, in the figures given below, /'(v) does not -Mst at x , 
n these cases there is no point between * aid b vvhoc .he tangent 
to the curve is parallel to the x-axis ^ 



^ the ,mathematician Michel Rolle (i6 52 - I7 in) 
vtho first gave U in his book Mitbode pour risoudn les W L (169!). 
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The analytical proof of Rolle’s theorem is beyond the scope of 
this booh. 


6 -8. The Mean Value Theorem. ]f f( d) possesses 
a differential coefficient for every v lot of \ in the do mam (a, Z-), 
then then must Ik a value {say \,) ej \, hitmen i md b, such 
that 

f(b) - f(a) - (b a) f'(x,). 

Consider the function 1 (\) defined b} 

i(o- m - /(v) - o> - *). 


Putting; \ a and \ - h b\ tUins we see tbit 1 (a) 
— o, and / (h) o \lso, b\ supposition /'(\) c sts fit 
even -\a1uc of \ from u to h, so 1 \\) also exists, ns \alue 
being gi\cn b\ 


I'M 


M 


Iheitfote, apphing Rolk’s thcoicn, / \\) \amshcs 
foi at lctst one \ due (sa\ \j) of \ be tv ccn a and b 
Substituting tins \ lue of \ in (i), ne baee 


o--/W I 


vbieh proves the pioposition. 


m_ - m 
/. .. ’ 


6 ‘8i. Geometrical Meaning of the Mean Value Theorem. 

Let P and O be two points on the cune 
1 f(\) Tuithet, let the abscissx ot P and Y 

O be a and b lespectiscU Then it PO makes 
with the a axis an angLi|’,w e ha\ t, b\ geonittit 

m - f(a) 

tan 11 ' v ; 

b - c, 

Also, it the tangent to the curve at R (\ }> jJ 
makes an angle tpj with the a axis, we hate by q 

U 6, 

tan % -/'(*i) 

Hence the theorem of the mean taluc merely asserts that there 
is some point between P and Q whete the tangent is parallel to PQ, 
provided the cune has a tangent at evci) point between P and Q. 
This is geometrically obvious. 
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6'82. Another form of the Mean Value Theorem. If we 

put b ~ a = h, then a -f- Oh is equal to a if 0 — o, and is equal to 
i if 0 = 1. 

Hence a -f Ob, where o < 6 < 1, means some value between 
a and b. So the above theorem can be written as 

f(*+b)~f(a) = bf'(a+ Ob), 

or f(a + h) = f(a) + h f'(a + 0h), where o < 0 < 1. 

^^•9. Taylor’s Theorem. Finite Form. A more 
general theorem than the one of Mean Value is Taylor’s 
theorem. The method of proof is similar to that of § 6‘8. 
The theorem is as follows: 

If f(x) possesses differential coefficients of the first n orders 
for every value of x in the domain (a, b), ihen 


f(b) = f(a) + (b - a) f'<a) + tzj ) 2 f"(a) 4 
+ ( b ^ ! »2-f..i(a + 0( b -a)) > 


1 




for some value of 6 such that o < 0 < i. 

Consider the function F(x) given by 
F(x) =f(b) - f{x) ~(b- x) f\x) 


2! 

[b — jc)*-i 


/ W M - 


r- v (*) - ( - ffia. 


(« - 1)! 

wherc^g is a constant given by the equation F(a) = o, i.e., by 

— {1 /(« — 1 ) !} (b — a ) n - l f ( *-u 

- (1/»!)(* — a )*£). . . . (1) 

Substituting b for x, we see that F{b) also is 2 ero. 
Now F(x) consists of a finite number of terms the differen¬ 
tial coefficients of all of which exist, and so F'(x) exists for 
every value of x from a to b. Hence we can apply Rolle’s 
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theorem, which shows that b\x) vanishes for at least one 
value (say x x ) of x between a and b. 

Now differentiating F(x) we get 

F(.v) = -f(x) +/(*) - (b - 

+ V>~ X ) J "( X ) - ( -“|' V) V» - ... 


(b — x) n ~ 
(« — x)! 


/<«>(x) 


(p~ -v)^ 1 n 

(«— l)l 


Hence the equation 1 '(a-j) = o becomes 

• -/n-'i))= o, i.e„ 5 =/*w- 


Writing a -( 0(/; — <z), where o < 0 < 1, for *j, 
substituting the resulting value of Q in (1), and transpos¬ 
ing, we get Tailor’s Theorem as enunciated. 


Taylor's Theorem is more usually quoted in the following form, 
obtained by writing x for b :— 

f(x) = f(a) - (x - a) f'(a) + f"(a) + ... 

4 V- f <n " 1,(a> + flB> < a + °( x - a » * 

.(*) 

But if we put h for b — a, and replace a by x, we get the form 
f(x + h) = f(x) -t- h f'(x) + ^ f"(x) -L... 4 - ^ n h _ 1 f("-l)(x) 

f(»)(x + 0h). 

Putting a — o in (2), we get Maclaurm’s Theorem :— 
f(x) = f(o) + xf'(o) + f"(o) + ...+ ( - X " J } , K-»)(x) + * f("'(0x). 

A 

« 

6 • 91. Taylor’s Series. If wc denote the first n terms 
on the right of equation (2) above by T n (.v) and the 
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(« -j- i)th, i.c. the last, term by R n (.v), Taylor’s theorem 
can be written as 

f{x) SJtx) + R„(a). 

Under certain conditions (see Chap. XV) we may take 
the limit of this as «-*-oo. If, moreover, R n (.\)->° as 
n-> oo, we get 

M =/M + (* - 

+ t-i) ! rw _ ... - ")•/»■> („> ,-... 

This is the same senes as that of § f 3. 

If the function to be c\pand<d is algcbiaic and 
rational, and of degree m (sa\), /*”’ 1J (\) and all the 
succeeding diffeiential coefficients \amsh So the expan¬ 
sion is finite, and questions of cone agent v do not anse. 


ExAsrprr, on Ch .itck Vi 


i Apply Taylor’s theorem to expitss sin f|jt -i 0 ) in a suits 
of powers of 0 i 93 „] 

z. Prove that f(mx) is espial to 

fix) H (» ~i)x f"(\) (i z’) (m iy \ ‘J"{x) 

+ (i 

[Wnte f(mx) as f{x (» i) a } and appl> 7a\lo \ llieotem ] 
* 3. Show that log cosh n - Jx^ — ^ r __ 

4. Apply Maclaunn’s them cm to find tht expansion of 

fX lr + 1), as far as the term in *•’. [Alhhabad, 1931] 

5. Prove that if log,, y — tan~’ v, 

*(*-')*:£’!-<» ■)(. 

and hence find the coefficient of x' in th„ expansion ot, fi\ Maclaui in’s 

the0rem [«*;, i 937 j 

6. Prove that for all finite values of 


e*sin.v = x | x 2 + Z v-’ — 


v5 - 


, , 2 n /“ 

+ 'in x n -1 


7. Prove that [Benares, 1933] 

d n 

d x n ** “ 0 «» (x sin a) _ e* «■ a cos ( x sin a «- no). 
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Hence show that 


t T cos a cos sin a) = i + x cos a - ^ cos 2a + j cos ja -f- ... 

[Bombay, 1936] 

8. If y — sin log (x 2 -j- zx -f I )> 
prove that 

(x -| i) 2 J-„ ( 2 l ( 2 » a - 0 (* -- Ojn-i -+ (» 2 + 4)j'» = o. 

Hence or otherwise expand _y in ascending powers of x as tar 
as -v«. Mgw, 1935] 

9. Show, if _y — sin (m sin -1 x), that 

, ,, d-y dy „ 

(1 — x 1 ) , , x , - y = o. 

v <7.\~ rfx 

Hence or otherwise expand sin w0 in powers of sin 0. 

Show than* i - sin 0 - *1 sin 2 0 4- ^ sin 2 0 -3- ... ^ ^ 

t ckxt .'ll Vv t At * ^ 1933] 

ro. Expand r“ 541,-1 T hy Maclaurin’s theorem and find the general 
'form. [Allahabad, 193 a] 

. 11. Expand log [1 — log (1 x)} in powers of x by Maclau- 

tin’s thcoiem as far as the term in x 3 . 

By substituting x (1 • v) for .v deduce the expansion of 
log 11 . log (1 -r a-)} 
as far as the term in .v a . 

12. If y - (sin~ l x) x/C 1 - * 2 )» 

where — i< x <1, and - sin _1 x < j.T, prove that 

/ ,, d n "y d"v „ d n ~ 3 y 

(1 - a- 2 ) Ij (a« - i)a- =-- o. 


d.\ n 


dx»-* 


Assuming that y can be expanded in ascending powers of x in 
the form 

a 0 + a i a </ 2 .v 2 - ... -) - a„ x n - ... , 
prove that (a * 1) <?«.,-» a H _ t , 

and hence obtain the general term of the expansion. 

[ Math. Tripos, 1933] 

13. By Maclaurin’s Theorem or otherwise find the expansion of 
y -- sin (e* - 1) 
up to and including the terms in x 4 . 

Find also the first two non-vanishing terms in the expansion 
of x as a scries of ascending powers ofj. [Math. Tripos, 1926) 

14. It is given that y is the positive value of 

, (1 + * » *-y " 2 . 

By means of the expansions of log c (1 -f- x) and e“, prove that 
when x is small 

y — *1/2+1/* (j _ gx -f ...). [Math. Tripos, 1924] * 



CHAPTER VII 


TANGENTS AND NORM \LS 

7*i. Definition of Tangent. 

puint on a curve and Q am otbei 
pomt on it. As Q tends to P, the 
straight line PQ tends, in geneial, to 
a definite sttaight line (whcthei Q be 
taken on one side, of P 01 the 
other). This straight line is c died the 
tangent to the curve at P 

7 ii. Remark. The term “tends to” has been defined so far 
only in connection with variables v hich take up numerical values. 
Here this term has been used for positions Bu f then is no leal diffi¬ 
culty. To “Q tends to P” we can give the ntaning * the abscissa ofjg 
tends to the abscissa of P” and tq “PQ tends to a definite straight 
line” also we can give a sinjilar meaning for, because PQ always 
passes through the given point P, the definite stiamhr line to which 
it tends must also pass through P, and therefote to ‘ PQ tends to PT” 
we can assign the meaning that “the angle between PQ and the 
x-axis tends to the angle between PT and the x axis ” 


Let P be a given 



7'i2. Equation of the Tangent, let the given 
point P on the cu>ve y = /(v) be (\j, jj), md let O, any 
other point on the uitvc, bv, (v, - h, j, -+- \) Then the 
straight line through P and Q has the equation 


v -Ji 5 ‘ (a — Aj), 

\, *- // — v 1 


or y —y x - (v - \ l ). 

Now, as Q tends to P, kjh tends to the value 
dyjdx at (\q, jq) ; § 4-2. 

Hence the equation of the tangent at (v l5 j x ) is 

y —Ji =y>i) (v - *1). 


of 



GEOMETRICAL MEANING 


*! 

4 

Usually the suffixes are dropped, the current coordinates 
are represented by X, Y and the result is quoted as follows : 

the tangent to the curvey = f{x) at the point {x,y) is 

Y-y = £(x-*). . 


7-13. Geometrical meaning. Let the positive 
direction of the tan¬ 
gent be defined as 
the one in which 
those points of the 
curve lie whose 
abscissae are greater 
than that of P. Let 
ip be the angle (posi¬ 
tive, zero or nega¬ 
tive, but not reflex), between the positive direction of the 
tangent at (x, y) and the positive direction of the x-axis 
(see the accompanying figures). 

Comparing the equation of the tangent obtained 
above with the standard equation y = mx -f c of a straight 
line, we see that 



dy 

dx 


= tan ip, 


i.c., the differential coefficient dyjdx at the point (x, y) is equal 
to the trigonometrical tangent oj the angle which the positive 
direction of the tangent to the curve at (.v, y) makes with the 
positive direction of the x-axis. 

It is dear from the figures that tan ip (and therefore dyjdx) is 
positive when y increases with x, and negative when y diminishes 
as x increases. (Cf. § 4• 31). 

A little consideration will show that ip must lie between + Jar 
and — Jar. 

The tangent of the angle between the tangent at P to the curve 
and the x-axis is u$ually*called the gradient of the curve at the 
point 

v-^fex. 1. Find the tangent at (i, a) to the curve y = x*+ 1. 

Here dyjdx — and the value of dyjdx at (1, 2) is 3. Hence 
the required tangent is y — 2 = 3 (x — 1). 
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Ex. 2. Find the equation of the tangent at (x, y) on the ellipse 


Differentiating, 

Therefore 


2x zydy_ 
-a 1 - 1.2 ■ — 


a‘ b 2 dx 

dj b 2 x 

dx a 2 y 

The equation to the tangent at (x, y) is, therefore, 

b 2 \r s 


cc 


or 


Xx a. Y J .. ^ 


^ + b 2 


Hence the tangent at (x,_y) to 


* 2 , l 

d 8 " ft 2 


- i is 


Xx , Yj 
a r_r b* ' X * 


Important. The equation to die tangent must in 
every case be simplified as much as possible. Such simpli¬ 
fication can always be carried out in the case of algebraic 
curves, as in the above example. 

Ex. T- Find the tangent at the point t on the curve 
x ~ a cosh /, y = b sinh /. 

rr_ r . dy _ /dy\ I /dx\ b cosh/ 

dx ~\dt)l WJ ~Vsinh / 

Hence the tangent at t is 

Y — b sinh t--* — 5 ^ (X — a cosh t); 

a smh t v J 

i-e., (b cosh /) X — (a sinh t) Y 

= ab (cosh* / — sinh 2 1) 

— ab. 

7-14. Angle of intersection of curves. The angle 
between the two straight lines 

J = m \* + T andj ■= + r 2 
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is known from coordinate geometry to be 
r , tan- 1 {{m x ~ m^)/( 1 + m x w 2 )}. 

If we replace m x and in this formula by the values of 
dyjdx for the two curves at any of their points of inter¬ 
section, we get at once the angle at which the curves cut 
there. 

Ex. Find the angle of intersection of the curves 


J = 4 ~ X 2 .( 1 ) 

and y — x 2 .> .(2) 


Subtracting, the abscjg^i of4hc point of intersection is given by 
4 -7 zx l = o. 

Therefore . x,^= y/z. 

(1) gives dyjdx — —*2x = — 2 \/ 2 at the point of intersection, 
and (2) gives dyjdx — zx — z\/ 2 at the point of intersection. 
Hence, if 0 is the required angle of intersection, 

tane=- 2 ^ + lVf_ 4V?. . 

1 - 4.2 *> 

Therefore 0 — tan -1 {^\Jzj-j). 

Examples 

1. Find the equation of the tangent at the point (x s y) on each 
of the following curves :— 

*(i) y 2 — 4 ax. (ii) xy — a 2 . 

(iii) x™ja m -\-y”>/b’» = r. (iv) (x 2 -f j 2 ) 2 = a 1 (x 2 — y 2 ). 
(v) y — a cosh (xja). - (vi) y — a log sin x. 

2. Find the points at which the tangent to each of the following 
curves is ( a ) parallel to and ( b) perpendicular to the axis of x: 

* (i) ax 2 + z.hxy by 2 — 1, 

(ii) xy = za (x 2 4- a 2 ), 

^(iii) y — a 4 l°g x + b^jx. 

[The tangent is perpendicular to the x-axis if dxldy — o.] 

3. Find the equation of the tangent at the point / on eat^h of the 
following curves: 

(i) x = t 2 — tf, y = t z — b, 

(ii) x = a (t + sin /), y = a (x — cos7), 

•/ (iii) x — a sin 8 1 , y ~ t cos* A 
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4. Prove that xja yjb = i touches the curve v be at 

the point where the curve crosses the axis of j. [Madras, i 93 & J 

5. Prove that the curve (xja)* + (yjb) n = ^ touches the straight 
‘ line xja - yjb = z at the point (a, b), whatever be the value ot n. 

6. Prove that all points of the curve 

f — ifi {x + a sin (xja)} 

at which the tangent is parallel to the axis of x he on a parabola. 

5 I Patna, 1935! 


7. Tangents are drawn from the origin to the curve y = sin x. 
Prove that their points of contact lie on 

x 2 y t - a 2 _yz t [Lucknow, 193 t] 

' 8. Show (hat the tangents to *110 Folium of Descartes x 3 } y 3 = 
^axy at the points where it meets the paiabola v 2 — ax are paiallel 
to tlje axis of y. [ Benares, 19? 1 ] 

.9. If p — x cos a +y sin a touch the cuive 




n/'n-l) 


prove that 




p H = (a cos a)* J- (b sin a) B . 


[Patna, 1931] 


jo. Find the angle of intersection of the curves 
(i) zy 2 = x 3 and y 2 = 3 ax, 

(11) x 2 — 4 ay and zy 2 — ax, 

(ill) xy — a 2 and x 2 -| y 1 = zip’. 

F 11. Show that the condition that the curves 


ax 2 -f by 2 — 1 and a’x 2 4- b’y 2 ~ 1 
should intersect oithogonally is that 


1 1 _ 1 1 

a b cP iP ’ 

12. In the curve x m j” - a m + n , prove that the portion of the 
tangent, intercepted between the axes, is divided at its point of con¬ 
tact into segments which are in a constant ratio. [Agra, 193}] 

T 

% 

7 • 2. Normal. The normal to a curve at any point 
is the straight line which passes through that point and*' 
is at right angles to the tangent to the curve at that point. 

Any line through the point (x, y) is 
Y —y — m (X — .v). 
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This will be perpendicular to the tangent to the curve at 

(x,y) 

dy 

m . -f — — i. 
dx 

Substituting the value of m obtained from this in the 
first equation, we see that 

the normal at (.v, j) to the curve y — f(x) is 

dy 


dx 


(Y-y) f (X-x)^o. 


Ex. Find the equation of the normal at (x, y) to the ellipse 


x- y i 
a'- " > 


— i. 


As before (Ex. 2, p. 88), _ _b x 

v 1 ' ax ay 


Hence the normal at (x, y) is 
_b 3 x 
a-y 

x-x y -v 

xta 2 ' yjb - 


(Y-j) ~ (AT — x) — o, 


or 


Examples 

1. Find the equation of the normal at (x, y) on each of the 
curves of Ex. 1, p. 89. 

- 4 2. Find the equations of the tangent and normal to the curve 

J (* — 2 ) ~ 3) — x — 7 — o 

at the point where it cuts the axis of x. [Dacca, 1936] 

3. Find the equation of the normal at the point (x, j) on each 
of the curves of Ex. 3, p, 89. 

4. Find the tangent and normal to the curve j* — 4ax and find 
the length of the normal chord at a point (x > , _/)• [Dueknow, 1933] 

•5. If the normal to the curve x 2 3 + = a 213 makes an ahgle 

<j> with the axis of x, show that its equation is 

y cos <f> — x sin tf> — a cos 2 <f>. [ Nagpur, 1931] 

t ’ . i , 

< 6. In the catenary y = a cosh (x/k), prove that the length of the 
portion of the normal intercepted between the curve and the axle 
of x is y 2 ja. 
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7*21. Cartesian Sub-tangent and Sub-normal. Let 

the tangent and the normal at 

any point P on a curve meet J 

the .Y-axis in T and N respec- p/ 

tively, and let PM be the ordi- 

nate. Then TM is called the y\ 

sub-tangent and AIN the sub- 

normal. O T M N x 

If the angle which the tangent makes with the .v-axis 
be tp, we have tan t|> - djjdx and MP - j. Therefore 

Sub-tangent — TM ~ j cot tjj -- y (^); 

dv 

Sub-normal = AIN — j tan i|> - y . 


7*22. Intercepts. The equation to the tangent is 
Y—J — {djjdx) (X - x). 

This meets OX where 

(t). 

Hence the intercept which the tangent cuts off from the axis off x is 

* -Pil)- 

The intercept in the figure of the pi evious article is OT. Simi¬ 
larly, by putting X = o in the equation of the tangent, we see that 
the intercept which the tangent cuts off from the ax’s off y is 

dy 

J~ X dx- 

The length of the tangent intercepted between the point of 
contact and the axis of x is often called the length off the tangent. In the 
figure this is PT and its value is 

j cosec il) =j'v/(i M cot 2 i]A — y V( T + tan8 j) 
vv ^ tan tp 

= .. VI 1 T {djjdxf} 

J djjdx 

Similarly, by the length of the normal is understood PN, the value 
of which is j sec tji, i.e., j\ff {i + idyjdxf). 
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7-23. Sign. In the first figure on page 87, y and dyldx are Doth 
positive (see § 7*13). Hence y/(dy/dx) will be positive in such a case. 
The subtangent, therefore, is measured positively from T in the 
direction OX. If its value comes out to be negative, it indicates 
that M lies to the left of T. A similar interpretation is possible in 
the case of the subnormal and the intercepts. 


Examples 


1. Show that in the exponential curve y — b t x a , the subtangent 

is of constant length, and the subnormal vanes as the square of the 

ordinate. [Patna, 1937J 

2. Show that the subtangent at any point of the curve x™y n 

- a vtn varies as the abscissa. [Benares, 1928] 

3. Show that in the case of the curve —- (x - 1 - a) s , the 

square of the subtangent varies as the subnormal. [Allahabad, 1937] 

• * 4. Find the lengths of the normal and subnormal to the curve 

y - ^a{e xla -f e~ jr,u ). [Punjab, 1932] 

.5. In the curve - a m ~ n y 3n , prove that the mth power 

of the subtangent varies as the «th power of the subnormal. 

6. Find,the subtangent, subnoimal, normal, tangent, and the 
intercept on the axis at the point t on the cycloid. 

* - a (/ -1- Sin /), y — a (1 — cos /). 

7. What should be the value of n in the equation to the curve 
y -- a l ~ n x n in order that the subnormal may be of constant length ? 

8 . Prove that foi the catenary y - c cosh (x/c), the perpendicu¬ 
lar dropped from the foot of the ordinate upon the tangent is of cons¬ 
tant length. 

9. If x v )\ be the parts of the axes of x and y intercepted by 

the tangent at any point (x,y) on the curve (x a ) 3 ' 3 * ( yib) 3 ' 3 — 1, 
show that xf’d 1 —yf b 3 - x. [Agra, 1934] 

10. Prove that in the ellipse x 2 a 2 - y 2 {b 2 -= 1, the length of the 
normal varies inversely as the perpendicular from the origin on the 
tangent. 


7'3. Polar Coordinates. The position of a point P on a 
plane can also be indicated by stating (i) its 
distance r from a fixed point O, and (ii) the 
inclination 6 of OP to a fixed straight line OA. 
r and 0 are called the polar coordinates of P. r is 

called the radius rector, 0 the rectorial angle, O the_ 

pole, and OA the initial line, r is considered to ® ^ 

be positive when measured away from 0 along the line bounding the 
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vectorial angle, and 0 is considered to be positive when measured in 
the anti-clockwise direction. 

It is usual to regard 0 as the independent variable. 

When converting polar coordinates to Cartesians, or vice versa, 
it is customary to take the pole as the origin and the initial line as the 
x-axis. Then the formulse of conversion are 

x = r cos 0, y = r sin 0. 

If r and 0 are given, there is only one point which will have the 
coordinates (r, 0 ). But if P be given, not only may the coordinates 
be stated as (r, 0), but also as (r, 0 -b 23 t), (r, 0 + 47c), ..., or as 
( — r. 0 ± n), ( — r, 0 -f jit),.... The student should remember 
this, otherwise he would commit mistakes. 


7 4. Angle between Radius Vector and Tangent. 

Let P be a given point 
on the curve r — J{ 0 ) 
and let Q be any other 
point. Let P be the 
point (r, 0) and Q the 
point (r + k, 0 -f fj)*. 

Let TPT' be the tan¬ 
gent at P, and let <p be 
the angle between it and 
the radius vector 0 P. 

We have to find <p. 

Draw OAI perpendi¬ 
cular to OP (produced if 

necessary). Then as b -> o, Q -> P, the secant PO 
tangent PT f and the 1 QPM 1 <p. 



the 


Hence tan <p = tan lira 


h-> 




0 L QPM - lim „^ 0 tan QPM 
( r + k) sin h 
^ 0 (r + ^)cosJ^> 

hiv eqUa l° n T f{6) \ r and 6 are the cu «ent coordinates; 

hut when we say that the coordinates of the given point are r and 6 , 

we attach a different meaning to these symbols. It would be best 
to use r v for the coordinates of P, like what was done in the 
case of the Cartesian equation (§ 7-12). But this is inconvenient 
However, after this explanation the student should have no difficulty 
m undetstanffiiw whether at any given place the reference is to the 
coordinates of P or to the current coordinates. ' 
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— lim 


(r + k) sin h 


— lim 


cos h — r (i — cos l 
, , /N sin b 

. + h ' 


fc-v° ^ 


cos /& — r 


Now 


lim 


A ->0 


2 sin 2 ^ 

k __ dr 
b~~dd' 


. i , 2 sin 2 sin \h , , 

Also lim k ^. 0 —~ h —~ = -yy sin \b = i 

and li m fc->o ~y = I- _ 

It follows that tan <p — 1 . 

dr 

-r„ — r.o 
dO 


i.e.. 


tan <p — r 


do 

dr' 


(§ 4 - 2 ) 

X o = o. 


If we suppose <j> to be numerically less than it and define it to be 
the angle between the positive direction of the 
radius vector and that direction of the tangent in 
which 0 increases, it is easy to see that the above 
formula holds whether rdOjdr be positive or nega¬ 
tive. If rdftjdr be negative, it means that <f> is 
greater than jit. (See the marginal figure). 



7*41. Polar Subtangent and Subnormal. Let P be 

any point on a curve, and let the 
tangent and normal at P meet the 
straight line through the pole at 
right angles to the radius vector 
OP in T and N respectively. 

Then OT is called the polar 
subtangent and ON the polar sub¬ 
normal. 

Since the angle OPT is <p, OT = r tan <p. Hence 

dd 

the polar subtangent = r 2 ^. 
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Also, ON = r tan L OPN = r cot <p. Hence 
the polar subnormal — 

The above formula shows that the polai subtangent is measured 
positively to the right, the observer 
being supposed to be stationed at 0 and 
looking in the ditection of P. A nega- 
tive value of the subtangent shows that \ 1 

T b to the left, as in the marginal \ 
figure. A similar meaning can be assigned \ *S<^P 

to a negative subnormal. \ S' ^ 

Ex. Find the angle between the - \~a 

radius vector and the tangent at anv ® 

point on the caidioid r — a (i cos C). 

dr ' . 


Dulerentiating, 


— a sin 0. 


, .dO ah — cos 0) 

Therefore tan <b — r , - „ - 

r dr a sin 0 


Therefore 


z sin 2 \ 0 
z sin A 0 cos £ 0 

4 > 


-= tan AC. 


7-42. Perpendicular from Pole on Tangent. If p 

be the length of the perpendicular y 

OT from the pole O to the tangent 
at any point P tin the curve, then, 
from the figure, 

p - r sin tp. / A 

If sve want the result in terms V-r 

of r and 0, we have only to substitute / 

for sin <P from the equation tan q> r dO /dr. 

Thus =■ cosec 2 <p — (cot 2 9-f 1) 

ot ;,=^+^(d 9 r ) 2 - 

Sometimes u is used to denote 1 jr, and this formula is stated as 
1 If = + (dujdQy. 
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Ex. In the cardioid, r — a (i — cos 0), we have p — r sin <f> 
— a (i — cos 0). sin £0 (see Ex. above) = za sin® £0. 


7*43. Pedal equation. The relation between p and 
r for a given curve is called its pedal equation. For 
certain curves this equation is very simple. 

(i) To find the pedal equation from the Cartesian 
equation. 

The tangent at (x, j) is 


Hence, if the perpendicular on it from the origin (X — o, 
Y = o) is p, we have 


P- 



• (1) 


Also r 2 = .v 2 + j 2 .... (2) 

and the equation to the cuivc is known, say 

/(x,j) = o. .... (3) 

Hence we get the pedal equation by eliminating 
and j between the equations (1), (2) and (3). 

(ii) To find the pedal equation from the polar equa¬ 
tion. Let the equation to the curve be 

f(r, 0) = o. . ( 1 ) 

Also, by the previous articles. 



+ 1 ( (ir ) 2 


r 4 V0 


• « 


We get the pedal equation by eliminating 8 between 
(1) and (2). 


Ex. 1 . Find the pedal equation of the parabola y* = 4 a (x a). 
Efcfferentiating, zy ^ = 4 a, or^ = “ . 

Hence the tangent at (x, y) is Y —y = (yajy) {X — x). 
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_ x . za/y —y_ _ 2 ax —J 2 

P ~ VO + 4 «*lf) V(j a + 4* 2 ) 

zax - Afi (x -f a) _ _m (■*■_+ “)_ 

“ V(4**d 4 * 2 F 4 * 2 ) V { 4 ^ (x‘+ 2«)} 
-= -\/{*(* + 2 *)}- 

r 2 = x 2 + j 2 = x 2 + 4* (*r + a) = (x + 2*) 2 . 
p 1 = ar, 

wh.ch is the required pedal equation. 

v Ex. 2. Find the pedal equation of the cardioid r — a (1 — cos 0 ). 
As before (Ex., § 7 -42) we can show that 
p = za sin 3 £0. 

Also r — a (1 — cos 0 ) = 2« sin 2 J 0 . 

Therefore r 3 = 2z/p 2 , 

which is the required pedal equation. 

7-44. Angle of intersection of curves. If two curves, whose 
polar equations are known, intersect at P, and the values of <j> at that 
point for the two curves be fa and fa respectively, then the angle 
of intersection of the two curves is evidently fa ~ fa. If tan fa - 
n 1 and tan fa *fc » 2 , then the angle of intersection is 
tan- 1 {(zq ~ zq )\i + zq n^)}. 

In particular, the curves cut orthogonally (l.e., at right angles) if 

»i»z - ~ l - 

Examples 

1. Find the angle at which the radius vector cuts the curve 
l\r — 1 -j- e cos 0. [Andhra , 1937] 

\z. Find the angle of intersection of the curves r = sin 0 + cos 6 
and r = 2 sin 0. 

3. Find the angle of intersection of the curves r — 2 sin 0 
and r/z= 2 cos 0. 

4. Show that in the equiangular spiral r — ai 6 cot <* the tangent 
is inclined at a constant angle to the radius vector. 

3. Find the angle between the tangent and the radius vector 
in the case of the curve r 71 = a” sec (nd + a), and prove that this 
curve is intersected by the curve r n = b n sec (nd + jS) at an angle 
which is independent of a and b. 

6 . Find the angle </> for the curve 

ad = (r 2 — <2 a ) 1/2 — a cos -1 ( a/r ). 

7. Show that in the curve r = ad the polar subnormal is cons¬ 
tant and in the curve rd = a the polar subtangent is constant. 


Therefore 


Also 

Therefore 
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fk' Find the polar subtangent for the ellipse Ijr — i e cos 9 . 

'<). For the cardioid r — a (i — cos 0 ) prove that (i) <f> = £ 9 , 
(uj zap 2 = r 3 , and (in) the polar subtangent - za sm 2 go tan £6. 

[Benares, 1934] 

10. Find the value of the perpendicular fiom the pole upon the 
tangent to the curve r (0 - 1) aO i . 

xi. Prove that the length of the pcipendicular from the pole on 
the tangent to the ellipse Ijr 1 -t 1 cos 0 is given by 


P i 


1 (ll 

l-\ r 


1 -J- 


)■ 


12. Prove that, in the parabola 2 ajr — 1 — cos 0 , 

(I) - it — 10, 

(II) p — a coscc AO, 

and (111) the polar subtangent _ 2 a cosec 0. 

13. Show that the pedal equation 

; (1) of the hyperbola / 2 cos 20 — a- is p> - a z , 

(II) of the lemniscatc r- — a' cos 2 0 is r 3 - a l p, 

(III) of the Archimedian spnal 1 aO is p 2 - / 4 /(> 2 4 a 2 ), 
(iv) of the sine spnal r* rf“sin»0 is pa n — r n + 

'14. show that the pedal equation of the ellipse 
x 2 ja 2 - f'b'- 1 


1 1 1 r 2 

1S />•» = a 2 " b 1 a"b 2 ‘ 

*15. Prove that the locus of the e\ti emity of the polar subnormal 
of the curve r - f( 0 ) is r f '(0 — Ait). 

Hence show that the locus of tht c\ticmitv of the polat sub¬ 
normal of the equiangular spiral r — ae n ° is another equiangular 
spiral. [ 'Luck,non, 1934] 


7‘5. Differential coefficient of length of arc. 
the length of the ate AP of~a 
curve, measured from a fixed 
point A on it be s. Then s 
evidently is some function, say 
£(.v), of x. 

The problem is to find ds/dx 
when we know only the equa¬ 
tion* to the curve. 

Let P be the point (x, y) 
and let Q, any other point on the 


Let 
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curve, be (x + h, y + &)• Let the tangents at P and Q 
meet in R and let RM be the perpendicular from R on 
PQ. Let the length of the arc AQ be equal to s + or, 
so that the arc PQ —ji. 


We shall assume as an axiom that 

chord PQ < o < PR + RQ. . . . (x) 

Now PR + RQ = PM sec P -f MQ sec Q, where 
P denotes the angle MP R and Q the angle MQR. 

Thus PR A RQ 

- PM (sec P - i) + MQ (s p c Q - i) f PM + MQ. 

Substituting this value of PR -j- RQ in (i) and divid¬ 
ing by h we get 


P A< /,< P f f ( secP - 1 ) + 


(sec Q - 




But PQ 2 = (x -f h — x ) 2 -f ( j + k — j) 2 -- }?• -f- k 2 . 
Therefore lim *^ 0 lim „^ 0 ^ 


= lim *-> 0 \/ ( 1 + / p ) 

= \1 

Also as h -> o, i.e., as the point O tends to the point 
P, Pj 2 tends to the tangent PR, i.e., Z P -> o. Therefore 
sec P — i -> o. Moreover PMjb does not tend to in¬ 
finity, because PQ/h does not tend to infinity (sec aboje). 

Thus lim fc ^. 0 -j- (sec P — i) — o. 

Again, as the point Q tends to the point P, the tan¬ 
gent at Q tends to the tangent at P. Therefore the 
exterior angle R -> o. But, because Z P -> o, this means 
that Z J 2 also -> o. Thus, we have also 

^*-0 (sec jg — i) = o. 
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Also, as is well known, when we take limits, an inequality 
might have to be replaced by an equality. (Consider what happens 
when we take the limits, as h-+o, of the quantities in i + /6 2 < i + zh 1 .) 


Finally, 


= Zx hy ^ rz - 


Thus from (2) we get, upon taking the limits of the 
quantities involved. 


\A+<£V- 


ds 

This shows that 

dx 


7 **51. Corollary. We have proved above that 
lin Vv 0 VQ. f) = lim fc ^ 0 a l /j > 

from which we can infer at once that lim fc _^ 0 PO'a = 1, 
i.c., (chord PQ/arc PQ) = 1. 

7'52. Alternative Proof of the Formula for ds/dx. If wc 
assume that 


, chord PQ 

arc PQ ' ' ' 

we can deduce the value of ds/dx more easily as follows : 

b_ _ 

aic PQ 

.. arc PQ 
= km ft _ y0 — h ~ . 

But the left hand side = lim A _^ 0 

and the right hand side = lim, l _ >0 ^ . 


(0 


By (1) 

chord PQ 

~y - 

i.e.. 

.. chord PQ 

K^. 0 - - h 


Hence 


s-V r+ (&‘- 
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7*53. Differential coefficient 

formula. Let P be any point 
{r, 6 ) on the curve r = J( 0 ), and 
let Q, any other point on the 
curve, be (r -f k, 0 + h). Then s, 
the length of the arc up to P, 
measured from some fixed point 
on the curve, will be a function 
of and 


of the arc. Polar 



els 

do 


lim 


A ->0 


arc PO 

l 


bi §4-2 


— lim 


chord PO 


;i-v 0 


by § 7*51- 


Now chord PO 2 

= PM 2 + MO 2 , where PM is perpendicular to 00 
= r 2 sin 2 h f (r -|- k — r cos hf 

r 2 sin 2 h + k 2 -j- zrk(i~ cos h) -f r 2 (: - cos h) 2 . 


Therefore lim 


chord PO 


A ' >0 h 

*4 • -1 **+ 4 —»} 
”Vh i +ct) , + 2 ''-(4)°-+°}- 


Thus 


ds \ / „ /dr x 2 
dtf “ V r “+ (do) * 


7 1 54 * Other formulae. 

the lie! 6 kn i 0W tha l dj j dx “ tan where *l» 15 > the angle which 
the tangent makes with the *-axis. Hence 6 


ds 

dx 


j 1 + (D j 1 + tan 2 ij>| ^ = ± sec \|>.* 
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k 


Therefore 


dx 

ds 


cos , 


if s be measured in such a way that dxids is positive, i.e., if x and 
s increase together. 

(2) Again, 

dy dy dx ^ . , . 

ds -=<&• ds = 


if x, y and s increase together. 

(3) If x and y are given in terms oi a paramcrei, sa\ x = flf), 
y -- fit)-, then 


Hence 


ds ds dx 
dt ~ dx‘ dt 


ds 

dt 


{fJ-O'OJ- 

\]o^ (S)‘ 


(4) \X e have seen that tan <f> = rdOjdr. 

T 


Hence 


cos if) — 


{—O'}' 



i.e.. 


COS (f) — 


dr 

ds’ 


s being measured in such a way that s and 0 increase together, so 
that <j> is acute when r increases with s (sec § 7’4). 


Also 


sin <f> = tan <j) cos <f> — 


r dO dr t d0 
dr ' ds~ ds 


Ex. For the cycloid x — a (1 — cos /), y — a (t -f sin t), find 
dsjdt , dsjdx and dsjdy. 


JHere 

Therefore 


^ = a sin /, — * (1 + cos /). 


H (£)'+(*)'} 
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and 


= a {sin 2 / + i + 2 cos t + cos 2 
= a {2 (x + cos /)} 1/2 
= a (4 cos 2 J/) 1/2 = za cos \t- 

ds fc dt ^ cqs , f . a sb / = cosec 

dx dt dx 

ds^ds dt ___ cqs , w 2a cos s = see JA 
dj dt dj 21 


Exampi ls 

»i. Calculate dsjdx for the following curves: 

(i) j - <7.v 2 -J- bx + c, 

(ii) y = log cos x, 

(in) y — a cosh (xla). 

2. For the parabola j z -- ^ax, prove that 

ds / a 

dxH' + x) • 

3. For the ellipse x — a cos t, y — b sin t, prove that 

= a (1 - e 2 cos 2 ty-u. 

4. Calculate dsjdt for the following curves : 

(i) x — t*, y — t 1, 

(ii) x — a sec /, y — b tan t, 

(iii) x = 2 sin t, y — cos zi. 

5. Calculate dsjdO for the following curves: 

(i) r = log sin 36, (11) r — £ sec 2 0 - 

6. For the curve r = ae 9 004 0 , prove that s/r — constant, s being 

measured from the origin. [Mysore, 1936] 

Examples on Chapter VII 

j. Show that the absciss® of the points on the curve j = 
X (x — 2) (x — 4) where the tangents are parallel to the axis of x 
aeegiven by x => z ± */V3- 

" 2. Find the points on the curve y = x/(i — X s ) where the 
tangent is inclined at angle of to the x-axis. 
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3. Find the angle of intersection of the curves x 2 —y 2 = a 1 
and x 2 +j 2 = a 2 \Jz. 

*4 Find that normal to \J(xy) = a — x which makes equal inter¬ 
cepts upon the coordinate axes. [ Calcutta , 1938] 

j. Prove that in the curve x 2n -f- y 213 - a 2n , the intercepts, 
made by the tangent at any point, on the coordinate axes are 
a 213 x i/ 3 , a i/3ji/3 respectively. 

Hence verify that the length of the tangent intercepted by the 
axes^is constant, {Bombay, 1936] 

« Vo. In the dactrix 

x - a (cos t J log tan \t). 


y - a sin /, 

ptovc that the portion of the tangent intercepted between the curve 
and the axis of x is of constant length. [Allahabad, 1931] 


7. Find the abscissa of the point on the curve ay 1 — x 3 the 
normal at which cuts off equal intercepts from the coordinate axes. 

V8. Show that in the cutve j ,/ log (x 2 — a 2 ) the sum of the 
tangent and tht subtangent vanes as the product of the coordinates 
of the point. [Agra, 1937] 

* sf9- Prove that the curves y - e~ ax sm bx, y -- e~ ax touch at the 
points for which b.\ - zmn - Jit, whcie m is an integer. f Lamb] 

v 10. If <f> be the angle betv ecn the tangent to a curve and the 
radius vectoi diawn from the ongin of cooidtnates to the point of 
contact, prove that 


11. Prove that the condition that x cos a * y sin a = p should 
touch x m y n a m 


is / pm+n . m m , „n — , n „mi n cos m a s j n » a . 

4 ''12. Show that the pedal equation of the spiral r = a sech nO 
is of the form 


1 _A 
p 2 r l 


-I B, 


and that the pedal equations of the curves r — a e me , rO = a, r sin 
»0 — a and r cosh 6 = a are all of the same form. 


13. Find the angle of intersection of the parabolas 

» r = a/(i + cos 0) and r = £/(i — cos 6 ). 

14. Find the angle of intersection of the cardioids 

r == a (1 + cos 8 ) and r = b( 1 — cos 6). 
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- t *15. Prove that the spirals r n — a n cos nO and r n — b n sin «0 
' intersect orthogonally. 

16. In the curve r m = a m cos mO, prove that 

dsjdO a sec mO. 

\Agra, 1934] 

17. Show that the normal to j 2 = 4 ax touches the curve 

zyay 1 -- 4(x - - 2 a) 3 . 

(Any normal to the parabola is Y — mX — zam — am 2 . (1) 
The tangent at (x, y) to the curve zyay 2 4( x — za Y ■ • ( 2 ) 

is Y y £ (X-x), 

or Y f X + y - x d } .(3) 

dx ex 

To prove the proposition, wc have to prove that (3) is the same 
as (1). Now choose the point of contact (v, y) in (3) in such a way 
that the coefficients of X in (1) and (3) become the same, i.c., let 


dy .i 2(x-—2 of 3) / \ 

: = m; then , . . (4) 

dx yay z{x —2 a) 

after division by 4(x — zdfjzyay 1 which is equal to x on account 
of (2). 

Thus ^- 8( ;_V-i by(2): 

i-f-, y = zaw 3 .(5) 

Substituting this in (4) we get the value of x in terms of m. 
Thus the coordinates x and y have been found in terms of m. 
Substituting these in the constant term of (3), vi?., in y — x. m we 
find that the latter reduces to — 2 am - am 2 . lienee (3) is identical 
with (1). Therefore, etc. 

This question can be solved more easily bv the method of Enve¬ 
lopes. See Chapter XII.J 

18. Show that the normal to the ellipse a: 2 /* 2 J 2 jb 2 — 1 
touches the curve {ax ) 212 + (by ) 213 = [a 1 — b 2 ) 2/3 . •* A - - - t,‘.\ *■ . 

. * * 3 - Prove that the equation to the tangent at the point deter-" 
drained by t on the curve x = a <j> (/)//(/), y --- a ap (/)//(/), may be 
written in the form 


m m m = o . 
m no no 

Obtain the slope of the curve at a point on the cycloid 

x = a (/ + sin /), y = a (1 — cos t). [Benares, 1934] 
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20. The tangent at anv point of the cardioicj r a(i f- cos 0) 
whose vectorial angle is la meets the curve again at a point whose 
vectorial angle is ifi. Show that 


cos (2jS — a) + 2 cos a r o 


\Azra, 1930] 


21. If r v r 2 , denote the distances / of any point P on the Iemms- 
cate (x 2 hj 2 ) 2 — a 2 {x 2 — y 2 ) from thy points (- 6 ) and p v p t , 

the perpendiculats on the tangent at" P from these points, piove that 


A ,Pt 




^ [Luck non, 1935] 

22. An equation f(p, r ) o connecting p and ; is deduced from 
the equation t(i, 0 ) - o Piov e that if the equation F(r, 0 ) — o is 
altered by wilting r n fot r and nO foi 0 , the equation f(p , t) — o must 
be altered by writing r n for r and pr n ~ x for p [Math. Tnpot, 1927] 

2?. The rectangulai coordinates of a point on a plane cui\e are 
given by 

x - i cos 0 - cos* 0 , j — 3 sm 0 - sin 3 0 . 

Find the equation of the notmal at any point on the curve and 
show that, at the point P where 0 — it '4, the normal passes through 
the ongin. [London, 1933] 

*^4. If P and Q aic two points whose polar coordinates are (r, 0 ), 
( r -f- hr, 0 L 80) respectively, and 0 is the pole, piove that 

cot OOP — 8 r/(r sin 80 ) 4 - tan J80 accurately. 

Deduce the value of cot <f>, whete <f> is the angle between the 
tangent and the radius sector at a point on the curve r — f( 0 ) 

Show that the tangent at the point, whcie 0 — it/6, on the curve 
r — a cos 20 meets the initial line at a distance a Is/ 3 from the 
pole. [London, 1934] 
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x. Prove that i 1/x is discontinuous at x — o. Draw its graph. 

2. Prove that lim^o {1/(1 + e 1/x )} does not exist. 

3. Prove that lhn j; _ > . 0 tan -1 (ajx 2 ) is — £;t, o, or in according 
as a is negative, zero, or positive. 

4. Discuss the continuity of the functions f, <f> and xp, where 

(i) /(x) = x 2 , when x < - 2, 
f(x) — 4, when -- z < x < 2, 

/(x) = x 2 , when x > 2; 

(ii) <£(x) = (x 3 -h i)/(* + 1), when x 9- — 1, <£(— 1) = o; 

(iii) xp(x) = (sin 2 ax) lx 2 , when x =£ o, ip (o) = 1. 

5. If # is a positive integer, prove that x” is continuous for all 
vafues of x. 

6. If <j>(x) = x z sin(t /x), when x -/ o, and <f>(p) — o, show 

that <j>'(x) is discontinuous at x = o. [Dacca, 1936] 

j 7. Differentiate tan -1 x 2 from first principles. ^ 

8. Given that cos H — — tan <b tan 5 , where is a constant, 
show that 

da 

sin 28 . + 2 cot H—o. [Delhi, 1935] 


9. If y — - -, show that 

y VC* +0+i 

ay 1 

dx ~ {"t+1) [ 2 VC *+"0 ’ 


xo. Prove that the differential coefficient of 

>/{*(«-*)} + \a sin- 1 {(2 x — a)!a) is ^(ajx— x). 
11. Show that each of the functions 

r a cos x + b > 


yj{a 2 — b 2 ) afC C0S V a + b cos. 


( a cos x -f- 0\ 
a + b cos x/’ 


-arc tan 


V (a 2 — b 2 ) 

has the derivative ifta + b cos x). 


{G 


— b\k 

+lJ tan ^ 


}• 
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12. In a table of logarithmic tangents to the base 10, show that 
the difference for one minute in the neighbourhood of 45 0 is approxi¬ 
mately 0*0004. 

13. Show that the equation 

i/(x — a) + i/(x — b) + 1 l(x — c) = o 
can have a pair of equal roots only if a — b — c. 

[Math. Tripos, 1905] 

14. By using the theorem 

/(x-M)-/(*) +#'(*), 

find approximately the value of x 4 + l * 3 — ax (- 1 when x = o 998. 

15 Apply Newton’s method of approximating to the roots 
of an equation to the equation x 2 = 3, taking % as the first approxi¬ 
mation 


16 A man 6 feet high walks at a uniform rate of 4 miles per 
hour away fiom a lamp 20 feet high Find the rate at which the 
length of his shadow increases. 

17 A man on a wharf, 20 ftet above the water-level, pulls in a 

rope to which a boat is attached at the rate of 4 feet per second At 
what late is the boat approaching the shore, when there is still 25 feet 
of rope out ? [Madras, 1935] 

18 A particle moves along a straight line and describes a distance 

s in time t If / — as 1 -f- bs + c, show that the particle undergoes 
a retardation which, at any instant, is proportional to the cube of 
the velocity. [Andhia, 1937] 

19 Show how/'(x) describes the rate of increase or decrease 

of/(x) Illustrate this by /(x) = sm -1 x for — Jjt O /(x) < Jjt 

20. An angle is increasing at a constant rate. Show that the 
tangent increases eight times as fast as the sine when the angle is 60°. 

21. The coordinates of thiee points P, £), R on a curve ate 
(1 2000, 2 3201), (1*2250, 2 3531), (1*2500, 2 3891) respectively 
( alculate approximate values of dyjdx and d-y jdx 2 at Q 

22. If y = sin (sin x), prove that 

fez + jp tan x + y cosi x — o. [Dacca, 193 5] 

23 If y — x % cos x, prove that 

^ 2 *-**%^ (xM 6) ^° 


24. 


* 5 f y = x 4 log x, prove that 

#y , 24 

d* r® x 8 


= o. 


[Madras, 1937] 
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25. If f(x) = e~ x cos x, show that 

/ W ’C*) + 4 /(*) = o. 

26. If 7 = e ax {a e x 2 — 2»ax -f «(« + 1)}, prove that 

y n — a n+2 x 3 e az . 

27. If x 3 + j 3 — $axy = o, show that 

cPy ia 3 xy 
dx 2 ~ (ax - _>' 2 ) 3 ' 


28. Show that7 = tan -1 x satisfies 

(1 + x : )y" t- 2 \y' — o. 

Hence show how to find al) the ■derivatives of y at x — o. 

\ Bombay, 1936] 


29. Prove that 


$ ( ^ x ) — (— 1 ) n »] jc-"- 1 \ log .v— 1 - A — J — — 1 [. 

dx”\ x ) v ' I b J n\ 

{Punjab, 1955] 

30. Show that the »th differential coefficient of 1 >(x’ 1 x r 1) is 

(— 1)" 2 nh2 3(« !) sin (n - i)0 sin “+ 1 0 , 
where x — {cos (0 + Jit)} /sin 0 . 

31. Show that the »th differential coefficient of sin x sinh jv 
vanishes for the value x — o unless » be of the form 4 m + 2, when 
its value is (— i) m 2 2m+1 . 

32. Prove that, if y = (ax + b)l(cx + d), zy'y'" — 3 y " 2 ; and 
that, if a + d = o, 

(j — x)y" = 1 _/ (1 +/). Tripos, 1911] 

33. The first, second, third and fourth differential coefficients 
of y with respect to x are denoted by t, a, b, c respectively, and those 
of x with respect to7 by r, a, /S, y. Show that 

/~ 4 (}ac — 5 b 2 ) =x~* (}ay — 5^ 2 ). [Patna, 1937] 


34. If u and v are two functions of x, possessing successive 
derivatives of desired orders, show that 


,d”u d n . . a"~ 1 / av \ , 

7& = dx”t m) - n d^A u dx) + 


dv \ , n(n - 1) 


d« 

dx n 


3 5. Prove that 
[x(x 2 + 1) } 


d n ~ 2 / dh> \ _ 
dx n ~ 2 \ dx 2 ) 

[Dacca, 1936] 


= (— i) n n 1 [x~ n 1 — cos {(n 4- 1) cot -1 *•} (x 2 -j- i) _(B+1 ) /2 ]. 
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36. 

Prove that 


log 1 

37 - 

Show that 


sinh x 

38. 

lf**“«b- 

prove 

that 


- =■ X 4 


[Allahabad, 1938] 


2- 

d 


•‘n+l 


_ 1 j „ t a "~t 1 a n-2 1 1 1 a 0 ) 

~«"+ 4'*+ 7T+ 2 T + - + /1 + - H\y 


and hence calculate the first six terms in the expansion. 

39. Prove that at the origin the curve jr* — x 3 touches the axis 
of x, y- — X s -(- x touches the axis of y and y 2 — x 2 1 x 3 bisects 
the angle between the axes. 

40. Prove that the straight line y - jx — 1 touches the curve 

y~ - ix~ 3 a* 

at two distinct points. 

41. Show that the curves 

x 1 * 3 xy 1 — 2, 

3 *?y - y -= 2. 

cut orthogonally. [Madras, 1936] 

42. Show that the curves r — a (1 + sin 0 ) and r — a (1 — sin ff) 
cut orthogonally. 

/ 43> For the curve r n — a n cos nO, prove that 
d 2 r 


ds 2 


_j _ o. 


[Allahabad, 1938] 


44. If the tangent to the curve x 1/2 4 -j 1/2 = a 11 - at any point on 

it cuts the axes OX, OY at P, Q respectively, prove that OP -f- OQ 
— a. [Madras, 1935] 

45. Show that the tangents at the points where the straight line 
ax + hy = o meets the ellipse 

ax ' 1 -f- zhxy -j- by 2 = 1 

are parallel to the x-axis, and that the tangents at the points where 
the straight line hx + by — o meets the ellipse are parallel to the 
j-axis. 

^46. . Prove that the normal at any point (r, 0) to the curve 
r n _ a n cos „q 

makes an angle (« + i)0 with the initial line. 


[Bombay, 1936] 
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47. Show that the tangent at the point (4 am 3 , 8 am 3 ) of the 
curve .v 3 = aj 2 meets the curve again in the point (am 3 , — am 3 ). 

Show also that if 9 m 3 — 2, the tangent is also a normal to the 
curve. f Andhra, 1937] 

48. Prove that the locus of the extremity of the polar subtangent 
of the curve 

is u =/' ($jc + e). 

Hence show that the locus of the extremity of the polar sub¬ 
tangent in the curve 

r = (1 + tan £0)/(» + «tan £0) 

is a cardioid. 

49. Show that the pedal equation of the curve 

f (} a -*)=-(*- a ? 

is p 2 = 9 a 3 (r 2 — a 2 )/(r 2 r 15a 2 ). 

50. Show that there are lust two real lines which are both 
tangent and normal to the curve y 2 ■= x 3 , and that the abscissae of 
the points where cither of them touches the cUiVe and cuts it at rght 
angles are £ and 2 respectively. 



CHAPTER VIII 

ASYMPTOTES 

8 *i. Asymptote. A straight line at a finite distance 
from the origin to which a tangent to a curve tends , as the distance 
from the origin of the point of contact tends to infinity, is called 
an asymptote of the curve. 

The tangent to the curve y = f(x) at (x, y) is 

or V=*X + ( jr-.v*). . •« 

Excluding for the present asymptotes parallel to the 
r-axis, (i) shows that, as .v ->oo, 

dy j dy 

dx dx 

must both tend to finite limits, say m and c, in order that 
an asymptote might exist. If this condition is satisfied, 
the asymptote would be 

y — mx -f- c. 


8 'H. m is equal to the limit of y x as x tends to 
infinity. We have seen that if y — f(x) has an asymptote 
which is not parallel to the j-axis, then 

linW - v |;’) 


is finite. 


It follows that 


lim. 


y - -v 


dy 

dx 


= o, 
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Therefore lini. m 
by the previous article. 


lim. 


x 


dy 
' dx 


o. 


O'/*) = 



8 ’12. The asymptotes of the general algebraic 
curve. Let the equation to the curve be 
a 0 y* + <7j y*~ 1 x -f- H y n ~ 2 -v 2 -}- ... -f- a n ^y x*- 1 a rt x n 
. -f b , yT~ x -f- b % y"~ s x -j- ... + b n x y x*~ 2 -f- l/ n x*- 1 
+ c % J '“ -2 i- ... + ••• -= o, . . . (x) 

or *"*»( i) + - xn " 1<p ^(i ) + ••■ = °> (*) 

where q>, (j/x) is an expression of the rth degree in j/x. 
Dividing by x*, this can be written as 


9 “ (^) + <P »- 1 ( x ) + ^ *»-* ( x ) + - =B a < 3 ) 


Excluding the case of asymptotes parallel to the 
j-axis (he., excluding the case in which lim^^ (j/x) 
is equal to 00), (3) gives, on taking limits* the equation 

*Pn (m) = o, .( 4 ) 

which determines m. 

Let now lini.^. ( J ~ * jj) = 

Then, because lim^^ (dyjdx) = m, we shall have, in 
general, 

O' - mx) = e. 

We may therefore put y — mx — c •v, . . (5) 
where v is a function of x which -> o as x -> 00. 

Substituting the value of y from this in the equation 
of the curve, viz., in equation (2), we get 

+ + O. (6) 



Expanding by Taylor’s Theorem,* we have 
** { *» («) + *»' ( m ) + ~^{l <P»"(«) + • • • j 

+ Jf- 1 1^-! («) + - ±-- q> n _/(«) +... J 

+ ^'M ( p^W + -} + —-o . . (7) 
On account of (4) we can omit «p n <m> in (7). Then, on 
dividing by x 71 - 1 and taking limits as x 00, we get 

c<P„'(m) + *P.-i ( m ) = °> • • • (8) 

which determines c when m has been found from (4). 

Hence the asymptotes are y — mx + c, where m is a 
root of (4) and the corresponding value of c is obtained 
from (8). 

* 

8 • 13. An Easy Rule of finding the asymptotes. 

If, instead of mx + <•+», we substitute only mx -f- c for 
y in (2) of the last article and expand, we get 

*" { %.('*) + C ~ ('") + 2 f v 2 <'("') + • • • } 

+ X- 1 1<P B _ X 0®) + - x + ••• J + ••• = O- (*) 

If we now equate to zero the coefficients of the two 
highest powers of x, we get precisely the equations (4) 
and (8) of the last article. Hence we have the following 
rule for determining the asymptotes : 

Substitute mx -f- c for y in the equation of the curve and 
equate to ^ero the coefficients of the two highest powers of x. 
Determine m and c from these. If m v c 1 ; m 2 , c 2 ;... are the 
values of m and c thus obtained , the asymptotes arff 

y = x + e x ; y = m 2 x + c 2 ;... 

Ex. Find the asymptotes of 

ji 3 -t X*J — ZXp + 2X 8 — 1XJ -f J y + 2X 2 + 2X + ZJ + I ■= O. 

*As the functions to be expanded are algebraic and rational, 
the expansions will all be finite and will always be possible (§ 6 • 91). 
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Putting y = mx + e, we have 

, (mx + cf — x 3 (mx + e) — zx (mx + cf + ax 3 - jx (mx + e) 
+ 3 {mx 4- c) 3 + zx 3 + 2x + zy + i = o, 
ot x 8 (m 3 — m — zm 3 + 2) 4- x 2 (3 m 3 c — r — 4wr — 7/w 

+ 3/w 2 -J- 2) + ... — o. ^ 

Therefore m and c are given by 

m 3 — zm 3 — m -f 2 = o, . 

and c (3W 2 — 4m — 1) + $m 3 — 7 w + 2 = o. 

The first equation gives (m — 1) (w + 1) (« — 2) = o. 

Therefore w = 1, — 1, or 2. 

The second equation gives, 

3 />' 2 — -jm 4 2 
~ 3^- — 4/» - 1 ’ 

Therefore, when m — j, c — — i, 

when /w -=- — 1, r — — 2, 
and when jw = 2, r — o. 

Hence the asymptotes are — x — 1, 

J - x - 2, 
and y — zx. 


8'14. Shorter Method. We notice that <j>„(m) can be obtained 
at once by putting a — 1 and y — m in the highest degree terms of 
the equation to the curve. Simiiaily can be obtained by 

putting x = 1 and j — m in the (n — i)th degree terms. Hence we 
get the asymptotes more quickl) as follows : 

In the highest degree terms put x — 1 andy -- m, thus getting <f> n (m). 
Equate this to \ero and solve for m. Let the roots be /»,, w 2 , ... m n . 
Next form </>„, j (m) in a similar way from the terms of degree n — 1. 
Then the lalues of c, say c v r 2 , . . c n , are found by substituting m v m 2 , ... 
m n tn turn in the formula 

r _ __ t«-l (*) 

W{m) ' 

The asymptotes then arey = m x x -(- c v y — m^x + c s , ... y — m H x 4 - ?„• 


Ex Solve the example of the last article by this method. 
Putting x — 1 andj = »m the 3rd degree teims, and equating 
to zero, we get ’ 

m 3 — zm 3 — m z — o. 


i.e., {tn — 1) (w 4- 1) (m — 2) = o, whence m = 

Thenc=- 4 --^ = -i^ZL 7 ^ + 2== _ , 

, ?n (») 3» 2 — 4W — I 

tively. 

Therefore the asymptotes are y — x — 1, y — 


1, — 1, or 2. 

, — 2, o respec- 


— x — 2, and 


y = zx. 
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Examplfs 

Find the asymptotes of the following curves: 

1. x 8 + 2 x 2 y — xy 2 — ay 3 . + xy — y 2 — i. 

2. x 3 -f- 2 x 2 y — xy 3 - zy 3 + 3 xy -t-3> 2 -fx4-i=o. 
zx 3 -J $x 2 y — 3xy* — 27 s -f 3X 2 — 3J/ 2 4 -j = j. 

4. zx 3 - yx 2 y + 4*y 2 —y 3 4 3* 2 — 6x7 3_y® — 1 = o. 

0 5. 45c' 3 — x 2 y — 4^ 2 4 y 3 3X 2 2x7 — y 2 — 7. 

8-2. Asymptotes might not exist. If one or more values 
of m, found fioni <f> n {m) o, make ) zero, but do not make 
<f> n _ j (») zero, the equation foi dcteimining the corresponding value 
ol c becomes 

o.c | <£„_,(«) = o. 

There is no value of c which will satisfy this equation. This 
means that the coriesponding asymptote does not exist. (The student 
must not think that c — 00 w ill do. See § 1 ■ 2). 

Ex. Find the asymptotes of the curve j 2 = x. 

Putting y — mx -t- c, we get (mx -t- e ) 2 — x = o. 

Equating to zei o the coefficients of x 2 and x, we have 
m- — o, and 2 me — 1 — o. 

The first gives m - o. Then the second reduces to — 1 = o, 
which is impossible. Hence y 2 — x has no asymptotes. 

[If we find the equation of the tangent at (x, y) and examine how 
it behaves as x -*■ 00, it is easy to see that the tangent goes off conti¬ 
nually further and further as x -*■ 00, so that theie is no asymptote 
in accordance with out definition.] 

8-21. Two Parallel Asymptotes. If any value of 
m found from <p„(///) — o makes t P„ / (/w) equal to zero and 
also <P„_](w) equal to zeio*, the equation from which c 
is usually determined degenerates into the identity o. c + o 
= o. To determine c we have now the equation 

a \ C 2 qP."(«) + = °> • • (*) 

which follows from equation (7) of § 8 - i2, on dividing by 
x n ~ 2 and taking limits. 

Hence, corresponding to one value of m there are 

*This will happen only when — o has multiple roots. 

See §4*5. 
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now t&ro values of c. That is, we shall get a pair of parallel 
asymptotes. 

Reference to equation (i) of § 8*13 shows that the 
coefficient of x"' 2 in that equation .s the same as the left 
hand side of (1) above. 

/ Hence the rule for finding asymptotes can be extended 
As follows : Substitute mx + c j or V in the equation of the 
curve and equate to %ero the coefficient of the highest power of x. 
If any value of m derived from this equation makes the coefficient 
of x*' 1 identically %ero, thin the corresponding / a lues of c should 
be determined from the equation obi'aim d by putting the coefficient 
of „v n_a equal to %ero. 


Ex. Find the asymptotes ofj> 3 -t x 3 y -f- zxy 2 —y f 1=0. 
Putting y — mx -f c, we have 

(mx + c ) 3 + x 2 (mx *-<■)+ zx (mx (- c ) 2 — (mx + c) + 1=0, 

or x 3 (m 3 t m + zm 2 ) + x 3 (3/w 2 e + r + 4 me) 

-f x (3 me 3 -j- 2^ a — m) - f- ... = o. 

Therefore m and c must satisfy 

m 3 f- 2 m 3 -f- m — o, 
and (3 m 3 -f 4/0 + 1) e = o. - 

[These could also have been written down at once by § 8 •14.] 

The first equation gives m — o, — 1, — 1. 

The second equation then gives c — o when m — o; but when 
m — — 1, the second equation reduces to the identity o.c — o. 

Equating, therefore, the coefficient of the next lower power of 
x to zero, [or by finding <j> n "(m) and <£ b _ s (w)] we have 

(3 m -f 2) c 3 - m = o, 

which gives c =- i 1 after putting m — 1. 

Hence the asymptotes are y = o, 

y = — x + I, 
and y = — x — 1. 

Note. The Student must guard against concluding from 
equations like (ym 1 4m i)c = o that c — o. This in¬ 
ference would be correct only when the coefficient of c is not %ero. 
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Examples 

Find the asymptotes of the following curves : 
i. x 3 + xfy — xy 2 — j 3 — 3 x —y — i = o. 

• 2. X s + x 2 y — xy 2 —jy 3 + x 2 —y 2 — 2. 

3. 4X 3 — 3 xy 2 —y 3 -f ix 2 — xy —y 2 — 1. 

g *- 4 - X 3 + }x 2 y — 4/ — X +y + 3 -= o. 

5. x 3 — 5x^7 + 8xy a — 4J 3 4 - x* — 339/ -f 2j* — 1 = o. 

•r 

8*22. More than two Parallel Asymptotes. If the coefficient 
of x n ~ 2 equated to zero becomes 

ox 2 -j- o.c -f- o = o 

for a value of w derived from <f> n (yn) = o, an argument similar to 
that of the last article will show that c must be determined from the 
coefficient of the next highest power of x equated to zero; if this 
also fails to determine c, then the coefficient of the next highest power 
of x must be equated to zero and so on. 


8 23. Asymptotes parallel to the x-axis. While 
asymptotes parallel to the x-axis would get determined 
when we substitute y = mx -f- c and equate to zero the 
coefficients of x" and x n_1 , it is usual to determine these 
separately first, as the method of finding them is extremely 
simple. 

The general equation of the curve of degree n (eqn. 
(1) of § 8‘i2), arranged according to powers of x, is 

+ (*»-iJ + K) xn ~ 1 

+ ( a n-Z.y 2 + K-xJ + O + -•• = O.( 1 ) 

Putting y — mx -f- c, and equating to zero the co¬ 
efficient of x" (or at once by § 8'14), we get for determining 
m the equation 

U n ‘I’ + "»-2 W 2 + ••• = O. . ( 2 ) 

This shows that m = o will be a root only if a n = o. 

Suppose then that a n — o, and consider the root m 
— o of ’(2). The corresponding asymptote is 

* 6 ' J**', .( 3 ) 

where c is determined by the equation obtained on subs¬ 
tituting y = o.x + c (i.e., y = c) in (1) and equating to 
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zero the coefficient of x* _1 . Hence c in (3) must be deter¬ 
mined by 

. 1 c + K — °._ • (4) 

^Now, to substitute the value of c from (4) in (3) is 
the kame as eliminating c between (4) and (3). Hence 
the asymptote is 

*„-i y + K^° .( 5 ) 

which could have been obtained by equating to zero the 
coefficient of x -1 in (1). 

If a n , and b n aic both zcio, so that (4) becomes an 
identity and theie aic no terms involving n 7 * -1 in the 
equation to the cuive, aiguments similar to those of 
§5 8‘2i ?ud 8‘22 will apply. We sliMl find that in even 
case the a s) nip tote or a ty nip tote r pat allcl to the a\rt of \ 
can be obtaint cl b) equaling to %e>o the coefficient of the infill st \ 
power of x, provided this is rot inertly 'a constant. 

Ex. 1. Find the asymptote, parallel to the axis of x, of the 
curve 

y 3 +- x 2 y 1 zxy 1 - y + 1 — o 

Here the highest power of x is x s and its coefficient is y. So 
the required asymptote is 

y — o. (Cf. the Ex. of § 8 21.) 

Ex. 2. Find the asymptotes, parallel to the axis of x, of the 
curve 

y i 4 x 2 )' 2 -f~ zxy 2 — 4X 2 — y - 4 - 1 — o 

Here the coefficient of the highest power of x is y 2 — 4 

So the required asymptotes are y = ± 2. 

8-24. Asymptotes parallel to the y-axis. As the 

form x = c is not included mj = mx -f- c, the preceding 
methods will fail to determine asymptotes of this form. 
But they can be easily found from the rule given below, 
whose truth becomes apparent when we consider what 
would be the result of interchanging the axes of x and y. 

The asymptotes parallel to the axis of y are obtained by 
equating to \ero the coefficient of the highest power of y, provided 
this is not merely a constant. 
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Ex. Find those asymptotes of the curve 

** + x 2 y 2 -/a 2 (a* + f) = o 
which are parallel to thej-^ns. 

The coefficient ofy 2 equated to zero gives $c 2 — a 2 = o. Hence 
the required asymptotes are 

x — a, x - a. 


Ex^mpits 

Write down the equations of those asjmptotes ol the following 
cuives which arc paiallcl to eithci ol the axes ■ 

i x' }xy 2 y 2 zx | y — o. 

2. \y 2 y 3 - x — ) — l. 

3. x 2 y 3 1 x^j 2 ~ -x 3 - 1 - y 2 . 

4. a 2 *- 2 - (v — i) a ( y 2 4 - a 2 ) — o. 

3. (x 2 a 3 )y — &V 3 

8-3. The Curve approaches the asymptote. The 

distance of a point or ay branch of a cion fion/ the 10ms- 
pond/no asymptote laid r to ~uo < > the datamt oj the point 
from the origin ttnds to infinity. 

We have seen (§ 8-2.1) that the cooidinates of a point 
on the curve c" <p„ ( y r \) y- 1 <P„_ 1 (j \) y ... — o 
satisfy the equation 

y - nix \ c i v, 

whe re y = //ay 4- c is an as\ mptotc, and i is a function of x 
which -> o as x-^od. So the difference of the ordinates 
of the curve and the as) mptotc for a given value of .v is v. 
Since this-> o as .v-> 00, the proposition enunciated 
above is obvious. 

Supposing the axes to be interchanged for an instant, we see 
that the proposition must be tiue foi asymptotes of the form x = c 
also. 


8 • 31. Thq asymptote of the curve y - mx d c + A/x 
+ B/x 2 y ... Let the equation to a curve be given by the equation 

. . A . B C . 

j= mx+t+ - +xt +^ + .... 


■ • <0 
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^bere the series Ajx + ... is convergent for sufficiently large values 
of x. Differentiating, we have 

dy A 

dx 

The tangent at (x,y) is therefore 

A zB 


m x 2 




or 


/ A zB \v I /• 1 ^ _L 


zA . 


<*) 


Let x now tend to infinity. The equation (2) then tends to 
the equation 

i’ — mX + c. 

We have proved, therefoie, that the asymptote of 

A B , 

yfmx fet - 


is 


X X 4 

y — mx + c. 

This method is sometimes useful. 

yZ 

Ex. 1. Find the asymptotes of the hyperbola ^ —■p = i. 
Here 


-VG-knA-S) 


Hence the asymptotes are 

y = £x/<r. 

and j =- — &x/a. 

8‘32. Position of the curve with respifct to the asymptote. 

If we can throw the equation of a given curtre in foriny — mx + c 
+ Ax~ 1 + we can get useful information regarding the position 
of the curve with respect to the asymptote. The following cases 
arise: *, 

I. A ¥■ o. f ' 

Let be the ordinate of the curve and j 2 that of the asymptote 
when the abscissa is x v Then 

Ji = mx x -f t + A xj *" 1 + Bx x ~ 2 + ... 

and y 2 (. 
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Now by taking sufficiently large, we can (in general) make 
B Xj -1 + C Xj -2 -f- ... numerically as small as we please. Let x x be so 
large that this is numerically less than A. Then 

A + Bxj - 1 + Cxj - 2 f ... 

has the same sign as A; i.e., it is positive if A is positive and negative 
if A is negative. 

Now jj — j 2 — Xj -1 (A ~r B x x -1 -y- ...). 

Therefore, if x x an 3 ^A are of the same sign, then 

Ji >Ja- 

i.e., the curve is above the asymptote. On the other hand if Xj and 
A arc of opposite signs, the curve lies below the asymptote. 

We notice that the curve lies on opposite sides of the asymptote 
at the opposite ends. 

II. A =- o. 

Here the curve lies on the same side of the asymptote at opposite 
ends—above it, if B is positive, and below it if B is negative. 

III. If B is aiso zero, but not C, arguments similar to those 
of case I would apply; and so on. 

Such considerations would be found very helpful in curve¬ 
tracing (Chapter X). 

8-33. Total number of asymptotes. As the equa¬ 
tion for determining m, viz., <p„(w) = o, is of degree n, 
and so has n roots, and as one value of m gives in general 
one value of c (§ 8-12), it is evident that a curve of degree n 
has in general n asymptotes. 

(i) If some of the roots of <f> n (m) — o are imaginary, the corres¬ 
ponding asymptotes arc said to be imaginary. Thus the circle 
x 3 -)- j 2 — a 2 has imaginary asymptotes. 

(ii) There might be no asymptote corresponding to even a real 
root (§ 8-2). Thus the parabola y 2 — 4ax has no asymptotes, even 
though the roots of <f>,£m) ~ o are real. 

s^iii) There can never be more than n asymptotes, because when 
the equation for determining c is a quadratic (§ 8- 21), — o, 

and so <f> n {m ) — o has a double root (§ 4't). Therefore the two 
values of c correspond to the two equal roots and there would be at 
the most n — 2 other asymptote* corresponding to the remaining 
n — z roots. If the equation for determining c is a cubic, it can be 
easily shWn that / ifew tjhrrr equal roots ; and so on. 

Hence we see that dvdrve of degree n can never have more than n 
asymptotes. 
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Ex. Find all the asymptotes of x 2 y 2 — a 2 (x 2 + j 2 ). 

The asymptotes parallel to the y-axis are x 4 a ; and those 
parallel to the x-axis are y — ± a As the equation is of the 4th 
degree, there cannot be mote than four asymptotes. Hence all the 
asymptotes aie 

x = ±a, y La. 

8'34. Asymptotes by Inspection. If the equation 
to a turvehe of the form 1 n f P o, 11 Lie P is of degm n—i, 
or tower, ani if J n — o uw h broken up into n incur factors 
whi h represent n r tuuslit Inns no too of nhiih an pa a liel or 
t( up. alert, that all the aeyn/ptol 1 an oynti ty 1 „ — o / 

The supposition that I n o breaks up into factois 
which nptcscnt stiaight lines no two of winch aic pa allel 
implies that «p b (///) o has no icpcated loots. Hence 
the values of 1 do not depend on turns of lowu degne 
than n — 2 (see § 8 21) 

So the asymptotes of P v -f P — o u on Id be the same 
as those of 7 n = o But 1 n o is ? si stem of;/ stiaight 
lines, each one of which is its own asvnprote (as is 
obvious from the definitions of asymptote and tangent). 
Hence the proposition must be tiuc. 

This enables us to write down the asymptotes b\ mere inspection 
m many cases. 

Ex Find the asymptotes of the h\perbola x 2 /a 2 - y 2 \b 2 — 1. 
By the above proposition the asymptotes must be x 2 ^ 2 — y 2 \b 2 = o, 


Exiwiifs 


Find all the asymptotes of the following curves 
X. J s — x 2 (x — a). 

x 1 • J 3 — xy 2 — x l y -j- x 3 + x 2 —y 1 — 1 . 

/ ' V J. J 2 (x 2 — a 2 ) - x. 

y(x — yf =^y(x - y) - j - 2 . * 

y\x - b) - x 3 4- a 3 . 

6. (a + x) 2 {b 2 + x 2 ) = x 2 y 2 . 

7. zx(y — 3)* - 3 y(x - i) 2 . 


[Aligarh, 1930] 
[Calcutta, 1938] 
[Patna, 1935] 
\Agra, 1935] 
[Nagpur, 1928] 
[Agra, 1931] 



INTERSECTION OF CURVE AND ASYMPTOTE 12 J 

T\« ! J V ' ' z. * r < 

'' 8 -£ (i) X 4 — V* = a 2 xy . = 4a 2 (2 a — x). [Nagpur, 1951] 

• 9 - (x^^a*]} 2 =x 2 (x 2 —4a 2 ): , . x [Agra, 1933] 

^10. a 2 jx 2 A^jj 2 = 1. [Allahabad, 1921] 

^11. {x 2 — j 2 )^j 2 ' ^x- 2 ) — 6X 3 4- <,x 2 j 4- $xj 2 —2 y 3 — x^ r }xy 

£ 12. J 8 — 2y 2 X —JX 2 4 2-X 3 -\-J 2 — (>xy + 5* a — ly -I- 2X 4- I 
— o. 

^13. (x 2 — j 2 )(x_ 4 - ay 4 * I) f *+j 4 - 1=0.' 

^14. Se(j— j) 3 ~ iy(x— i) 8 . 

V 1 ?- (** — 3* 4 2 ) (* i-7 — 2 ) 4- i = o. 

16. t(i) (eqx Pjj - r vj (a^x r p 2 j 4 - Ya) + Va = °- ' 

^ (li) x 3 — j 3 -- (x - i) 2 . 

^ (iii) (j — a) 2 (x 2 -- a' 2 ) — x* a*. ' • [Lucknow, 1933] 

^17. y 1 (x - id) - x 3 — a 3 . - 

^18. jy 8 — x- 2 (2 a - x), 

19. Find the asymptotes of 

O - x) 2 x - 37 (j — x) 4 - ix o, 
and examine how the curve is placed with reference to them. , 

f Annamalai, 1936] 

20. Prove that the curve y ~ x (x 2 a 2 )/(x 2 — a 2 ) lies above the 

asymptote for large positive values of x. 9 *, SM- U* fl~H- 

21. Piove that the curve x 3 x J y ■ x 2 — zx -- 1 lies beld^v' tj?e 
asymptote in the first quadrant when x is large. VC hat is the position 
of the curve with respect to the asymptote for large negative values ( 
of*? 

22. On which side of its oblique asymptote does the curve 
X*0** + a i x ! *2) — b o* 3 4 - Kx 2 4- /ye - b 3 he ? 

8-35. Intersections of the Curve and its Asymptotes. A 

straight line cuts a curve of degree n in general in n points. As one 
of these points of intersection is kept fixed, and another point of 
intersection is made to tend to it, the sttaight line tends to the tangent 
at the former point. Hence a tangent (and therefore, as a particular 
case, an asymptote) will in general cut the curve in n — 2 points. 
The n asymptotes will thercfoic cut the curve in n(n — 2) points. 

Let the asymptotes of a cuivc of degree n be 

F n ■= O ~ "i x — <1) O' - ~ c z) — O — V — O = o. 

Let now the equation to any curve having asymptotes F„ o be 
put in the form I‘„ 4- P - o. .(1) 

Then^P cannot be of a degree higher than n — 2, otherwise the terms 
of degree n — 1 and higher will be different in t n and F, t 4- P, and so 
the usual method of finding asymptotes (§ 8’13 or 8'14) will give 
values of m, or c, or both, different from m x , e x ; m s , c 2 ; ... 
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Now if S = o and S' = o represent two curves, S — IS' — o 
represents some curve through the intersections of S = o and S' — o. 

Therefore F n + P — F„ = o, i.e. P = o, is some curve passing 
through the intersections of F n 4 P = o and F n = o. So, as P 
is of a degree not higher than n — 2, we get the following proposi¬ 
tion : 

A. curve of degree n — 2, or lesser, can be made to pass through the 
n(n — 2) points of intersection of a curve of degree n and its asymptotes. 

Note. Of course, many other curves can be made to pass 
through these po'nts, but thev are generally of a higher degree than 
n — 2. 

Ex. Show that the intersection of the curve 
2 v* — zx*y — 4*y 2 H 4X 3 — 14 xy 1 6y 2 — 4> - + 6 y + 1 — o 
and its asymptotes lie on the straight lini 8* -j zy 4 - 1 =_ o. 

The asymptotes of the curve am, as in the example of § 8-13, 
(y — x + 1) (y + x + 2) (j - zx) -- o, 
or, jy 3 — x 2 y — zxy 2 4- zx 3 — 7 xy -b 4- zx 2 zy ~ 4X — o. 

Multiplying this by 2 and subtracting from the equation of the curve, 
we get 

8x + zy •+- x = o, 

on whch the points of intersection must lie. 

Examples 

1. Show that the asymptotes of the cubic 

x 3 — zy 3 + xy (zx —y) 4 y (x — y) 4 1 — o 
cut the curve in three points which lie on the straight line 
x - y -4 1 — o. 

2. Find the equation of the straight line on which lie the three 
points of intersection of the curve 

(x 4- a)f = (y 4 b)x 2 

and its asymptotes. 

3. Find the asymptotes of the curve 

x 2 (x 4 y) (x —y ) 2 4 (x —y) — a 2 } 3 = o. 

Form the equation of the quartic curve which has x — o, y — o, 
y — x, y = — x, for asymptotes, which passes through the point 
(a, b ), and which cuts its asymptotes again in eight points lying upon 
the circle x 2 4 J a — a 2 . [Lucknow, 1932] 

4. Show that the eight points of intersection of the curve 

xy (x 2 — j 2 ) 4 x 2 4 J* = 

and its asymptotes lie on a circle whose centre is at the origin. 
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5. Show that the eight points of intersection of the curve 
x* — 5 xy 2 + 4 y + x 2 —y 2 +- *■ +_y +1=0 
and its asymptotes lie on a rectangular hyperbola. 

8 • 36. Curvilinear Asymptotes. If the equation to a curve can 
be thrown in the form 

y = a^( n + a l x n ~ 1 + ...-\r a n -\ ^ ‘ ®, -1 ... , (1) 

then j — a 0 x n 4 - a Y x"" 1 -j ... -i a„ .(2) 

is said to be asymptotic to (1). 

In particular, if the curve can be put as 

y = ax 2 4 - bx + c -f ^ -f- —, - 1 ■, a 7= o, 
xx‘ 

it possesses the parabolic asymptote 

y -- ax 2 -j- bx |- c. 

It will be observed that if two curves arc asymptotic in ac¬ 
cordance with the above definition, the difference of their ordinates 
for a given value of x tends to zero as .v -v to. (cf. § 8-3). 

Similar definitions hold for curves in which x can be expanded 
in negative powers of y. 

Ex. Show that the curve 

ax 2 y = x* -7- a 2 x 2 + a 4 
has a parabolic asymptote. 

Here y — +a+ 

a x- 

Hencc the given curve has the parabolic asymptote 
ay = x 2 - f a 2 . 


Examples 

1. Show that the curve represented by x 3 -f aby — axy = o has 
a parabolic asymptote x 2 + bx -( b 2 - ay. 

2. Find the rectilinear and parabolic asymptotes of the curve 

x — (j 3 — a 3 ) jay. [Patna, 1932] 

8'4. Asymptotes to non-algebraic curves. The method of 
substituting y — mx c and equating to zero the coefficients of the 
two highest powers of x applies only to algebraic curves. In the 
case of non-algebraic curves the asymptotes can be found in simple 
cases by applying the definition, or by the expansion of j in negative 
powers of x. 
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Ex. Find the asymptotes of y — tan x. 
Here ^ = sec 2 *. 


Hence the tangent at ( x, y) is 

Y — tan x = (X — x) sec 2 x, 

or Y cos 2 x — sin x cos x = X — x. , • . (i) 

Now as x -+ Jji from the left, y -> oo, and the distance of 
(x, y) from the origin tends to infinity. Hence, taking the limit of 
(i) as x -* Jar, the corresponding equation is 
Y.o - o - X - Jn, 
i.e., X — £:r. 

This is one asymptote. The other asymptotes are X = — in, jur,... 


Example ■> 


Find the asymptotes of 

X. y == c 

3. y — sec x. 


2. y — e nx . '' 

4. v cos cl x. 


8*5. Polar Curves. If a be a root of the equation 
f{0) — o, then 

r sin (0 — a) — 1 f' (a) 
is an asymptote of the curve 

1 / r 

Let P be any point (r, 0 ) on 
the curve 

ilr--f(0). . . ( 1 ) 

Let OT be the perpendicular 
to the radius vector OP, cutting 
the tangent at P in T. Then, OT 
is the polar subtangent and so 

OT = r 2 ~ . 
dr 



Now let 0 a. 

Then f(6) will tend to o, because /(a) = o by hypo¬ 
thesis, and we suppose f(6) to be a continuous function. 
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Therefore r will oo by equation (i), values of 0 
on one side of a alone being considered. 

Thus PT will tend to the asymptote, and OT will 
tend to the value of r 2 dO jdr a t 0 — a. 

Also OP and PT will tend to become parallel, and 
thus the angle OTP will tend to a right angle (as shown 
by the dotted lines in the figure). 

We see, therefore, that the asymptote is the 
straight line which is parallel to the radius vector 
6 = a, and is situated at a distance from O equal to 



to the right of an observer looking from the origin in the 
direction 0 = a. 

So the perpendiculai on 'he asymptote, \ iz., OT', makes an 
angle of Ajc uith the lachus vectm 0 — a, and therefore an angle 
of a — in with the initial line. But the polar equation of the 
straight line the peipcndiculat on which fiom the origin makes an 
angle /? m ith the initial line and is of length p is 

r cos (0 - fi) = p. 

Hence the equation of the ,is\ mptotc must be 
r cos (0 — a —t- ,'rt) - (/ 2 ) 

Substituting the v.dut of r 2 dO dr fiom the equation 
of the curve, the as\ mptotc becomes 

t sin (0 — a) — i f'(a). 

Ex. Find the asymptotes of the curve r sin nO = a. 

The equation to the curve can be written as 
ijr — (i ja) sin nO — J{ 0 ), say. 

Now f( 0 ) — o if nO = me, v here m is an integer. 

Therefore 0 — mn In — a, say. 

Also /'(6) = (i ja). n. cos nO. 

Therefore /'(a) = (i/a), n. cos ttm. 

The asymptotes, therefore, are 

mn \ __ a 

» s n cos mn ' 


r sin ( 0 


9 
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8 * 6 . Circular asymptotes. If the equation to a curve is 

r =/( 0 )> 

and if lim* x f(0) = a, 

then the circle r = a is called a circular asymptote of the curve r =/(0). 
It is evident that the curve approaches the circle as 0 -> co. 

Ex. Find the circular asymptote of the curve 

6 3 - i 
r ~ 0 3 + i 

Dividing by 0 3 , and taking limits, we see that the circular 
asymptote is r = 1. 


Example^ 

Find the rectlinear asymptotes of the following curves: 


1. 

r — 2/(1 t 2 sin 

0). 
f * 


rO - a. 

’ • ' [Aim , ’3 - 

o 

*■ = 4 (sec 0 + tan 0). 


> cos (> - 

- 4 sin 2 0 . 

•K 

r — 20 /sin 0. 


h5. 

r sin 0 - 

- 2 COS 20. 


O 

ll 


'■8. 

r cos 0 : 

- a sin 0. 

9- 

r sin 2 0 = a. 


10 . 

r — a cosec 0 ~t~ b. ' 

Find the circular asymptotes 

of the following 

cuives : 

11 . 

/*\ 

C5 

to 

+ 

l-s, 

II 

1 

- I. 




12 . 

r = ( 30 ^ 1 - 20 -J- 

i)/(0 3 

-r- 0 4- 

i)- 



Examples on Chapter VIII 


Find the asymptotes of the following curves : 

1. x 2 y 2 — x 2 y — xy 2 + x -j-y - 4 - i — o. 

2. x 2 y 4 xy 2 f xy +y 2 4 }x = o. 

3 - (* + y ) 2 (x+ zy+ z) = x f 9J + 2. 

4 . zx(y - 3) 2 = 3 y (x - i) 3 . 

5. x 2 (x — y ) 2 + a 8 (x a — y 2 ) — a 2 xy = o. 

6 . — yp = a 3 xy, 

7 . {a 2 lx 2 ) - (b 2 ly 2 ) = i. 

8. (x - 2j) a (*■ —j) — 4 J (x - zy) - (8x + 


[Calcutta, 193 7 1 
f Punjab, 1936J 
1935] 

[Allahabad, 1923 1 
f Nagpur, 1933] 

[Allahabad, 1926] 
7 J) = o. 


to. 


[Bswiiy, 1936] 

f - 5xy a 4- 8x?y - 4X 9 — 3 j* + 9x7 — 6x 2 + 2j - 2 x + 1 
j =0. [Allahabad, 1933J 

r = 4 (1 4 sec 20). 



EXAMPLES 


I 3 I 


it. r n sin nO — a n . 

12. rO cos 0 = a cos 20. [Allahabad, 1929] 

ij. r (tP — 1) = (e 9 + 1). Find also the circular asymptote. 

14. An asymptote is sometimes defined as a straight line which 
cuts the cutve in two points at infinity. Criticise this definition and 
'(place it by a correct definition. 

Find the asymptotes of 

y l - x i j(A - x 1 ). [Aligarh, 193 5J 

1 1 Show that the asymptotes of 1 * 

x i y i - - j' 2 ) — ti'(x -<-j) - a* = o' 

■ >1 ii a -.quaie, thtough two of whose angulai points the curve passes 
16 Show thu the curve 

r ~ sec mO b tan ml) 

1 as two sets ot asymptotes, metnbeis of the first set touching one 
used code, and ’hose of the othei anothci fixed circle. 

' m fmd all the asymptotes ot the curve 

}A - zxy — 7.V) 2 2)’ - i 4 ^>’ if ~ 4 -v ~ 5 J = °. 

bhow that the asymptotes meet the curve again in three points 
w hich lie on a straight line; and find the equation of this line. 

[lit nan i, 193 3 J 

18. Show that the four asymptotes of the curve 

(\ 2 — j/ 2 ) (j 2 - 4 X 2 ) t 6x J — 5 x' l y — jx )' 2 - 2y 3 —■ x- -r 3 xy — 1—0 
cut the curve again in eight points which lie on the cncle x 2 + r — 1. 

[Benam, 1937] 

19. Piove that if the cuive 

■* n Jo 0/ v ) ' ^ _1 /i OM +•••=• o 

tiavc two asvmptotes paiallel to > — w.x, not situated at infinity, they 
a ill be given by y — tvx +- r and - ' 

\ ‘-Jo" ('») -t- rfi ('») +/a (») = o- ■ 

Find the asymptotes of the curve 

(x + j) 2 (x 4- zy + 2) = x -j- 9J — 2. [Allahabad, 1919J 

20. Find the asymptotes of the curve whose equation is 

(x — 3) (x — 2) f - 9X a = o, v 

and determine on which side of each asymptote the corresponding 
branch of the curve lies. [Agra, 1929J 

21. 'Show that there is an infinite series of parallel asymptotes 

to the curve r = a/0 sin 0 + b, and show that their distances from 
the pole are in Harmonic Progression. [Benares, 1935I 



CHAPTER IX 


CURVATURE 


9*1. Of the two curves shown here, one bends more sharply 
than the other; in other words, one has a greater 
curvature than the other. But in order to get a J j 

quantitative estimate of curvature, u e shall fitst J p /p 

have to give a careful definition. If P be a giver. / 

point on the curve, and the pait of the curve in a 
small neighbourhood of P be regatded roughly as an arc of a circle, 
we notice from the figure that the radius of such a circle would be 
snvdl when the cuivature is great, and vice versa. Hence we adopt 
the definitions given below. 


9*n. Definitions. Let P be a given point on a 


given curve, and O any other point on 
it. 1 ,et the normals at P and Q intetse ct 
in N. If A' tends to a definite p< >sition 
C as Q tends to P, then C is called the 
centre of curvature of the curve at P. 

N must tend to C whether Q tends to P 
from the right or from the left. 



The reciprocal of the distance CP is called the cur¬ 
vature of the curve at P. 

The circle with it* centre at C and radius CP is 
called the circle of curvature of the curve at P. 

The distance CP is called the radius of cmrature of the 
curve at P. The radius of curvature is usually denoted 
by the Greek letter <?, 

Any chord of the circle of curvature is called a chord 
of curvature. 

9'12. A formula for the radius of curvature. Let 

P be a given point on the curve APf), and let £) be any 
other point. " 
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Let the length of the arc AP, measured from a fixed 
point A on the curve, be s, and 
let the length from A up to fJ 
be s -f- 5r. 

Let the tangent PT at P to 
the curve make with any line Y 
(which might be taken to be the 
axis of .v) the angle ip, and let 
the tangent 07' at O make 
with the same line the angle 
ip + 8tp. Let these tangents meet < 
in li. 

Let the normals at P and He P \ ,.nd ON tespec- 
tivelv, V being their print of inteisecuon. Join PQ. 

Then the tadtus of cunatuic ft P — q — litr J(l >0 PN. 

Now from the mangle P\Q , 

P\ sm /\OP sm l\OP sjn/A OP 

chord PO sin z P\Q on ill']' sm 8tp 

Also as 5r o, S»P — o. 



Hence 


ehoid r O sin Z \QP 
sin &ip 


= htr 


cho r d PO 8> 8tp 




. sm z \ OP. 


5> 8*P sinfctp 

Bdt as o, '’’oid I'O 8' * 1 , b' § 7 ’ji, 

Stp sm 5tp -> 1 , cb is v HI known, 
Z \QP-r >a, 

■xcause Z NOP — — / POJ ' and Z PQ1' -*■ 0 (§ 7* 5), 

uid 8 ' S'P-s <'<■ . tp(§ 4’2). 


Hence 


ds 
dip ’ 


The relation between s and tp for any curve is called the 
’ntrinsic equation of the curve. If we consider any arc PQ, the angle 
between the tangents to the curve at P and Q is called the angle of 
conttngenee of the arc PQ. 
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The above proof shows that we might say that at P 

_ , /_ arc PjQ _ 

p — im P Q^. 0 ^ t ^ e an gj e 0 £ CO ntmgence of the arc PQ. 

Ex. Find Q for the catenary whose intrinsic equation is 
s = c tan tj>. 

We have Q = ds/dy = c sec 2 s|>. 


9*13. Cartesian Formula for Radius of Curvature, 
know that 

A 

y- — tan ip 


Therefoie 


1 


_i 


Hence 


d\ 

d\-~ 


SU. 2 1j> 


th |> 

Vv 


- SLC 2 l{l . 


ds 

ds ' ax 


(ft l \ T _ ( d l \ 

' d\-' I ' n ' ' 


d) \ 2 l 


'd.x 


d\' f 




Q = ~ - 


cFy 

dx 2 


1 

2 


We have not considered the sign ol Q It is tustoman to attach 
that sign to the radical which would give a positn t sign" to Q. 

The definition of the tadius of curvature shows that its value 
depends only on the curve and not on the axes, lienee, interchanging 
the axes of x and j, we obtain. 



I 


which is useful when the tangent is parallel to the j-axis. 


^x. 


1. 


Find the radius of cuivature at (x, j) foi the curve 
a^y — x 3 — a*. 



EXAMPLES 


I 3J 


Hence 



(a 4 + 9 x*f'* 
6 a*x 


Ex. 2. If a curve is defined by the equations x =f(t) and 
y = <j> (/), prove that the curvature i /Q is equal to 

x'jr-yx" 

_|_ j/2)3/2 > 


where accents denote differentiations with respect to t. [Alld., 1953] 


As 


dy _y_ 

dx x* ’ 


and 


d 2 y _ d/y\_/dj'\ dt 

dx 2 dx\ x' > \ dt x' ’ ' dx 


we have 


1 

Q 


y'x'- yy 1 

X 72 " V' 



/'x' - y x 77 

X 72 



x'y'-y x" 

(X 72 +y2)3/2 • 


Ex. 3. Find the radius of curvature at the point t on the curve 
x — a cos t, y — b sin t. 


Here 

Hence 

Therefore 


dx 

di = ~ asm 


t, = b cos t. 
dt 


dy b . 4 

*5 =-cot /. 

dx a 


d 2 y _ d /dy \ _d /dy \ dt 
dx 2 dx\dx' dt\dx) ’ dx 

d / b \ 

& 

= -j- ^ cosec 2 /. f ^ cosec /. 
a v a/ 


Therefore 


„ {1 + (bid ) 2 cot 2 /} 3/2 (a 2 sin 2 t A- b 3 cos® /) s/2 

^ — (b/a 2 ) cosec 3 1 ~~ ab 
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Examples 


Find the radius of curvature at the point ( s, \j>) on the following 
curves: 

1. s = Sa sin 2 J- ijf (Cardioid). 

2. s = 4a sin tj) (Cycloid). 

3. s — c log sec tji (Tractri\) 

Find the ladius of curvature of the follow ing curves : 

4. y = e x , at the point v here it crosses the j-axis. 

5 V x + V y = 1 at (-J, 4). [Madras, 1936] 

Find the radius of cunamu at the point (x, >) on the following 
curves : 


6. y — jax 7 ‘O 2 >* l//g, i9-> 

8. y = a log sec ( x/a) 

9. x 2 ' 3 -x-fr - *2/3. [Dtl/i, 1936] 

10. Piove that foi the ellipse x 2 ^z 2 - } i Ip 1, 

Q a l b l !p\ 

p being the perpendicular from the centie upon the anient at y). 

| l-Mikma, 1934] 

vti. Prove that at the point x — £jt oi the cunt y 4 sin x — 
sin 2x, Q = 5-1/5 14 [ Benares , 1930] 

12. Prove that in the curve x - a cos 1 0 , j a sin 3 0 , 

p — ya sin 0 cos 0 [ Andhra, 1937] 

13. In the cjcloid 

x — a (0 + sm 0 ), V a (1 — cos 0 ), 


prove that Q — 4a cos \0 f Allahabad, 1924) 

14. If CP, CD be a pair of conjugate semi-dtame'eis of an ellipse, 
prove that the radius of cuivature at P is CD 3 ,ab, a and b being the 
if the setxu-a\es of the ellipse [Naapur, 1927I 

Prove that the ladius of curt atui c of the catenary 


lengths 1 

15. 


y = ha (f /a + e- x/a ) 

is yia, and that of the catenary of uniform strength 
y = c log sec ( xjc ) 


is c sec (x/r). 


[Algarh, 1932] 
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9'14. Formula for Pedal Equations. The relation 
between 0 , qp and iji (as is evident froi 
the figuie) is 

= 0 + <P. ' (1) 

We have, therefore. 


1 

0 


e/ip _ d0 
ds ~ <U 


/<P 

(is 


0 

(IS 

e <P 



r sin qp — cos qp' " (b\ § 7 54) 

1 / , 1 'l 1 \ 1 dp 

= (sin qp 4 - r cos qp ^ j — > ^ (/ sin qp j — ^ P 


Hence 


dr 

dp 


E\ If the pedal equation of a curve is p- — >r y find Q 
Bv differentiation, zp — 1 dt fdp 
Theutoie p up 1 — zp^ u z 


9 15. Formula for Polar Equations. \\ c know that 

1 1 1 /‘S 2 

t > 2 > 2 1 1 * do) 

B diffu inflation \\e q< t 

2 dp _ _ 2 _ i / (h 2 1 tl <) . pQ 

ri d( > 3 5 \ (// y 4 1 ) * 6 {dO f dr 

— _ 2 _ t (V u 2 

* O' /Vfl- 


Hcnce Q — 


dp 


1 1 2 




1 

>) a 
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Therefore 


Q = 


{' 2 +(®) ! l* 


+ 2 ( 


dr 


d 2 r 


d0' f dO 2 


Ex. Show that for the curve r" = a n cos nO, the radius of 
curvature is a n r~ n+1 /(» x) 

By logarithmic differentiation, we hate 
n dr n sin «0 
/ dd cos nO 

d> 

da'' 


i.e. 

Therefore 

Hence 


> tan»0 


e -= 


d 2 r i// . 0 

do* = - do taa ” 0 - nr ' ec ' n(> 

— r tan 2 nO — nr sec 2 nU 
{; 2 t 2 tan 2 nO } 3 1 


r 2 -r 2r 2 tan 2 »0 - r 2 tan 2 «0 nr 2 sec 2 nO 


r 3 sec 3 v0 _ r 
(» + i)r 2 sec 2 nO \n 4 i) cos »0 


r -”* 1 
n — x 


Exsmplfs 

Find the radius of cun atuie at the point (/>.;) on the following 
curves: 

M- r 3 — zap 2 (Cardioid). 2 . pr — a 2 (Hyperbola) 

3. r 3 = a 2 p (Lemr’scate) 4 = r" +1 fSine Spiral), 

j. p 2 = r*/(r 2 + « 2 ) (Archimedian Spiral). 

6 - p 2 ~ d 2 + b 2 ~ d 2 ! 2 ( Elll P se ) 

7. In the curve p = r n + 1 /a 1 ', show that the radius of curvature 
varies inversely as the (n — i)th pow er ot the radius vector 

[Patna, 1935] 

Find the radius of curvature at the point (r, 0 ) on each of the 
following curves: 

8. r = a /0 9. r — a cos 0 

110. r (1 - 4 - cos 0) = a f 11 t n — a”smnO. 

12. r — 4.(2 cos 0 — 1). 13. 0 = (r 2 — a 2 ) 112 a _1 — cos- 1 ( a/r ) 

I 14. Prove that for the curve r = a (1 -j- cos 0), Q 2 /r is constant 

[Patna, 1931] 
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15. Show that at any point on the equiangular spiral r = a e f 004 a , 
p = r cosec a, and that it subtends a right angle at the pole. 

[Allahabad, 1926] 


9 • 16. Miscellaneous formulae for Q. 

(1) When x and y arc given as function of s. 


cosi|>-* (§ 7* 54)- 

Differentiating w. r. t. s, — sin i)>. * = ^ X 


ds* 


Thciefotw 



(11) Similaily, starting with sin \|) — dyjds, we get 



(ill) 


Squaring and adding the values of 


1 dx 
p ds 


and 


1 dy 

p ds 


obtained 


fiom the above, we have 



(iv) Curvature at the origin. Curvature at the origin can be 
found by substituting x — o, j — o in the i alue of p obtained from 
the formula of § 9 13. But lfj can be easily expanded in powers of 
x by algebiaic or tngonometnc methods, and 

J) =px T qxZ/zl -r . , 


so that the cuive passes through the orign, we know that 

P = ( dx U, 9 ~ ( di ) r=0 , >=0 ' 

Hence the value of p at the origin can be found in such cases 
more simply by using the formula. 

p (at the origin) = (1 + p 8 ) 3 /z /q. 


(v) Newtonian Method. If a curve passes through the origin 
and the axis of x is the tangent at the origin, we have (using dashes 
to denote differentiation) the following values for x, y, and y at 
the origin: 

X = O, J = o, / = o. 
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Thus, expanding by Maclaurin’s Theorem, 
y = o -f o.x 4 - 4x 2 /z! + ••• 
Dividing by x 2 and taking limits, we get 

NnWo (v/x 2 ) - q- 

Therefore by (iv) we have at the origin 


e 




x -> 0 


ay 


(vi) Similaily, if a cun c pa c ses through the origin and the ax 
of y is the tangent there, the \ due of Q at the origin is 


lim 


0 


2X 


This formula and the one abo\e aie known as Newton’s fo 
mulae. 


(vii) Polar Form : Alternative Formula. By putting i n if 
r in the formula for polar equations, aud ic.riembcruig that dr : dO - 
— u~- dnjdO, we can show easily th it 

(u 2 

v u* (u u")-' 


(vin) Tangential Polar Form. \X c c in also derive a fotmu 
for use when the relation between p and i ( > is gnen. \\t have 


dp dp dr ds 
dty dr ‘ ds ' r/iji 


- di J r . cos <f> . / ^(!)V V5-t, 9-and 9-1. 
- r cos <f>. 


Therefore, 



r 1 sin 2 </> t- r 2 c<~s 2 rf> — r 2 . 


Differentiating with lespcct to p, 

dr dp d l p dty 

lr dp- Z ^\iydV dp * 

d 2 p 

or e ^ p " diji 2 1 1 


' Ex. 1. Find the curvatuic at the ougin of the curve 

<h* -r + K xi + b&y d hy 2 + C \X 3 + = o. 

Substituting px qx 2 iz\ -J- ... for y, wc have the identity 
apt + a % {px ■+- qx 2 /z 1 -f ...) +- bpx 2 + £gX (px + ...) 

+ K ( P x + ...) 2 + — O . 



EXAMPLES 


Equating to zero the coefficients of x and x 2 , we get 

a i a zP ~ 

and ^ -r b 2 p - b 3 p 2 - o 

Hence * — — /» /•*-• ^ — _ •> 


Therefore 


= - a iK ; 0 = - 2 


p ... 0 ~i TT /2 , (V - ^) 3/J . 

? Zij a 2 2 J> 2 tfj a a & 3 flj 2 


Ex 2. Find the curvature at the origin of the curve 

5at 3 -( 7j 3 + 4.V 2 ;' - xy 2 -r 2x 2 -f 3*j t- j 2 + 4X = o. 

It is easy to verify that the tangent at the origin is the axis of j. 
(\\ e can infer the same at once by § 10• 2.) 

Dividing by x, 

5 * 2 f 77 - ( 7 2 /*) - 4 *J ~ y — *x — 37 — (J j x) 4 = o. 
Taking limits as x-»-o, 

)™ r - y o0 2 x) 4-o, 

whence (numerical h) Q — 2 

Ex. 3. Find the radius of cuivatute at (r, o) on the curve 
rQ- = a 


Therefore 


au -- 0 ~, art -2 0 , art' — 2 

( 0 4 - 4« 2 )’ - (O'- j.V 2 

0 fl 6 ( 9 2 - 2) a 0 (H'- 


E.\ UlI’LEs 

Find the radius of curvatuic for the curve in which 

1. x = c log (j* \ \/(c- — r 2 )}, j =r- V(f 2 — -r 2 )- 

2. x = 2a sin -1 (x/qa) — Jr \J( 1 — r 2 16 a 1 ), j -- x 2 8 a 

fiind the curvature at the origin of the following cuivcs : 

*3. j — x i — 4X 3 — i8x 2 . 

4. j = x* + 5 X 2 -r- 6x. 

'A- 7 a — — 4 X 2 -J- X 3 4- X*J +J 6 = o. 

^ 6. Show that the radii of curvature of the curve 
7 2 = x 2 (a t x)/(a — x) 

at the origin are ± a \/2. [Patna, 1934] 

7. Find the radius of curvature at the point (r, 0 ) of the curve 
u a = a -2 cos* 0 + ir a sin 2 0. 
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8. Show that for the epi-cycloid p — a sin by, Q varies as p. 

9. Show that the circle of curvature at the origin for the curve 
x + y — ax 2 + bp + ex 8 is (a + b) (x 2 +j 2 ) = 2X + sy. * 

[Bombay, 1935] 

10. Find the radii of curvature at the origin of the two branches 
of the curve given by the equations 

y = / — t 3 , x = 1 — / 2 . [Punjab, 1936] 


9 ’2. Centre of Curvature. Let P be the point 
(x, y) end Q the point (x 4 - h. y 4- /). See the figuie 
of § 9 - ii. Let the centre of curvature for P he (a, p). 
The normal at P is 


(Y-y)c p(PH-(X- v)- o. . . (1) 

where 9(.v) stands for dyfdx. 

The normal at (J is 

(Y _ y _ k) «p(* 1— /,) + (X - v - h) = o. (2) 
To find the ordinate of the point of intersection of 
these normals, subtract (1) from (2) We have 

(Y _ y) {<p(x + b) — <p(v)} — £ <p(x + //) — // - o. (5) 
Dividing by b. 


(Y-y) (P( ' V+ h) h ~ ■ 


’•V* +* A)- f} -1=0. 


Now as ^ -> o, Y -> (8 h) defintion. 


and 


9(5 -f J»)_~ 

/j 


9 (.v) 


7 ^W,Ee. 


J.v 2 5 


4 dy 
h dx • 


Hence we get, on taking limits, 






he.. 


P = y + 



d*y 

dx 2 
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As (a, P) is a point on (1), we get also 



dx- 


Sometimes these formulae are derived by showing geometrically 
that a = x — Q sin ip, j8 —j -- Q cos 4), the curve being drawn 
convex towards the je-axis, when ip is positive. If, however, a 
curve concave to the x-axis is taken, the result would be wrong. 
The tiouble is that the sign of 0 has not been defined. Hence the 
geometrical proof should be discaided. 

Ex. Find the cootdinatcs of the centie of curvature ioi the 
point (.v j) on the paiabola j- = 40.x. 


Heic 

dj 

1] /x 

d) za , , , 

- 4 a, i.e., , — — = a 1 - .v- 1 
dx J 

Thcretm e, 

dh< 
d\ - 

- h,i l i x~ 3i . 

Hence 

a 

za x - x" 1 2 (1 * nx- 1 ) 

— X “ a l 2 x -3 2 



— Zll -L- tV. 

Again 

<3 

. , , , i - ax~ x 

\a x 2 v- 3 3 



= - za~ x 2 v 3 ' 2 . 


9 ■ 21. Chord of Curvature through the origin. 

BP be a curve and Jet PDL be 
the circle of curvature at P. 

Let PT be the tangent at P. 

Then the angle between the radius 
vector OP and the tangent PT is q>. 

Now the angle in a semi-circle 
is a right angle. 

Hence, as is evident from the 
figure, PE, the chord of curvature 
through the origin, is equal to 

2 q sin <p. 


Let 
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Ex. Find the chord of curvature through the pole of the curve 
r* = <** cos nd. [Allahabad, 1927] 

Differentiating logarithmically, 

n dr _ sin «0 

r ' dd~ ' cos nO ' 

Therefore tan = — cot nO. 

dr 

Hence sin 4 — — cot. nd. 

Also y — r~ n J /(« 1). See § 9* ij, example. 

Hence the chord of curva.ure through the pole = ; 9 sin 4 
= 2 a n /-"+ 1 (cos ;/0)/(« ~ 1) 

= 2f -l 1) 


Examples 


1. ^ Find the centre of cuivature o* the following curves at tnt 
points indicated: 

(1) y = jx 8 -t 2.x 2 - 3 a» (0, - 3;, 
ty) y — x 3 — 6x 2 - 5* — 1 at (i, ~ 1) 


1 


^ i J a *-^ e parabola x* — 4a), prove that the coonl’nates of the 
centre of curvature ate ( - a*V, za 1**140) 

3. Show that the centre of curvatuic at the point determined 
by t on the ellipse x = <2 cos t,y = b sin t, is g. s en b) 


• b 2 


w — u 0 

“ cos 3 t,y=~ 


- sin' 1 1. 


. 0 f‘. ^ or cu rve a 2 y — x 3 , show that the centre of curvature 

(a, P) is given by 


^ r p 2 + 6x' 


„ _ 5 ' In t i le cufv ' e J' - <• cosh (x/c), show that the coordinates of 
tne centre of curvature are 

X * * - J{(j 2 /c 2 ) - 1 } 1/a , Y = 2>. 

S \ h ° W • th f t the cho 5 d . of curvature, through the pole, of the 
equiangular spiral r = a e™» is zr. [ Allahabad , 1933] 
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7. Show that the chord of curvature thiough the pole for the 

curve p = f(r) is zf(r)1 f'(r) [Luc/uiow, 1932] 

8. Find the choid of curvatuie through the pole of the 
cardioid r — a (1 - 4 - cos 0 ) 

9 Show that the chord of curvatuie thiough the focus of a 
parabola is four times the focal distance of the point, and the chord 
of curvatuie paiallel to the axis has the same length 

10 In the curve ; — a log sec (*. «), piove that the chord of 
curvatuie paiallel to the axis otj is of constant length. \Agta^ 1933] 


9 • 3. Concavity and Convexity. Let P be a given 



rig i rig z 

point on a curve and N 1 gtxua stnught line which does 
not piss through P. II en the eeu\o is said to be lOniuve 
01 lonvc \ at P wait icsjKtr to S, item ding as a sutheiently 
small aic containing P Ins entiteh ;; 7 ,// ot n flout the 
acute angle fo' med b\ 1 anil the tangent to the cemc at P. 

Thus in Ftg 1 the curve at P is convex to S, and m Fig. 2 it is 
concave. 


If the cun e on 011c side of P is concave, and on the 
othei side of P convex to am line 
V, the curve cvidentlv ciosscs its y 
tangent at P. Such a point is called Jr 

a point of in fit \ion. yp 


9*31. A test of concavity or 
convexity. We shall considu conn 

vity and convey ti with lespeer onl\ T- 

to the axis of v. 0 x 

Let the equation to the cuive be y = f(x) and let 
P be the point (v, >) and Q the point („\ + K j *)• 
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Let the ordinate OX of J§ meet the tangent to the 
curve at P in £/. 



Then, as the equation of the tangent is 

Y—y- =/(.v) (X — .v), 
it follows (bv putting A’ = x 4- />) that 

XQ' = y + 

Also, by Taylor’s Theorem, if o < 0 < x, 

XO = f(x + b) -■ f(x) + hf'X) 4 - (x 2 \)b*f"(x) + ... 

-f {1 j(n— i )!}//- 1 / < »“ 1 > (.y) 4 - 11 '*!) b* f M X Ob). 

Hence, by subtraction, 

XQ - XO' -= bH(ijz\)j"(x) 4- (1 1*\) hj w (s) + ... 

}- (T,ff!) A "- 2 /<”> (.V oh)}. 

Now, if f"(x) is not zero and \ve take h small enough, 
the sign of the right hand side will be the same as that 
of/"(.v) whether h is positive or negative. 

Hence the curve is convex to the axis of x if f"(x) is 
positive, and concave if f"(x) is negative. 


We have drawn the above figures for the case when 
the curve is above the axis of .v. Y 
If, however, it is below, NO and n m N 

NQ' ate both negative, and 0 \Jq' j x 

Nj2 - NQ* = - {|Nj9| - INjg'l). Q>v ' 

Hence in this case the curve is \\ 

convex to the axis of x if [XQj — y ‘ o' 

IJVj^I be positive; i.e., if NQ — 

Mg' be negative, i.e., if/"(.v) be negative. 
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Similarly the curve would he concave to the axis 
of .\ if f"(x) be positive. 

Both the cases are included in the statement : 

. 1 curve is convex or connive at P to ii>e axis of x according 



/r positr\ or nxjiifn at P. 

In case the hie,her diffeicntial coefficients of f(x) do not exist, 
we can ^top the Tat lot’s expansion at the term which involves b l . 
It is onh ncccssaiv that f"{x) should exist and be continuous at the 
point undei consideration, \\ehavc 

NO f(x h) - f{\) h f\x) -s- (1 2 !) h'-J"ix -f Ob). 

Hence, \ 0 — (1,2!) A 2 /" (.\ *- oh). 

Now, if/"(x) is not zero, and we take A small enough, the sign of 
the light hand side will, on account of the continuin' at x of the second 
diffeicntial coefficient of /(\), be the same as that of f"(y). This will 
he so whether b is positive ot negative. 

Hence the pieceding tesult wall he tine even if the tliiid and the 
higher diffeicntial coefficients <,{ y(\) do not exist. 

9'32. Test for Point of Inflexion. If, at i\/"(v) is 
zero, hut not a), the above imestimation shows that 

so _ SQ! = * , n.v) + f /“'(.v) -r ... fftN- + Oh). 

For sullicienth small values of .v the sign of the 
right-hand side is the same as that of IP f"\x), which 
changes sign when h changes sign. So the curve is 
concave to the axis of .v on one side of P, and convex on 
the other. Hence, there is a point of inflexion a f P, if 



at d'f d\ z ^ o. 

9 33. Points of undulation. If f"(x) — f"'{x) — f iv {x) — ... 
/'"“i* (x) — o, and / (jc) -= o, it is easy to see from the value 
N <2 — m that there would be a point of inflexion if n is odd. 
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If, however, n is even, the curve does not cross the tangent. Such a 
point (if n is greater than 2) is called a point of undulation. 

To the eye a point of undulation appeals just like an ordinary 
point. 

9 - 34. Concavity and Convexity with respect to the axis of y. 

By considering y as the independent ramble, \\e can easily 
show that a curve is com ex 01 concave to the avis of ;, accoiding 
as x (d 2 xjdy-) is positive 01 negative, and that, if d-xjdj 1 is zeto at 
j P, but not d 3 xldj 3 , theie is a point ot inflexion at P. 

This test is useful when the tang'ut at P is paialld to the axis 

of j. 


9*35. Concavity and Convexity with respect to a 

point. Let P be .1 gl\\.n point on a cuivc and let PT 
be the tangent at P to the rune Then the cui\e is said 
to be concave or convex r P to a given point I, aceoid- 
mg as the cuivc in the rmncdi.de neighbour ood of P 
docs, 01 docs not, lie cntiieh on tht sine side of rnc 
tangent PI as ^ 1 . 

The investigation of § t/,1 gi\vS m a r once the 
following proposition : 

A »tven curve is co,ire\ o> m,c, "( , / P l f’i f >0/ of 
ordinal 1 of P, according 0\ (/' / s posit, n ,‘jtt ,n 

9‘36. Concavity and Convexity for Polar curves. 

It is evident from the figu es that u p, the peipcndicular fiom 
the pole on the tangent, increases as / mu eases, then the curve is 
concave to the pole, i.e., a curve is concai 1 to tin pole if dp dt is positive 

Similarly, a cine n come\ to the pole if dp dr is negative. 

If dp>dr is zeio at P, positive for points on one side of P and 
negative for the points on the othet side of P, theie must be a point 
of inflexion at P. 



Curve concave to 0 . Curve convex to 0 . Poiflt of inflexion at P. 
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But 



( 

— radius of curvature = — ^ 

r l 



Hence 



It follow s that if 

r 2 


/ dr \ 2 d 2 r 
2 (do) f dO 2 


o 


at P , theie is, in general, a point of inflexion at P. 


Ex SMPLEs 


1. F01 the curve j(a 2 — x 2 ) - x 3 , show that there is a point 
of inflexion at the origin, and also at the points for which x = 

± a VA- 


T 


Investigate the points of inflexion of the curve 
/ J - (x - z) 8 (x -- 3) 8 . [Mysore, 1937] 

”3. Show that the points of inflexion of the curve 
j z - (x - a ) 2 (x - b) J* 

lie on^ the line 3.x - a — 4 b. f Lucknow , 1934] 

Show that every point in which the sine curve 
y — c sin ( x/a ) 

meets the axis of x is a point of inflexion. 

5. Is there a point of inflexion at x = o on the curve y = x 4 ? 

6. Show that the curve y - c* is at every point convex to the 
foot of the corresponding ordinate. 

7. In the curve a m ~ l y — x m , prove that the origin is a point 
of inflexion if m be odd and greater than 2. 

v^. For a curve given by its polar equation show that the points 
of inflexion are given by 


u 


dht 

do 2 J °’ 


where u = ijr. 

9. For the curve ( 0 8 — i)r = aO 2 , show that there is a point 
of inflexion at the point where r = 3 W 8 - 
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io. Show that the points of inflexion on the curve r — bO” are 
given by 

r l)} B/2 . 


9'4. Contact of curves. Letj — <b{x) and y — tp v) be the 
equations to two curves. 

Then, if <f>(a) — v|>(rf), the curves intersect at the point foi which 
x — a. I.et P be this point 

If <j>(a) — ij >(//), and also </'(,/) the tangents to the two 

curves at P arc the same ; hence the tv o curves touch each other at P 
We say that the curve*- ha\c a cmlact f the first ordir at P, provided 

rw?f(4 

If i j>(a) - iltp?), — i|’'(rf), and also .'"(</) i|'"(u), the curves 

are said to have a contact of tljt u otid order at P, piovided d>'"(a) 

In general, if <f>(a ) - ap , |, <// u) i a), ... (a) ip * (a), 

and / l|> , " +1 ' (V), tlK cuives aie said to have a too tact of 

the nth order at the point x 


9-41. The circle which has a contact of the* second order. 
The equation of am circle is 

’(X- ay 1 0 by r 2 . ... (i'' 

If this has a contact of the second ordei with the curve ) - /(v) 
at the point (v, y), we must have 


X 
Y 
dY 
dX 
d 2 Y 
(IX 2 ' 


x 

) 

dv 

dx 

d 2 l 

dx 2 


and 


Now, by diffeicntiating (1), \vc ha»e 
(X-u) (V — b) 
dY v 2 , .J IV d*Y 




dX* 


-J 


( 2 ) 


( 5 ) 


The equations (1) and (3) become, on substituting in them from (2), 
(x - of + (>- - b)- -= c 2 , ... (4) 

(x - a) 4 (J ~ b ) d J x =>o, ... (5) 

and • • • ( 6 ) 



CROSSING Ob CURVES 


IJI 


These are the equations which deteimine a, b and c The last of 
these equations gives 



Then we have lions (5), \ 



d -1 
d\* 


These equations show that if the eitcle ( 1) ha 1 - a contact ot the second 
oidei with the curse ) /(\) it (\ j), its centic must coincide with 

the centre of cuisatuie ot the tune at (\, j) Vlso equation (4) 
shows that the point (\, j 1 ) lies on the cucle (i_) 

Hence the circle a hah has a contact of 1 A second ordu ruth the cunt 
at (\, j) /r the si me as the cnc/t of cm m/ me of the curie at (v, j) 


9-42. Osculating Circle. 1 he emit nhth has a contict of the 
second order ruth the cum at (\, j) is alto called the osculating circle 
of the cuise at (v, ;) We hue prosed abo\c that it is the same as 
the ^ncle of cure atme 

9-43. The crossing of curves. In C 9-^ we considettd the 
case in which the cuise ciosses its tsngent We can row gne a 
more neneial ptoposition as follows 

Tno curies nhich ban a contact of the nth oidu at the point for nhich 
x - a, no ff each other , or do not cross each ntbet , at that point according 
as n is eien or odd. 

Let the curses bej — ef>(x ) anelj = sjj(\). 

The oidinatc c at \ - a h lot the two curses ate <f> (a + h) 

and sj' f r f h ) lespectisel). But, it o< 0< 1 , 

<f> (a ■+■ h) -1 j> (el) 1 h (a) — — (1 //') h n <f> n ) (a) s ... 4 - 

11 (m — i)’}/)”'- 1 <f,' m " (a) (1 m') h m <j>W (a + Oh), 

and tl> (a + h) — s| (a) + h tj ’ a) .. J (1 »') h” (a) f ... 

-j- {1 /(m — i)l} h m ~ l (a) (1 ml) b m (a -)- Oh). 

Subtiacting, and lemcmbeung that the curses hase a contact of 
order n at x - a, wc have 

<f> (a + h) — sj) (a -t h) — {1 j(n 4 1)'} h ”{<£'"■' 11 (a) — s|)(” +1 ) (a)} 

+ {1 /(» + 2)1} h n t* {e},™*) (a) - t{> "-> 2 > (a)} -a- ... 

# Now the sign of the right hand side, and therefore also of the left 
side, foi sufficiently small values of h, is the same as that of 

b»+l {^n+l (*) _ y h+1) (*)} p n + j)| . 
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and changes sign, or does not change sign, with b, according as n 
is even or odd. Hence the proposition. 

Note. Of course m in the above must be supposed to be greatei 
than «, but it may be taken to be equal to « 4 - i if necessary on account 
of the non-existence of the highei differential coefficients But 
(a) and i[J ( ™ *> (a) must be continuous at a = a. See § 9*51. 


9*44. The circle of curvature crosses the curve. We have 

seen that the aide which has a contact of 
the second older with the cuive is the 
same as the cnclc of cunaturc lienee, in 
general, the cncle of cuuatuie a* an) point 
on the cune has a contact of the second 
order there, and will theiefoie cioss the 
cuive at that point 

In exceptional cases the cncle of cui- 
vature might have a coni act of a higher 
ordet and so might not cioss the curve 

9 45. The citcle of curvature crosses the curve. 
Alternative Proof. The pioposition of the l?st article 
can also be mfeired fiom genetal leasomng. In general, 
the curvature will either go on increasing, 01 will go 
on decreasing, as, travelling along the cut\e, wc pass 
through a given point P on it Hr nee tht curvature at 
points on one side of P will he less, and on the other 
side greater, than the curvature at P. 1 bus on one side 
the curve will be outside, and on the othet inside, the 
circle (§§ 9 * 1, 9 * n). 1 knee, /// ncnerah the ciule of curvature 

at any point on the curve crosses the cuive at that point . 



Examples 

1. Show that the circle (x — Ja) 8 -f - (y - ~ $a 2 and the 

curve x/x \/y = \Ja have a contact of the thud older at the 
point (£a, \a). 

2. Show that the curves 

y - a 1 x" 4- -f- c 1 x’ w2 

and y = a^x" -j- b i x n+1 -f r 2 x"+ 2 
have a contact of the (« — i)th order at the origin. 
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Examples on Chapter IX 


1 Prove that for the curve 

s — a log cot (jit — £i|i) - a sin ij> sec 2 ^,*. 

Q — za sec 2 ip , 

and hence that — 1 , 

a\“ za 

and that this differential equation is sitished b\ the parabola 

x 2 -= 40) 


For the rectangular bvpeibola \) — A 2 , prove that 
Q - ir 3 k\ 

being the cential radius rector ol the point considered 

[ Madras, 1936] 

3 In the curve j - ot x/a , prove that 

Q — a sec 2 0 eosec 0 , when. 0 tan -1 (yjd) 

^4 If Q, Q' be the radii of curvatuie at the extremities of two 
conjugate diameters of an <11 ->se, pros e that 

(e 2 3 - Q ' 2 3 ) a- < b 2 3 - a 2 - b 2 [. Allahabad, 1916] 

Find the cun ature at the point (o, a ) of the cuive 

( a 2 j 2 ) 2 a 1 (y 2 — a 2 ) [Math Tripos, 1934] 

6. It the coordinates of a point on a curve be gnen bv the 
equations 


x = c sin a0 (1 cos 20), ) — c cos 20 (1 — cos 20), 
show that the radius of curv ature at the point is 4c cos 3 0. 

7. Show that in the curve 

x = 3 a (sinh u cosh « «) 2, j = a cosh 3 u, 

if the normal at P (a, j ) meets the axis of a in G, the radius of 
curvature at P is equal to 3 PC [Allahabad, 1932] 

8. The coordinates of a point on a curve are given by 
x — a sin t — b sm (at b), y — a cos t — b cos (at b) 

Show that the equation ot the tangent at the point whose para¬ 
meter is t is 


a f- b a i- b 

x cos —/ — y sin , t ■ 


,. a - b . 

(a b) sin / — o. 


zb ' ' zb 

and that the radius of curvature at this point is 

4ab a — b J rT , , 

a +~b sin zb f [London, 1934] 

9. Show that the curvatures of the curves t — aO and rO — a 
at their common point are in the latio 3 r 
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io. Prove that the distance between the pole and the centre of 
curvature corresponding to any point on the curve r n = a” cos nd is 

s a in + /„% _ r 8n|l/2 

-—-^Vl)7 n - T ~ ' • [Ah h ' Tnpos ’ 19071 

i. Show that in the rectangular hyperbola r 2 cos zd — a 1 , 

Q -- r 3 /a 2 . [Patna, 1937] 

12. Show that for the cardioid r —■ a (1 — cos 0 ), 

Q — (4*1/3) cos AO a \/r. [Allahabad , 1927] 

Vi 3. Show that for the curve in wh’ch r — at xte , 

CQ--s(s*- 2 . 

14. Prove that 

1 __ d_( d y\ 

Q dx\ds' 

where 0 is the radius of curvature and s is the length of the arc of 
the curve measured from some fixed point on it. 

15. Show that the curve for which y = ae m ~, the radius of 
curvature is m times the tangent. 

v i6. Find the radii of curvature at the origin in the curve 

— x s ) = x 3 . | •' - 1 * 

[Transforming the equation to the internal and external bisectors of 
the angle between the axes, it becomes 

4axy\/ 2 _ (x — jf ; 

hence the radii of curvature are za\/ 2, and — za\/z, respectively.— 
Williamson} 

17. Prove that for any curve 

I=sin*(i-rg), 


where 0 is the radius of curvature and tan <f> = r dQ/dr. 

[. Allahabad , 1937] 

18. Prove that, for a curve defined by its ( p , ij>) equation, the 
projection of the radius vector on the tangent is dp{di\>, and that the 
radius of curvature is p + d 3 p\d \> s . Explain the convention of sign 
in each case. 

The line which joins the origin to Q, the centre of curvature 
at a point P on the curve p — a sin mji, meets the tangent at P in T. 
Prove that OQ = « 2 OT. [Math. Tripos, 1923] 

19. The curve r = ae tcota cuts any radius vector in the con¬ 
secutive points P v P 2 , ... P n , P n+I , .... If Q„ denotes the radius of 
curvature at P„, prove that 


1 


m — n 


log 


Qtn 

Qn 


is constant for all integral values of m and n. 


[Math. Tripos, 1930] 
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20. If a, {} be the coordinates of the centre of curvature of the 
curve y 3 — a 2 x, show that 

a = (a* 4 - 15J 4 ) ,%<?-, /S = (u*y — 9/') /2a 4 . 

21. Find the coordinates of the centre of curvature of the cate¬ 
nary^ — a cosh (xja), and show that the radius of curvature is equal 
in length to the portion of the normal intercepted between the curve 
and the axis of x. 

22. Prove that the curvature at a point of the curve y — f(x) 
is given by (d^yjdx 2 ) cos 3 \p, where ij> is the inclination of the tangent 
at the point to the axis of x. 

Prove that the coordinates of the centre of curvature at any 
point (x, j) can be expressed in the form 

* ~ d\ and y “ % ‘ \Kagpt<r, I 93 °] 

23. Prove that the common chord of the parabola and the circle 

of curvature at any point is of length 8 { r(r — a)}, where r is 

the distance of the point from the focus of the parabola. 

24. Show that the length of the chord of curvature, parallel to 
the axis of y, at the origin, in the parabola 

y - mx - x-'n, 

is (1 J- m 2 )a, and the equation of the circle of curvature is 
.v 2 i-j- ~= ( i -j- »/-) a (j - mx). 

25. Show’ that in the catenary y - ,1 cosh (xja) the chord of 
curvature parallel to the axis of y is double of the ordinate, and that 
parallel to the axis of x is of length a sinh (zx,a). 

26. Show’ that in any curve the chord of curvature perpendicular 

to the radius vector is , 

2 Q V® — pF) in /r. ■ ' 

27. Show that the curve x 3 -j-J' 3 --- a 3 has inflexions where it 
cuts the coordinate axes. 

28. In the cun e j (a- -j- x 2 ) 2.V 2 , prove that for vaning values 

of a the locus of the points of inflexion is the straight line j = £. 

29. Prove that the centres of curvature at points of a cycloid 
lie on an equal cycloid. The coordinates, referred to suitable axes, 
of a point on a cycloid may be assumed to be 

x — a (/ + sin /), j — a (1 -)- cos /). 

[Ala/b. Tripos, 193 y] 

30. Show that the circle of curvature at the point (am 2 , zam) 
of the parabola j 2 = ifix has for its equation 

x 2 + j 2 — Gam 2 x — 4U.V + 4 am 3 y — 3a 2 w 4 = o, 
and determine the point where it meets the curve again. 

*■' [Allahabad, 1925] 
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io* z. Multiple-valued Functions. Ifj has two or 

more values for ever)’- value of v, it is usually possible 
to suppose that this is a case where two or more distinct 
functions are given (cf. § 1*12). But it is generally more 
convenient to regard the curves corresponding to these 
distinct functions, not as different curves, but as different 
branches of one curve. It is customary, moreover, to 
call y in such cases a mnlhple-valind function of .v. 

Thus if y = .v dr V (-v 2 + 1), y will be called a 
double-valued function of .v. Also, .v + V (A 2 T- 1) and 
x — y(x 2 — I ) atc ca ^ c d the two brandies of the 
function y. 

10 II. Multiple Points. A point of inflexion is 
a singular point (i.e., an unusual point) on the curve, for 
the tangent docs not usually cross the curve, as it does 
at a point of inflexion. But there are other kinds of 
singularities. A point, for example, may be a multiple 
point. 

A point through which more than one branched of 
a curve pass is called a multiple point on the curve. 

A point on a curve is called a double point if two 
branches of the curve pass through it; a triple point if 
three branches pass through it and so on. If r branches 
pass through the point, it is called a multiple point of the 
rth order. 

If the two branches through a double point on a 
curve are real, and the tangents to them are not coincident, 
the double point is called a node. 

If the two tangents are coincident, the point is called 
a cusp. 

4 
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If there are no real points on the curve in the neigh¬ 
bourhood of a point P on the curve, P is called a conjugate 
point (or an isolated point). The piocess of finding the 




Cusp. 


Conjugate Point. 


tangent usually gives imiginuy tangents at such a point, 
but sometimes the tangents come out real. 


Conjugate points really ausc liom the tact that an imaginai} 
expression .1 -t 1 B becomes ital when . 1 ■= o, and B — o. Thus 
the imaginar\ “stiaight line” 

x - 2 -l / (j - 4) - o . . . . (1) 

has one leal point on it, vi7 , the point (2, 4) 

This is a conjugate point on the sttaudit line. 

The student must caieiullv notice thit an) and e.e>y imagnar\ 
point does not he on the in agmai ) stnwju hm undo ton tdaahon It is 
only those points whose cooidinates satisfy (1) that he on it Thus, 
as substitution will immediateh show, (3 — 1, 3 1) lu.*- on (1), but 

not (4 /, 3 1 /) A simdai statement is tiue toi even cuive 

having an imaginary blanch. That is wh\ the analytical piocess ot 
finding the tangent at a conjugate point gives us a dehnite tangent; 
onlj the constants occumng in the tangent involve \/(— T )- 

The student must not intetpiet “lmaginaiy” as something which 
does not exist. The tangent to the cuive of y — sin (1 \) atx = o 
does not exist. But it would be w r rong to say that the tangent is 
imaginary there. 

If we were to discard the use of ncgat've numbers, 3 — 4 will 
have no meaning; i.c., we shall not be able to find a numbci which 
will be equal to 3 — 4. If, howevei, we intioduce negative numbeis 
3—4 has a perfect!} definite meaning Similaily, if we have only 
the real numbers, 1 -t- 4\/( — 1) will havt no meaning. But if we 
introduce the complex numbers, expressions like 3 — 4 y/(— 1) will 
have a perfectly definite meaning. Suih expressions would no moie 
be imaginary in the populai sense than 3 — 4*. In fact the word 

i 

*The great mathematician Descaites (after whom the Cartesian 
coordinates have been named) used to call negative roots of equations 
false roots. 
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“ imaginar y” is used in mathematics meieiy in the sense of “involving 
the square root of — i” and not in the sense of something which 
does not exist. 


Ex. Find the nature of the origin on the curve 
a*j 2 = x*(x 2 — I s )- 


The origin lies on the curve; but 


s V (* 2 — fl2 )> 


so that the values of > ar* lmagmaiv. vhcthei x is posit.vc or 
negative, when jc is small bat ?= o. I icnce the 01 gin is a conjugate 
point on the curve. 


Hence ^ — o&t (o,o). So b) §7-12, the tangent at (o,o) is 

Y - o — o (X - o), 
i.e., Y — o, 

which is real, showing that the tangent mat ue real at a conjugate 
point. 

[If we apply § 10-2, then also we get for the tangents at the 
origin the equation Y 2 = o, i.e., Y — o.J 


10'12. Species of Cusps. A cusp might be single or 
double, according as the curve lies entnely on one «ide 
of the normal or on both sides. Also, a single cusp might 
be of the first species or the second, according as both the 
branches lie on opposite sides or on the same side of the 
tangent. Hence we have the following types of cusps : 

Single cusp of the first species (Fig. 1). 



Fig. 1 



Single cusp of the second species (Fig. 2). 
Double cusp of the first species (Fig. 5). 



TANGENTS AT THE ORIGIN 




Double cusp of the second species (Fig. 4). 

Double cusp with change of species, or a point of 
oscutinflexion (Fig. 5). 




A cusp of the first species is also called a keratoid 
cusp (i.e., a cusp like horns), and a cusp of the second 
species a ramphoid cusp (i.e., a cusp like a beak). 

io-2. Tangents at the origin. In order to investi¬ 
gate the nature of a multiple point it is necessary to find 
the tangent or tangents there. The following proposi¬ 
tion is very hc'pful in this : . 

If a curve passes through the origin and is given by a 
>afional, integral, a/gtbu/ic equation , the equation to the 
tangent or tangents at the origin is obtained by equating to %ero 
the terms of the lowest degree in the equation to the curve. 

Let the equation to the curve be 
rfj.v -j- a % y -+- Zye 2 -f b 2 xy -f b 3 f -f c r \ 3 + ... = o, (1) 

the constant term being absent, as the curve, by hypo¬ 
thesis, passes through the origin. 

Let P be the point (a, )•). Then the equation to OP is 
Y = (y/x) X. 

The equation of the tangent at O is, 
therefore (§ 7 - i), 

Y= {lim^,, (yjx))X. . . (2) 

Let us exclude for the present the 
case when the tangent is thej’-axis (viz., 
when lim^ 0 (y/x) == ± 00). 
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I. Let a 2 j=- o. Dividing by >r and taking limits as 
x -*■ o, we get 

*i + * 2 {lim._* 0 (yjx)} = o. ... (3) 

Substituting the value of lim^o (yjx) from this 
in (2), or what comes to the same thing, eliminating 
lim^o (yjx) between (2) and (3), we have 

-j~ ^2^ == ® 5 

or, since there is now no danger of confusion, writing 
x, y for, X, Y, the tangent at rhe origin to (1) is 

‘h x + y = °> 

which could have been obtained by equating to zero, the 
terms of the lowest degree in (1). 

If a 2 = o, then bv (3), a x — o, and wc get the next 

case. 

II. Let a ± = o and a 2 — o, but suppose that b 2 and 
b 3 are not both zero. 

Divide (1) by x 2 , and take limits. If (j,x) 

be denoted by m, we see that 

b x + b t w + b z w 2 « o.(4) 

which shows that there are in general two values of m, and 
therefore two tangents at the origin. Their equation is 
obtained by eliminating w between (4) and (2), and is 
b x x % -j- b z xy + b 3 f o. 

This equation could have been written down by 
equating to zero the terms of the lowest degree in th|g 
equation to the curve (viz. (1) with a x = 0, a 2 = o). \ 

If b 2 = b 3 = °, then by (4), b x = o. 

III. If a x — a 2 = b] — b 2 = b s — o, we can show 
similarly that the rule still holds; and so on. 

If the tangent at the origin is thej'-axis, we can easily 
see, by supposing the axes of x and y to be interchanged 
for an instant, that the rule is still true. 

Hence by equating to zero the terms of the lowest 
degree, all the tangents will be obtained, including the 
j-axis if it is a tangent. 
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io '2i. Nature of a cusp at the origin when the 
axis of x is a tangent. If the common tangent at the 
origin to the two branches of the cuive is the axis of 
solve for y. 

The reality or otherwise of the toots foi positive and 
negative values of .v, also the fact of the roots being of 
the same or of opposite signs, will decide what type of 
cusp there is at the ongm. 

Since we want only the approximate shape of the cuive in the 
immediate neighbourhood of the otipin, the terms which are very 
small for small values of v, v 1/ , terms of high orders in x, may be 
neglected in deciding the natuie of the cu«p, piovidtd that this does 
not reduce the equation merely to that of the tangent, or does not 
make the two branches of the curse coincide. For the same reason 
moieover, and because theie are onlv two branches of the curve 
thtough the origin (as we know from the equation to the tangents 
at the oiigin), terms involving poweis ofj above the second can also 
be neglected 

Ex Examine the natuie of the oiigin on the curve 
a 3 } 2 — 2 ab\ 2 y + X s i rx® - o 

lleie the teim of the lowest degice equated to zero givesj 2 = o, 
showing there aie tw'o coincident tangents ( j — o) at the oiigin. 

Solving for j, after neglecting \®, we ha\c 

_ abx 2 -L -\J(a 2 b 2 x* — a 3 x s ) f s 

J ~ a 3 . W 

When x is v ery small numerically, a 2 b 2 x* — ePx 5 has the same sign 
as a 2 b 2 x*, which is positive whether *. be positiv e or negative. Thus 
5 is real for numerically small values of.v (positive or negative) 
Jlence we have a double cusp 

Also, when x is positive and small, a 2 b 2 x *— ^v 5 < a 2 b 2 x*, 
i.e., -+- \/(a 2 i 2 \ 4 - <t 3 x 5 ) <^ab \ 2 

Hence, when x is positve and small, both the values otj ate positive ; 
l e., on the right of the origin the cuive is of the second species. 

Again, when x is negative, and numerically small, 
d ~\/(a l b 2 \* — a\ b ) > abx 2 , 
because now — a 3 x 5 is positive. 

Thus now one value ofj as given by (i) is positive and the other 
negative. Hence there is a cusp of the first 
species on the left of the ougm. 

Thus there is an osculmflexion at the origin. 



ii 
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10 *22. Nature of a cusp at the origin. Other 
cases. If the tangent at the origin is the j-axis, we can 
proceed as in the last article, solving for x instead of y. 

But if the tangent is neither the x-axis, nor the j-axis, 
but, say, the line 

aX+bY = o, 

then the perpendicular P 1 from the point (x, y) on the 
curve is 

J ax + by 

which is proportional to ax + by. Let us put P — ax 
-j- by. If we eliminate y between this and the equation 
to the curve, i.e., if we substitute (P — ax)Jb for y in 
the equation to the curve, we get a relation between 
P and x. Solving for P, we shall be able to decide, 
from the sign and the reality of 
the values of P for positive and y 
negative value of x, the nature of 
the cusp. Thus, if its values are of 
opposite signs (as in the figure) for 
a positive small x, the perpendi¬ 
culars from those points which have 
this value of x as abscissa, on the 
tangent ax -(- by = o, arc of oppo¬ 
site signs. Hence there is a cusp of the first species on 
the right; and so on. 

Ex. Examine the nature of the origin on the curve 
(2* +j) 2 — 6xy (2* +f) — 7X 3 = o. 

The tangents at the origin are (zx + j) 8 = o. 

Putting P = zx + j we have from the equation to the curve 
(l — 6x)P 2 -)- JZX 2 P — jx 3 = o. 

Therefore P = ~ 6x ° ± VU** + 

1 — 6x 

-_6.y* -fc \Z( 7 x 3 - 6x *) 

1 — 6x 

When x is negative, the values of P are imaginary; and when x is 
positive, the values of P are real and of opposite signs (because, when 
x is small, x 8/l is greater than **). 

Hence there is a single casp of the first species at the origin. 
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io'23. Cusp at any point. In order to find the 
nature of the cjjsp at any point, it is usual to transfer the 
origin to that point and then apply the methods of the 
preceding articles. 

10*24. Search for double points. In order to search 
for double points ori a curve, transfer the origin to the 
point (b, k). In the transformed equation the constant 
term and the terms of the first degree must be absent in 
order that the new origin may be a double point. 
This gives three equations, which are more than sufficient 
to determine h and k. Take any two of these and solve 
for h and k. If the values obtained satisfy the remaining 
equation, the point {h, k) will be a double point. If no 
set of values of h and k can be found to satisfy all the 
three equations, there is no double point anywhere on the 
curve. 

Ex. Determine the existence and nature of the double points 
on the curve 

(x — 2)* — J (_y — i) 2 . [Allahabad, 1933] 

Transferring the origin to (h , k), the equation becomes 
(x + b — zf — (j + k) (y + k — i ) 2 = o, 
or ( h — 2)* + zx {h — 2) — k(k — 1) 2 — y {2 k(k — 1) + (k — i) 2 } 

terms of higher degree = o. 


Hence, for a double point 

(b- Z )*-k(k- l )2 = 0.(l) 

b — 2 = o.(2) 

and zk (k — 1) + (k — i) 2 = o. .(3) 


Eqn. (2) gives h — 2, and (3) gives k = 1, or J. 

By substitution in (1) we see that h = 2, k — 1, satisfies it, but 
not h — 2, k — $. Hence there is a double point only at (2, 1). 

Transferring the origin to it, the equation becomes 
x 2 = (j + i)j 2 , or x = ±J\/(J + *)■ 

When y is positive and small, x has two real values, one positive 
and the other negative. When y is negative, but numerically small, 
the same is still true. 

The tangents at the origin are x a =y*. 

Hence there is a node at the point (2, 1) on the given curve. 
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10*25. A necessary condition for the existence of double 
points. Uf(x,j) is an expression involving x and y, and the 
equation to a curve is f(x,y) = o, then on transferring the origin to 
(b, k), the equation will become 

f(x + b, j -f l) — o. 


It will be shown in the next chapter that, 


if 


^ means the differential 
dx 


coefficient of f(x, j) when y is regarded as a constant, the differ- 

6Y 

intial coefficient when x is regarded as constant and _ ' means 

0 dx 2 


-P ( 'l, and so on, then 
ox V o.v / 


_ } 

-j~ terms of higher degree. 

Hence, by the previous article, we see that at a double point 
we must have 

df df - 

„ = O, , “ o, 1 ■= o. 

ox dy 

If these conditions are satisfied, the tangents at the origin are 
giveft by 

*2 tPlf \ + zxy ( 62 / ) _ f( d V \ 

\ dx 2 /*=*, v= ft - Vdxdj/*-^, ' * \dj 2 /,.=ji, 

Hence, by § io*n, in gtmra! there tv ill be a node, cusp, or conjugate 
point at the origin, according as there 


a A 


y=k 


( d * { \\ - /d*f\ 

V dxoy ) < (dx 2 ) (dy 2 ) 


d*f \ /d 2 f> 


. dxoy 


dy 2 


Examples 


1. Write down the equation to the tangents at the origin for 
the following curves: 


t%) x* + 3 x*y + zxy ■ 
’"‘'(ii) x 3 +}xy+ix* = 


-f — o, 

o. 
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C 

Vi. Show that the curve x 4 — zax 2 y — axy 2 -f- a 2 y 2 = o has a 
cusp of the second kind at the origin. 

3. Show that the origin is a conjugate point on the curve 

x 4 — ax 2 y -f axy 2 4 a 2 y 2 — o. {Mysore, 1936] 

' X- Show that the curve y 3 = (x — a ) 2 (ix — a) has a single 
cusp of the first kind at the point (a, o). 

5. Show that the curve (xy -j- i) 2 -p (x — i) s (x — 2) — o has 
a single cusp of the first kind at the point (1, — 1). 

6. Show that the curve y — b — (x — a) 1/3 + (x — a) 3 ' 4 has a 
cusp of the second kind at the point x = a. 

- r 7. Find the coordinates of the double points on the curve 
‘ ' x 4 — zay 3 — 3fl^ 2 — ia 2 x 2 a 4 = o. 


■%. Briefly explain the meaning and use of d 2 y\dx 2 in analysis. 

Prove that, if + 3 ax 2 4 - x 3 = o, then 
d 2 y ia 2 x 2 _ 
dx 2+ y 5 -0- 

Show that the curve given by the above equation (1) is every¬ 
where concave to the x-axis, (11) has a point of inflexion at x = — 3 a, 
(ill) has a cusp at x = o, and (lv) has an asymptote x +y -j- a = o. 

[Nagpur, 1930] 

9. Show that the curve y 2 — bx tan (x/a) has a node or a 
conjugate poiqt at the origin according ^s a and b have like or unlike 
signs. = J 

[Hint: Expand tan (x/a) and retaih’only the first few terms]. 

10. Determine the position and character of the double points orf>'' 
(1) x 4 +y 3 + 2x 2 4- iy 2 = o, 

(‘i) y (j - 6 ) = (x - 2) 8 - 9. {Agra, 193 5] 

(iii) x 3 —y 2 — jx 2 4 - 4j 4 - 15X - 13 = o. [Agra, 1936] 

11. Show that the points of intersection of the curve 

(ax) 2 ' 3 4- (by ) 2 ' 3 = (a 2 - b 2 ) 2 ' 3 
with the axes are cusps of the first species. 

12. Examine the nature of the double points on the curve 

(■* 4-j) 3 — (V 2 ) O' — x 4- z) 2 — ci- 


IO 3. Curve Tracing. Cartesian Equations. The 

object of Curve Tracing is to find the approximate shape 
of a curve without the labour of plotting a large number 
of points. 

If the Cartesian Equation is given, the studeM will 
find that he can invariably solve it either fory, or for x, or for 
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r (in terms of 0 in the last case), otherwise the curve will 
be too difficult for him to trace. 

Only curves in which we can solve for y need be considered here; 
because, if the equation cannot be solved for j, but can be solved foi 
x, we have only to regard y as the independent variable. It the 
equation can be solved for r, the rules for tracing polar curves will 
apply. 

,4031. Procedure. 

V 1. Notice if the curve is symmetrical about any line, 
by applying the following rules, whose truth is evident: 

(i) If the powers of j which occur in the equation 
are all even, the curve is symmetrical about the axis of .v. 

(ii) If the powers of x are all even, the curve is sym¬ 
metrical about the axis of y. A curve might, of course, be 
symmetrical about both axes. 

(iii) If .v and j can be interchanged without altering 
the equation, the curve is symmetrical about the line 
y = x. 

(iv) If on changing the signs of x and r both, the 
equation to the curve is not altered, the curve after being 
turned through two right angles will coincide with its 
old trape. (This is generally denoted by saying that there 
is symmetry in opposite quadrants). 

Vz, Notice if the curve passes through the origin. 
If it does, write down the equation of the tangent, or 
tangents, there. If the origin is a singular point, find its 
nature., , 

3. Sblve for y (which by supposition, is possible). 
Choose any convenient value of x for which y is finite, 
and if possible zero (generally x — o is convenient). 
Consider how y will vary as .v increases and then tends to 
infinity, paying particular attention to those values of x 
for which y — o, or -> co. 

If the curve is symmetrical about the x-axis, or if 
there is symmetry in opposite quadrants, only positive 
value? of j need be considered. The curve for negative 
values of j can be drawn from symmetry. 

^4. Starting from the chosen value of x, repeat the 
above procedure as x decreases and then tends to — 00. 
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Of course, if the curve is symmetrical about the 
jy-axis, it can be drawn for negative values of x by sym¬ 
metry ; so such values of x need not be considered afresh. 

v 5. In the above procedure if y is found to be ima¬ 
ginary for a certain range of values of a-, say for values 
of x betwen a and b, it would mean that the curve does 
not exist in the region bounded by the lines a- = a, x = b. 

6 . If the procedure of paragraphs 3 and 4 shows that 
the curve extends to infinity, and there is approximate!) a 
linear relation between x and y for numerically large 
values of v, there is an oblique asymptote This should 
now be found, and also, if necessary, it should be investi¬ 
gated on which side of it the cuive lies. 

Note When x and y aie numerically veiy laige, only the 
highest powers of these may be retained to find the approximate 
shape of the curve 

The presence of asymptotes paiallel to the axes, and 
their position will become evident by the procedure of 
paias. 3 and 4. 

7. Find the coordinates of a few points on the curve 
if it appears necessary. 

For example, \iy is o at x — a, and again at x — b, and is positive 
for the intermediate values, it might be desirable to find the maximum 
(greatest) value of y between a and b At the point for which y is 
maximum, the tangent (as is evident from geometrv) will be horizon¬ 
tal and so dy/dx will be zero. Hence this point can be easily found 
(the subject is treated m detail in Chapter XIII) Even if the 
maximum value is not found, it would be desirable to find the value 
of y when x is equal to, say, $(<* + *)• 

8 . If the cuive as traced appeals to possess a point 
of inflexion, that point can now be more accurately located 
by putting d 2 yidx 2 or d 2 x/d) 2 equal to zero and solving 
the equation thus obtained. 

9. The student should remember that merely a knowledge of 
symmetry , asymptotes , tangents at the origin , points of tnfUxion , 
double points , and the coordinates of a few other points mil never 
enable him to trace a curve. His difficulties regarding curve¬ 
tracing will vanish only if he realises that we have solv ed for y and 
expressed it as a function of x whose values can be easily found 
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for every value of x. By noticing how y varies as x is made to 
vary continuously from — oo to oo, the curve is easily traced. 

We need not begin from — oo (if that is inconven- 
- ient) provided later we consider the remaining values also 
of x. Further we need not consider the actual value of 
y for every value of x : its values for a few values of -V, 
coupled with the knowledge that for the intermediate 
values it is positive or negative, increasing or diminishing, 
would be enough, as the following examples will show : 

Note. An equation of the second degree in x and y gives 
merely one of the conic sections, and so can be easily traced. 

Ex. i. Trace the curve 

f (a + x) = x- 2 (jd - x). 

(1) This curve is symmetrical about the axis of x. 

■fii) The curve passes through the origin. The tangents there 
are given by y 2 = which represents two non-cotncidcnt straight 
lines. Hence we may expect a node at the origin. 

(lii) Solving for j, and considering, -only the positive value, 

'-\J .w 

If x = o, thenj = o. When x is positive and small, y is real. 
We notice also that as 


j a — x 
ay x 


<y> l- e -» <J> 

a 


y is lesshhan x\fi- Hence the curve lies below the tangent y = x V 3 
for small positive values of x. 

As x goes on increasing, y next becomes zero at x = 3 a. 
When x is greater than 3 a, the expression 
under the radical sign is negative and soj 
is imaginary. Hence the curve in the first 
quadrant is probably of the shape shown in 

Fig. 1. 

To trace the curve more exactly wc find 
the following also : 

When x = a, y — a; and when x — 2 a, 
y = 2.aj\J 3 = 1-2 a nearly. Fig. 1 

Also if we transfer the origin to (3 a, o), the equation to the 
curve will become y\$a + x) = (x + 3*)* (— x), and the tangent at 
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the new origin will bex-o, obtained by equating to zero the terms 
of the lowest degree. 

lienee the curve must be of the shape show ^ 
above. 

(iv) if x is negative and numcncallv sm-il., 

(1) shows that y is real. Also, toi values ot 
under consideration, 3a — * > }(a *- x) Hcnt 
y is numerically greater than — (\/ 3)x, 1 e , 
the curve lies above the tangent y - — 3) ^ 

in the second quadrant. 

As we move still more to the left, a T „\ 
gets still smaller and so y gets larger. In lai-t 
as x -> — a from the right of the point x — — a, 
the positive value of y tends to + go. 

x |- a— o is evidently an asymptote (§ 8'24). 

When x < — a, the quantity under the 
radical is negative and soj is imaginary. 

Therefore, taking symmetry into account, the complete curve 
must be as shown in figure 2. 



Ex. 2. Trace the curve 
y 2 (x 2 4 y 2 ) — 4X (x 2 4 2 y 2 ) )- i 6 x 2 — c 
[U. P., P. C. S„ 1933 ! 

(1) The curve is symmetrical about th> 
x-axis. 

(II) The curve passes through the origin, 
the tangents there being x 2 = o, which re¬ 
presents two coincident straight lines. Hence 
we may expect a cusp there. 

(III) The equation to the cuive is a 
quadratic in y 2 , and can be written as 

y 4 f y 2 (x 2 — 8v) - 4X 3 1 i6\ 2 o. 



Hence y 2 - £{ 8 x — x 2 4z VC ' 14 iGO fiqx 2 -r idx 3 - 64s. 2 )} 

= &{ 8 x - x 2 4 v 2 } 

= 4x, or 4X - x 2 . 

Hence the curve consists of the parabola y 2 — qx, and the circle 

x 2 +y = 4x. 



170 


SINGULAR POINTS. CURVE TRACING 


Ex. 3. Trace the curve 

x — (j — x) (j — 2) (J — 3)- [■ Allahabad , 1933] 

(1) The curve is not symmetrical about the axes or about x =j. 
(ii) It does not pass through the origin. 

(lit) It is difficult to solve it for y. But it is already solved foi 
x. Hence we take j as the independent variable. 

When y == o, .v = — (>. 

Whenj =1, x = o. Between y =^= o and y = 1, x is negative, as 
then all the three factors are negative. 

When j lies between x and 2, x is positive as one factor is 
positive and two are negative, x next becomes zero at y = 2. 

Between j —2 and y — 3, x is negative. 

x next becomes zero at v =. 3. 

When y > 3, *• is positive. As y -> oo, x -*• co. For very 
large values of j, a is approximate!) equal to y s . Hence theie is no 
linear asymptote foi this branch. 



(iv) Whenj is negative, x is negative. Asj ->- — oo, x -* — 00. 
As in the last paragraph, we can see that there is no linear asymptote 
for this branch also. 

(v) When x = 1 j = jj; when -v -- 2 3 , J = — g. 

Hence the shape of the curve is as shown. 

[If we like we can also find where the tangent is parallel to the 
j-axis. At these points dx jdy = o, i.c., 

O' ~ 0 (JV — 2 ) + O - J ) O — 3) -f O — *) O — 3) = o, 
or 3j a — i2j f- 11 = o, 

i.e., the tangent is parallel to the j-axis where 

j = - = 2 ±\/ 3/3 = an d i ’4 nearly. 

We can now find the values of x for these values of j, and thus 
find the shape of the curve a little more exactly.] 
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Ex. 4. Trace the curve 


2 _ x(x-a)(x- 2 a ) 
J x + ia 


[. Allahauad , 1927] 


(I) The curve is symmetrical about the axis of x 

(II) The curve passes through the origin, the tangent there being 
x — o. 


(ui) The equation is already solved for j. Considering only- 
positive values of y, we see that 

When x = o, y = o 

VC hen x > o, but small, y is real 

When x — a, y = o again [When x — \a, y = nearly ] 

Between x = a and x - za, y 2 is negative and so j is imaginary. 

\\ hen x — za, y — o W hen \ > za,y is real The tangent at 
(za, o) is (as v e can sec mentally by supposing the origin to be 
tiansfcircd to it) parallel to the ; avis [\\ hen x — $a, y — a , when 
x — 4a, y = 1 • 8a ] As x -y 00, y -*• 00 \\ hen x and y are large, 

W'e can write the equation as 


Hence 



:x--g) 

(■-r)" 


6 a zoa 2 

x + x* + 



X + 2X* + 


). 


• • (0 


11 a* 

or j = x— 3 a + z x + •> 

considering only positive values of j /x. 

Hence y — x — $a is an asymptote, and in the first quadrant the 
curve lies above the asymptote (§ 8-32) 

(iv) When x is negative and numerically less than 3 a, y 2 is 
negative and so the curv.. does not exist between x — o and 
x = — 3« 

When x = — 3 a, the expression forj becomes meaningless ; but 
if x -y — }a from the left, y 2 -* -f 00. In fact x = — $a is an 
asymptote. 
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As x -*■ — oo , j* -*■ + oo. For numerically large values of x 
and j, we have (taking the negative value of jjx in (x) above) 

I II <2* , 

J== _* +3iJ _ . - + ... 

Hence the asymptote is_y = — >r -j- 3 a, and in the 2nd quadrant 
also the curve is above the asymptote. 

Thus in the second quadrant y is very large near ne = — 3 a and 
again very large for large negative values or x. 

[For the intermediate values we can do one of two things. 
Either findj for a few values of nr, say x — — 4a, — 5 a and — 6 a ; 

or find where the tangent is horizontal (i.e., y has the least value. 

See Chapter XIII). For the latter we shall have to put dyjdx = o and 
solve. It is easy to see that we shall get thus a cubic in x, which 
might be difficult to solve. Hence we adopt the former alternative.] 



x = — 4a, y 2 — I20l7 2 , 
x = — 30, j 2 = 105a 2 , 
x = — 6a, y 2 = 112 a 2 , 
x = — ja, y 2 = 1 2 6a 2 . 


When 
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It is easy to see thatj is a minimum somewhere near x — — 5a; also, 
that as we take still largti negative values of x,y % would be larger. 

Tak'ng all the above facts into consideration, we sec that the 
complete cutve must be as shown m the figure. 

[The curve appeals to have two points of inflexion. By equating 
d 2 j jdx 2 to zero, and solving foi a, we can locate these if we like.] 

Fx. Trace the cuive a 1 * — i> - 5 efixty — o. 

lleie the equation is a quintic in y which cannot be solved. 
Neithei can we solve tlic snen equation for x. But transforming 
the equation to polars b\ putting a — / cos 0, and_y = r sin 0, we 
have at once 

2 _ 5 a 2 cos 2 0 in 0 
r cos s 0 sin 5 0 ’ 

W'hich can be easily ti^ccd b) the method fot polar curves (see below). 


Examples 


Tt 

ace the 

following cui ves 

: 





1. 

0)> = 

= -V s , 00J 2 = A 3 - 


2. 

) ■ 

v (a 2 — 1). 


3 - 

J=A 

■ (v 2 + 1). 


4 - 


(A- - 2) (a -4- I) 2 . 


5 - 

X 2 J = 

= A'+ I. 


6. 

X 3 J' 

— x-ri. 


/ 

j — x 3 — -jx + 6. 


8. 

J = 

x* — 3A 2 4- 2. 


9 * 

;(a- 2 

+ 4a 2 ) — 8a 3 . 

r 



[■Agra, 

1932] 

10. 

J = (X 2 + l)/(A 2 - I). 




[j Dacca, 

x 937] 

11. 

f - 

zax 2 — a 3 . 




[I. C. J., 

J 934] 

12. 

(1) ay 

2 - a 2 (a a), 1 

(11) aj 

2 __ 

A 2 (A 

- a). [Delhi, 

I 93 5] 

f 

yay 2 

- * (-' - 3 J ) 2 - 




[Punjab, 

x 95 2 ] 

r 

14. 

jmy 

- (a- - a) 2 V(v 

-*), 

a > b. [iVaj'/wr, 

x 9 2 5] 

15- 

x 2 f~ 

= a 2 (A 2 -y 2 ). 




[Bombay, 

I 937] 

16. 

_> 3 (« 2 

+ a 2 ) a - 2 (a 2 - 

.V 2 ). 



[Punjab, 

T 93 5 ] 

17 - 

J 2 (a s 

t- J ,s ) -r (a 2 — 

J> 2 ) = 

= O. 


[Agra, 

1935 ] 


if(. j 2 (a -f x) — (a — x) a 2 . ,—. [/. C. S. 1928] 

<9. = (1 +j ) 2 ( 4 [Agra, 1937 } 
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22. 


* a (j + i) = y (x — 4)- [Punjab, 1934] 

x (j — x) s = ay 3 . %'s. (■»' tJ < /f-*' [Allahabad, 1932] 
. _ ^ *11 / / 

cPy 3 + 2 tPxfiy + x 1 — oT~~ 



j = x a /d + \/(a 2 — x 2 ). 
j 4 + 212x7* = ax 3 + x*. I 


25. Show that the curve ( a 2 -5- x*) j = a 2 x has three points of 
inflexion, and trace it. [Nagpur, 1927] 


26. 

totes. 


Trace yVx 2 — a *) == x a (x* — 4a 2 ), and mark all its asymp- 

[Agra, 1928] 


io‘4. Polar Equati6ns. 

1. Solve the equation for r and consider how r 
varies as 0 increases from o (or some convenient value 0*) 
to + oo, and also as 0 diminishes from o (or 0j) to — 00. 
This is sufficient to trace the curve. If necessary, or 
convenient, form a table of corresponding values of 0 and r. 

l. In most of the polar equations only periodic 
functions (sin 0, cos 0 , etc.) occur, and so values of 0 
from o to zn (or sometimes some multiple or sub¬ 
multiple of zn) need alone be considered. The remaining 
values of 0 give no new branches of the curve. 

3. Again, if changing the sign of 0 docs not change 
the value of r, the curve is symmetrical about the initial 
line. 

4. If the curve possesses an infinite branch, find the 
asymptote. 

If r -r co when 0 -> a (either from the left or the right), it should 
not be assumed that 8 = a is an asymptote. The asymptote might not 
exist at all; or even if it exists, it might be parallel to the radius vector 
6 = a. The asymptote must be found by an application of § 8*5. 

Ex. x. Trace the curve 

r = a sin 38. 

The following table gives corresponding values of 0 and rja. 
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Inter- 


Inter¬ 

Inter- 


Inter¬ 


3 0 = 

0 mediate 


mediate 

Jt mediate 


mediate 

2Jt 

values 

values 

values 


values 


0 = 

0 „ 

jc/6 

» 

2 Jt /6 

3 Jt /6 

» 

4Jt/6 





Negative 


Negative 



positive 


positive 

and 


and 


rja = 

0 and 

1 

and 

0 numeri¬ 

— 1 

numeri¬ 

0. 

increas¬ 


decreas¬ 

cally 


cally 



ing 


ing 

increas¬ 


dimini¬ 





ing 


shing 



It is evident that the greatest positive value of r is a. Hence the 
curve between 0 = o and 0 — 120° is as shown in Fig. 1. As 0 
increases further, rja goes through the same cycle of changes as 
before, being a maximum at 30 = 2 Jt + Jjt, i.e., 0 = 150°. 



Fig. x Fig. 2 


If 0 increases beyond Jt up to .Jt, the same branches of the 
curve are repeated and wc do not get any new branch. Hence the 
complete curve is as shown m Figure 2. 

Values of 0 outside the range (o, 2Jt) need not be considered, 
as the value of rja is periodic. 

Ex. 2. Trace the curve r*Q — a a . 

Constdei first the positive value of r. When 0 = 1, i.e., 1 radian 
(or about 57°), r = a. As 0 increases, r continually diminishes. 
Thus the values of r when 0 = 2Jt, ^Jt, 6jt, ... are o'4a, o' 28 a, 
o'ija, ... As 0 -»■ oo, r-r o. So this part of the curve consists 
of a spiral in which the curve makes an indefinitely large number of 
revolutions round the pole, always coming nearer to it. 

As 0 diminishes from 1, r increases. As 0 -*■ o from positrfe... 
values, r -*■ 00. 
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The asymptote, by the method of § 8* 5, is 0 — o. 

Hence the curve is as shown. This curve is called the Lituus. 

To trace the curve for negative values 
of r, we notice that the point (— r, 0 ) is s 

the same as the point ( r , 0 + jr). llencc ( / Cn -__ 

the branch of the curve which cortesponds yy/ A~ 

to ajr — — | \Jd | can be obtained by turning 

the curve corresponding to the positive \alues of r thtough two 
light angles. For the sake of clearness this branch has not been 
drawn in the hgute. 

Ex. 3. Trace the curve 
x 5 f j 6 - j-rMy - o. 

Transforming to polais, we 

have 

_ 5^ co-. 2 0 s,n 0 
~ cos 6 0 sin 6 0 ' 

Consider first the positive 
values of r. 

When 0 o, r — o. 

r is again zero when 0 = Jn. 

Between these values r is posit,ve. 

When 0 increases beyond Jn, but is less than f n, r 2 is positive. 
As 0 go_s on increasing and thus tends to fit, r 2 00. 

For values of 0 between |jt and n, r 2 is negative and so r is 
imaginary. Values of 0 between it and 2it need not be considered 
because of S) mmetry in opposite quadi mts, which is evident from the 
Cartesian equation. 

The Cartesian equation shows also that the tangents at the origin 
are x 2 y = o. The asymptote can be found to be x -+• j =. o. 

Hence the curve is as shown in the figure. 



10'41. Special Methods. 

1. In some cases, when the expression for y (or x, 
or r ) consists of the sum or the difference of two terms, 
* s easier to draw the curve for each term separately 
and then draw the given curve as the curve whose 
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ordinates (or abscissae or radii vectors) are the sum or 
the difference of the corresponding quantities of the 
two curves previously drawn. 

2. Similarly, if the expression for y, x, or r is a 
product of two factors, it is sometimes easier to draw 
first the curve corresponding to one factor, and then 
consider how the second factor modifies the curve. 

3. If the equation to a curve is given in a parametric 
form, x =/(/), j = qp(/), the parameter t can in some cases 
be easily eliminated and the curve traced. But generally 
it is more convenient to give to / a series of values ana 
plot the corresponding values of x and y, noting how 
x and y would behave (e.g., increase or decrease) for the 
intermediate values. 

Ex. Trace the curve 
r — a (sec 0 cos 0 ). [Allahabad, 1927] 

Here r — a cos 0 is the circle shown 
by the thin line in the figure ; and ; — 
a sec 0 , i.e., r cos 6 = a, is the straight 
line x — a. 

Hence, it is easy to draw the required 
curve, because its radius vector in every 
direction is the sum of the radii vectores 
of the two curves just drawn. The 
required curve is shown by the thick line. 

10*5. Some well-known 
Curves. It is desirable that the 
student should be familiar with 
some of the well-known curves. 

Their equations and shapes are 
given below, but the student 
should first trace them indepen¬ 
dently and then compare his result with the figures given 
here. The student is supposed to be familiar with the 
conic sections, and the graphs of the circular, logarithmic 
and the exponential functions. Hence they are not given 
here. 




178 SINGULAR POINTS. CURVE TRACING 

Cubical Parabola* Semi-Cubical Parabola Catenary 



a 2 y = x 3 ay 1 = x 3 y -= a cosh (x/a) 


Inverted Cycloid Cycloid 



x = a (0 — sin 0), 
J = a (1 — cos 0) ; 
whence x = a vers -1 (y la) 

- V( 2 ^ —y 2 )- 

Evolute of an Ellipse 



(ax)*' 3 + (byf* = (a* - 



x — a (0 + sin 0), 
j = a (1 — cos 0) ; 
or x = a vers -1 ( y/a ) 
4 - \/( 2 €>' — J®)- 


Astroid 



*2/3 _|_ j2/3 __ a i/3 

x — a cos s 0, _y = a sin*0 


♦Most of these curves have been drawn after Granville : Differ- 
ential and Integral Calculus. 
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*r — 4^* — *) 

Caidioid 



r — a (i + cos 0) 



_> 2 (2a — x) — a 3 


Lcmniscate of Bernoulli 3 



r 2 = « 2 cos 20 


1 Called after the Italian lady mathematician Maria Gaetna Agnesi 
(1718-1799) who treated it in her book Institution Anahtiche. “Agnesi 
was a somnambulist. Several times it happened to her that she 
went to her study, while in the somnambulist state, made a light, 
and solved some problem she had left incomplete when awake. In 
the morning she was surprised to find the solution carefully worked 
out on paper”—Cajon, A History of Mathematics, 

2 Diodes was a Greek mathematician (flourished about 180 B.c.). 
This curve he used for finding two mean proportionals between two 
given straight lines. 

3 Called after Jakob Bernoulli (1654-1705), professor of mathe¬ 
matics at the University of Basel (Switzerland). He and his brother 
Johann Bernoulli were staunch friends of Leibnitz and they ennehed 
the calculus immensely in its early days (see Historical Note at the 
end of this book). The lemmscate was fiist considered by Jakob 
Bernoulli in the Acta eruditorum (1694). He also considered the 
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Folium of Descartes* 



x 3 + j 3 — 3 axy = o 


Limajon 



r = a -f- b cos 0 

The two curves shown in the figure corres¬ 
pond to a < b and a > b respectively. The 
Cardioid is only a particular case of this. 

logarithmic spiral, which so fascinated him that he willed the curve 
to be engraved upon his tombstone. 

4 Greek mathematician. Nicomedes and Diodes were contem¬ 
poraries (about 180 b.c.). Nicomedes devised a little machine by 
which the conchoid could be easily drawn. He used this curve to 
trisect angles and construct cubes whose volumes were double the 
volumes of given cubes. ' 

* Ren6 Descartes (1596-1650) was the great French mathemati¬ 
cian and philosopher after whom the Cartesian axes are named. He 
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Spiral of Archimedes® 



i = a sin (2 m + i )0 r = a sin 2 mO 


The case zm -f- 1 = 5 is The case zm = 4 is illustrated in the 

illustrated in the figure figure. Notice that in the curve r = a 

sin nO, if tt is odd, there are only n loops, 
but if it is even, there are zn loops. The 
ordei in which the loops are described 
is indicated in the figure by numbers. 

made many important discoveries It was in an attack on 
Fermat’s method of finding tangents to cun es that he gave the curve 
x 3 -f- y 3 = ax j as a curve to which Fermat’s method would not 
apply. The text was accompanied by a figure which shows that 
Descartes did not know the correct shape of this curve. The correct 
shape was first given by C. Huygens (famous Dutch scientist) 
54 years later. 

•Archimedes (287 ^— 212 b.c.) of Syracuse (Greece) was the 
greatest mathematician of antiquity. He wrote on Geometry and 
Mechanics, and made many fundamental discoveries of the utmost 
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10-51. Properties of some well-known curves. (1) Cycloid. 

The tycloid is (he cutve tiaced out by a point on the circumference of a circle 
which rolls (without sliding) along a straight line. 

Let OX be the straight line along which the generating circle 
MP lolls, and P the point on the circle which generates the curve. 

Let the radius of the generating circle be a and its centre C. 

Let P be the point (\, y) and let the / PCM = 6 

Then the arc 
PM — ad, and supposing 
P was in contact with 0 
when the circle began 
rolling, ad must be 
equal to O \L Hence, 
if N be the foot of the 
perpendicular from P 
on OX, 



x — OM — NA 1 — aB — PC sin 0 — a(0 — sin 0 ), 

J — PN =- MC — PC cos 6 — a (1 — cos 0) 

These two equations constitute the parametric equations ot the 
cycloid. 

The straight line on which the generating cncle rolls is called 
the base of the cycloid. 

(n) Catenary. The catenary is the curve in which a heavy 
perfectly flexible string hangs when suspended b} tv o points, as 
shown in books on Statics it is also called the chamette 

(111) Equiangular Spiral. The angle <f> between the radius 
vector and the tangent is constant for this curve Hence the name 


Examples 


Trace the following curv cs: 

1. r — a cos j0 2. r = s (9 r sia 0). 

j. r = aB sin B. [Hint Trace r — a sm 6 first ] 

4. (1) r 2 — a 2 cos z6, (n) X s + y s = zaf. [Nagpur, 1931] 

5. r 2 cos B = a 2 sin 3 8. 6. rB — a sm 6 

7. xy 2 -f x 2 y = a 3 . [Lucknow, 1932] 8. 1(1 -f 0 ) ~ aB 

‘9. r(i -f B 2 ) =-a0 2 10. {r-d) 2 ^cflbB 


importance. His geometrical proofs were beautifully rigorous. By a 
spijaal postulate, now known as the postulate of Archimedes, he 
tttflided infinitesimals (see Chap. XIV), and his demonstrations were 
ftiSjfcl on the strict theory of limits. However, his postulate did not 
OOtmnend itself to mathematicians until the modern arithmetical 
theory of limits was created (see Historical Note). 
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Examples on Chapter X 


■* 1. Prove that the curve 

ay 2 — (x — a ) 2 (x — b) 

has, at x — a, a conjugate point if a < b, a node it a> b, and a cusp 
if a i= b 

V 2. In the curve 

(y — x 2 ) 2 = x n , 

show that the origin is a cusp of the first 01 second species, according 
as ft is < or > 4. 

3. Show that the cardioid r = a(i + cos 0 ) has a cusp at the 
Otigmr. 

t 4. For the curve j 2 (a 2 + x 2 ) = x 2 (a 2 — x 2 ) show that the 
origin is a node and that the nodal tangents bisect the angles made 
by the axes. 

5 Show that the curve 

x 6 4 7 s = jtfx^y 2 

has tweyeusps of the first species at the origin, and obtain its real 
asymnjKte. , « - , [Patna, 193}] 

Find the double points and points of inflexion, if any, of 
the curve a 2 \x 2 — 6 2 /j 2 -= 1, and trace it. r - [Nigpur, 1928] 

7. Trace the curve . T * 

, 7 ( 0 2 — cos 0) — G 2 + cos 0 , • {f . 

and mow that the circle of umt ladius is an asi, mptotic arcle. 
v 8 Find the asymptotes of 

0 ~ A ) 2 * - 3 J O ~ v ) ^ zv = o, 
and tiace the curve represented bv the above equation. [Agra, 1934] 

y<y. Find the position and nature of the double points on the 
curve j 3 = x 3 + ax 2 . 


I 


ind also the as\ mptotes of the cuivi 


Show that the curve 




fs — 


X 2 J + X 3 



.thyce it. iN 

[Alfababacf, 1931] 

-—N 


has a cusp of the firit species at the origin and an asymptote x 
= a cutting the curve at (£a, \d). Trace the curve. 

[Allahabad, 1930] 

u. Examine the nature of the origin on the curve 

j 2 = 2x l y -f x*y — 2X 4 . [ Allahabad , 1929] 

^12. Trace the curve *„ 1 j, , *, , y . 

»* fii'l *T(x —y )* (x +7) (ax +7) = a 2 y 2 . [Bombay, 193 jJ \ 


l 


A- 
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^13. Trace the curve 

tdy % = ** _ x ). [Allahabad, 1928] 

14. Examine the nature of the origin on the curve 

af — x 3 -f- bx a = o, •' x M~ r L*~ ’■ ■ 

where a and £ have opposite signs. [. Allahabad , 1926] 

C ,* 5 - Trace the curve J = &x 4 - x -1 . [. Allahabad , 1926] 

16. Find the asymptotes of the curve 

(x* —_y a ) a = (x a +_y 2 ) 2 , [B«raw, 1930] 

and approximately trace the curve. 

17. Sketch the form of the curve 

y = ae~ kx sm ax 

for positive values of x, and prove that it touches the curves 
y — i a «-*“ each at an infinite number of points. 

Also show that the successive maximum values of y form a 
series in geometrical progression, a, k and a being real quantities. 

[I. C. S., 1932] 

18. Trace the curve 

j(j + ax) (y — x)* = 9ax*. [Madias, 1937] 

x 9 - Trace the curve y* = (x — 2)® (x — 5) and show that the 
line joining the points of inflexion subtends a right angle at the 
double point. [Nagpur, 1934] 

20. Trace the curve x = cos 2/, y — sin 3/, for real values of t. 
Obtajn the (x,j) equation of the curve and sketch its graph. 
Explain why the two graphs are not identical. [Math. Tripos, 1928] 
V21. Trace the curve 

(x a -1) y = x, 

determining its tangents parallel to the axes and points of inflexion, 
any- [Math. Tripos, 1929] 

22. Trace the curve 

x* —y* — x 2 y + x a —j a . [Lucknow, 1931] 

23. Trace the curve 

r — a (2 cos 8 -f- cos 3 6 ). [Allahabad, 1934] 

24. Sketch the curve whose equation in polar coordinates is 

r a (a* + h 2 tan® J0) = a 4 , 

a > b > o. [Math. Tripos, 1932] 


where 
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PARTIAL DIFFERENTIATION 

ii' i. Definitions. Let £ be a symbol which has 
one definite value for every pair of values of x and y. 
Then ^ is called a function of the two variables x andy. . 

A similar definition can be given for functions of more than 
two variables. 

% would be called ^Function of *■ and y even if % is defined only 
for evev pair of values of x and y such that the point (x, j) lies 
within a certain area in the x,y plane. This area would then be 
called the domain of x andjt Multiple-valued functions may be regarded 
as defining two ot more functions, as in the case of functions of a 
single variable. 

A function of x and j is also written as f(x,y), or <f> {x,y), etc. 

ii - ii. Continuity. f(x, y) is said to be continuous at a 
point (a, b) if, for any arbitrarily chosen positive number e, however 
small (but not zero), we can find a corresponding number 5 such that 

|/(*>J) -/(*> b ) 1 < 

for every point (x, j) within the circle with its centre at (a, b) and 
radius 5 . 

It must not be supposed that lim,.^.,, {lim^j } is neces¬ 

sarily equal to lim^^j {lim,^,, /(x, y)}. Thus 

=- I- 

But lim ir ^ 0 {lini,^ 0 ^~-jJ=lim v _ >0 ^ = + i. 

Hence the two limits are not the same in this case. Usually, 
however, they are the same. 

Throughout this chapter we shall suppose that all the functions 
considered are continuous and their partial differential coefficients, as 
defined below, exist. 

ii • fa. Paftial*differential coefficients. The partial 
differential coefficient of f(x, y) with respect to x is the 
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ordinary differential coefficient of /(.y, y) when y is regarded 
as a constant. It is written as 

or 

d.v J 


Thus 




= lim h ^ 0 


/(.v 4- b,j) -f(x,y) 

~ b ' ’ 


Again, the partial difFerential coefficient 3/ d j of 
J{x, y) with respect io y is the ordinary difFerential 
coefficient of f(\\ y) when .v is regarded as a constant. 


Thus 


!?— ~ lim 

d J 


k-+ 0 


r k) —/(.v, y) 

* k 


Similarly, if / is a function of the « variables .v x , x 8 , 
... ,v n , the partial differential coefficient of f with respect 
to Yj is the ordinary differential coefficient of / when all 
the variables except .Yj are regarded as constants, and is 
written as d //flv x . 

and are also denoted by f x and/„ respectively. 


The partial differential coefficients of f x and f y '’re 

/ill /xtn fyxi fyy » ° r 

d 2 / jy . a 2 / ay 

d v 2 ’ 5 yd.v ’ d \'6j' ’ d y 2 5 

respectively. It should be specially noted’that 

d / ^/ d /\ j d Y 5 /6/x 

oj’O.v d y\dx” ■ dxd y dx\ 6 y/ 

The student will be able to convince himself that in 
all ordinary cases 

d 2 f 63f 

dydx ~ dxay' 

We shall for the present assume this' proposition. A 
proof will be given Chapter XV. , 



EXAMPLES 


Ex. Find the partial differential coefficients of x 4 + x^ 2 +J'. 4 
If f(x,y) denotes x 4 + - 4 - y*, we have 


^ = 4 X 3 + 2 X? 2 , 

ay 

a - 4A:) '’ 

= 12x8 ■+■ 2 X> 


Notice that in the above 


lj, = + 4 f, 

ay 

. - 4 xy, 

o.\fl j J 

ix 2 - 4 - 12> |2 , etc. 
o 

ay = ay_ 
a )6v a,a v' 


Examples 


x. Find f^and f ^vihen 

a* a; 

v*2 12 v-2 

(i) /= tan -1 — y, (n) /- 72 -r p - x > 


(ill) /^A», 


(iv) /= log (x 2 + J 2 ). 


2. Illustrate the the-nem that 

d 2 » _ d 2 « 

3 x 3 y djOx ’ 

when u is equal to 

(l) ax 2 + zbxy H £y 2 , (n) x sinj-j-j sin x, 

(m) x logj, (iv) log {(x 2 +j 2 )/*>’}, 

[Andhra, 1937] 

(v) log tan (j'/x), (vi) (ay - bx)j{by — ax). 

3. If u = e®* 2 , show that 

a ^afa - ® (l + lxyx + t * vl - 

4. If u — tan -1 - Tr — ^ ■ -—sr, show that 

VC 1 + x +y) 

' d 2 U _ I 

a vd y ~ (1 + x 2 + j 2 ) 3/2 ' 


, show that 


i/ 5 - If x*j» 5* = c r show that at x — y — ij, 
d 2 ? 

• dxd3 = ~ (xl ° 8 ^ )_1 - 
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6. 

If u = sin -1 'Sff , , show that 

V x + Vj 



du j dti 

dx x dy' 

[Lucknow, 1932] 


If Z=f(x + ay)+ <f> (x - ay), prove 

that 


d\ „ 

d f ~ a ~ dx 1 ‘ 

[Nagpur, 1935] 

8. 

If 1 ju = \/( x2 - r j i ■+• £ 2 )> P r °ve that 



dht a 2 // a 2 // 

dx i 1 ay + ay _ ° - 

[Madras, 1957J 

Sl¬ 

If %(x 4 j) — V 2 L y, show that # 



, a? _ ai \ 3 _ , / j _ ^ _ 6: r) 
ax dj 1 ^ \ a>. a) / 

[Allahabad, 192^ 

id. 

If « = f{yjx), show that 



du , du 

3 a. J dy~ °‘ 

[Annum alai, 1930J 


ii 13. Total Differential Coefficient. If 

where x = 9(/), and j — i|>(/), 

then we can find the value of u in terms of t by substitu¬ 
ting from the last two equations in the'first equation. 
Hence we can regard u as a function of the single variable 
/, and find the ordinary differential coefficient dufdt. 

Then dujdt is called the total differential coefficient of n, 
to distinguish it from the partial differential coefficients 
bujdx and dujdy. 

The problem noDP is to find dujdt without actually 
substituting the values of x and y in f(x, jt). We can 
obtain the requisite formula as follows : 

Let V(t + t) = x 4- Ij, -fi t) —ji -fi k. 



TOTAL DIFFERENTIAL COEFFICIENT 


Then, by definition, 
iuldt = 

i; tT . ) 7(- x - ^» 1' *~ *0 /jhv> y -f k) b 

- urr Wo ( b . - 

_l /(*'*’ ) + 0 — ./(-M_y) ^ ) 

A ' T I 


Now lim 


T H>-0 


I) dx , . / 

, = ?/ ■ and lm, ~°, 


r/y 

7 /' 


Also, if A did not depend on A, 


lim 


/(.v - A, y + A) — /(.v, )’ — A) 


h -*0 

/y 

would have been equd to 

6 / (v, r - A) 

d.. 

by definition. 

Moreover, supposing that 6 '(.v, j)/d.v is a continuous 
function of y, 

a /(v, r a f(s\J) 

k^.o 6 v . 6 v 


lim 


We shall assume % therefore, that 

/(•v + A, A) -/Cv, j;+_A) _ a /(.y, j) 
1 h a.. 


lim T . 


Hence 


du __ a f dx ay dy _ 
~dt a.v ‘ a y ■ <7/ ’ 


du _ du dx Ju dy 
dt ax ’ dt ^ dy ‘ dt 


Similarly, if » = /(xj, v g , ... x„), and x v x t ... x„, are all 
functions of t, we can prove that 

du _ du dxj du , dx a du dx n 

dt — dxj ‘ dt ' dx 8 ‘ dt dx„ ‘ dt 


♦The statement really requires proof. This will be given later; 
Chapter XV. 
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Ex. If » = x^y®, where x 
We have. 


du _ d« dx , d« 
dt~~ dx ' dt d y 


Z 2 and y — Z 3 , find dujdt. 
dy 
dt 

= 4x 3 y 6 . zt + jx^y 4 . ^ 2 . 

As a verification we notice that this value of 

= 4(' 2 ) 3 ( t 8 ) 5 - *■' + 5(^ 2 ) 4 (/*)*. J / 2 = * 3 ' 22 . 
Also, substituting the values of x and j in u, ue have 
a -= (Z 2 ) 4 (Z 3 ) 6 Z M . 

Therefore dttjdt ~ z\t u , as bcfoic. 


11 ’14. An important case. B\ supposing / to lx 
the same as x in tlx foi nula for two variable! m the last 
article, we get the following proposition : 

When/(.\, y) ts a function ot v and y, and r is • func¬ 
tion of x, the total (i.e., die oidman) differential coefficient 
of/ with respect to x is given by 

df _*f , d J_ <h 

dx d\ ' d y ‘ dx ' 


Now, if wc have an implicit t elation between .\ and j 
of the form 

J(x, V) -t. 


where c is a constant and y is a function of.v, the above 
formula becomes 



d f d\ 
d y ' dx ' 


which gives the important formula 


dy df /df 

dx dx dy * 


Again, iff is a fund tor of the n 1 an ablet x t , x 8 , ... x n , and 

x„ ... x n are all functions of x„ the total (/.?., the ordinary) differential 
coefficient of f with re fed to x, ts given by 

~ 4 d J- d 3 . a I dx s ^ df dx n 

dx i dx, dx 2 * dx, dxg ’ dx, "* + dx n • dx, * 

Ex. 1. If x» + yx*y + 6 xy* +j* 1, hnd dy/dx. 

If the left-hand side of the equation be denoted by /, 



HOMOGENEOUS FUNCTIONS 


I 9 I 


d fldx = jx 2 + 6 xy 
dy 


6 J 2 . df,dy — 3X 2 + 12^; + 3j*. 


Hence 


zy 2 


* 2K) 

dx x 2 4>j 
We would evidently arrive at the same lesult by § 3-26. 




Ex. 2. If // = x 2 — j 2 J- sin yy, where } — e*, and ? ■= log x, 
find du 'dx. 

By the above formula, 

d» dn dn dy du dy 

dx dx dy ' dx dy ' dx ‘ 

= 2v - (— z) — y co^ jz)t x — (j cos jy)lx. 

It is eas} to verify that we shall get the same value of du'dx if we 
first convett it into a function of x alone b\ substituting m it the 
' alucs ofj and y, and then ditleientiate. 


Ex wipi.es 


1. Find dyjdx if (i) ax 2 - zh.xy — by 1 — i, (n) j* x v — c. 

2. If it — x log xy, vvhcie x 8 -t- j 3 — 3\j = i, find dujdx. 

3. Find ditjdx if u — sin (a 2 —_> 2 ), where a l x 2 ~ b 2 j 2 — c 2 . 

4. Find the partial differential coellicients of x 2 y with respect 

to a- andj, and its total diflerential couficient with respect to x when 
a- and j are connected b\ the 1 elation x 2 a;)' -pj 2 = 1. 

5. Piove that the tangent to the conic 3A 2 — zxy — y 2 -f- zx 
t 4J — 1 = o is paiallel to the axis ot x at the points where it 
intersects the line 3X 4 - y -> 1 = o. 

6. If /(x,j) — o, <f>(y, y) — o, show that 


d f 6<l> dy _ d / 5 <f> 
dy ' dy ' dx ~ dx ' dj ’ 


[Punjab, 1937] 


11*2. Homogeneous Functions. 

a & \ n + a" -1 .)' t/ 2 \ n ~ 2 y 2 -J- ... ~ a n _ x + <7 B j n 

is an expression in which even term is of degree n. It is 
called a homogeneous function of degree //. This can be 
written also as 


Y# 
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Hence the general definition of a homogeneous 
function is as follows: 

x n is called a homogeneous junction of degiee //, 

whatever the function / may be. 

Thus v 2 sm (j jx) is a homogeneous function of x and j ot 
degree 2. 

Generally, if the function J(\ v a 2 , ... xj of the /, 
variables x x , \ 2 , ... a, <-an be cxpiesstd in the foim 


then f(x v .\ 2 , ... \ n ) is called j 1 omogeneous function ot 
.Vj, A 2> • ‘ X.„ of dcgiec //. 


11*21. Euler’s Theorem on Homogeneous Func¬ 
tions. Ij /(\, j) />i homognitont function oj \ and j oj 
degne 11, then 

* 8f + y 6f _ nf ✓ 

* dx ^ y dy n ’ 

Let f(x, y) be expressed in the form v” l ( ) w here 
21 stands for j/ Denoting dl \dv by I', veTiaTc 

ll =■ fl d - f 0’)}= » -K*') taM'(;), ^ , 

and = W>= '(")• ~ * 

Hence * v e f+ J jfj = n W -= «/(*D')- 

In general, tf /(x l5 x 2 , ... x n ) be a homogeneous function of degree n, 

Jhen 

" df , df , 6f 

** 6x t + ** dx a + - + x "dx; = nf - 

The proot is similar to that for two variables. Thus it 

/(*1>*2> • A n ) — jCj* JF (ft, n, ) 

where v = x i /x 1 , w = x 8 /x 1 , etc , then 

dx- =w ^ B ~ 1 ^«’ )+^ n i i F • i" d f F . f 

( dr dx 1 dwd 1 J 



EXAMPLES 


J 93 


-=— 1, » etc. 


] lence 


Again 


d ~ x* ’ 

^ = «!*-' F - ^”' 2 ( A-,? - - ... [ . 
d v, ( 2 oi< ) 

d / v » dl ' d ' ..-i ° F . 


Multiplying these equations by x v a 2 , ... and adding, we get 
the result. 

Ex. Verify Euler’s theorem when 

/(*» 7 . ?) ^ 3 x 3 JZ + 5 * 7 ^ 1- 4 ^- 


llcrc (‘V’Z-r u\- 

Therefore a ^ ^ Gx 2 ) 1 ^ | 5 \y 2 %. 

Similarly j ^ — 3*^ ~r io.\y% 


1 lence 


~ 6 i- 3-v s JT - 1-V~Z ~ F 7 4 . 
Of , Of d/ 

A a J 1 a ‘ s > “ 1 2A~) 7 

dx ~ dj ' d^; 


— 4 / ^0, 

wluch verifies Eujbr’s them cm in this case. 


ico) 2 - i(~ 4 


Ex SMPLFS 

1. Verify Euler’s Theorem in the following cases : 

(0 /(a',j) = <» 2 -r ibsy -- by\ 

V 00 3) - axy t t- <^a-. - ' ■ , 1 1 

2. Venfy Euler’s Theorem foi the function 

0 ) u= x(x 3 -J 3 )'(a 3 , j 3 ). IFu/zm, 1957] 

(li) * -= (*« d 4 j4/o). Hgw, 1936] 

3. If » be a homogeneous function of degree show that 

d 2 « . d 2 « , . d# 

* Ox* 4 J ' d.vdj ‘ ( ” -l) dx’ 
d 2 // . d 2 # , . d« 

f d.\d y ~d_y 2 v '6 y 
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4. If u = sin -1 (x/j) + tan -1 (j[x), P rove that 

* dx + J d j ~ °‘ [Nagpur, 19*8] 

5. From Euler’s theorem : 

Gu , Gu 
x * 1 - lift, 

ox 'Gy 

where u is a homogeneous function of \ and y of degree n, deduce 
that 

„ o-ti G-u <'-// , 

A- , , t 2x7 , , - 1 - )' n(n i)u. 

Gx 1 GxQ) o )- ' 

6 . If 11 — '-in -1 {(x 2 f- ) J ) f\ r )}, show that 

a d ', 0 a t i G //o ) tut it \DiI/ji, 1936I 


11*3. What variable is to be regarded as constant. Consider 
the following example : 

The area ? of 2 right-angled mangle in which the sides con¬ 
taining the right angle are x and j, is given by 


? - * .(0 

Also, if the hypotenuse be denoted by /, and the length of one 
side by x as before, then the other side y - - a 2 ). 

Hence also 

^ — i x(t 2 — x 2 ) 1/2 .(a) 

From (1) ll-h)' .( 3 ) 


But from (2) - i (/ 2 - a 2 ) 1 ' 2 £ x 2 (/• - a- 2 ) 

— 40 '- a 2 ly ).( 4 ) 

The expressions on the right in (3) and (4) aie not the same, 
though both represent d~jdx. 

Evidently, thciefoie, G^IGxhiepends also on the variable which is 
regarded as a constant whin ^ u differentiated with respect to x. 

Whenever there is a possibility of doubt arising as to which 
variable is regarded as a constant when ~ is differentiated with respect 
to x, the former is indicated by a suffix. Thus 

(£) - Jj. and - 40 “ x *l y)- 

\ OX—const 'OX t = c on«t 

A similar proposition is true also when ^ is a function of more 
than, two variables. 
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[If the student draws a right angled triangle having sides ot 
3", 4", and 5", and then draws two other right angled triangles, in 
each of which one side is now 3 1" instead of but in one of the 
triangles the other side is the same as before (v 1/ , 4") and in the other 
the hypotenuse is the same as before (viz he w<U sec at once 

that the increase in area (si/ bj is different m the two cases So 
b^/bx is different As lim Sj . b b\ dx, the latter will 

evidently be diffeicnt in the two cases] 

It is very often necessatv to change tiom Cartesian coordinates 
to polais, and vice versa It nust be remembered that in this 
connection 5 dx alwajs meins (d dx)j, = and d d y means 

(3 d Similarlv do; means (d d ^- con6 i» and d d« 

means (d dO 


Thus 


\ 


1 cos 0 , so 


a, 

dr 


— cos 0 


But, although 


) \ ec 0, 


dr 

d\ 


sec 0, 


because this value ot dr ox is rcallv (dr dx) e - consl , and we want 
(dr 1 dx) v _In tact, since r 2 \ 2 j 2 , we have 

dr dr v 

zr „ — zx, le, . — cos 0 

dx d\ r 


The simple rule is to express a and y in polars betore finding 
the partial differential coefficients ot \ or ; , and to express / and 0 
m Caitesian coordinates betore finding the partial differential 
coefficients of r or 0 


11 31. The second differential coefficient of an implicit 
function. If f(x, j) o, we have seen that 

dy d f d / 

d\ 4 h o ) ' 

\Xe can find d 2 y dx 2 b} difteientiating this 
For the sake of convenience 


d f df d 2 / d -/ 

dx' d y' dv J ’ d\d ) ’ 


and 


dy 

a y 2 


are often denoted by p, q, r, s, and t lespcctively. 
notation, we have 



Adopting this 
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Differentiating with respect of x, we have 

dp _ dq 

d 2 y q d\ d\ .... (1) 

dx 1 q l 




dp d, 
d) dv 

dq dq 
d\ 


b\ ^11 14 


\ a f q 


dq d > 
6 ) d\ 


Similarly ^ 

Substituting these ■values in (1), we get 

d 2 y_q J r^— 2pqs r p J t 

dx- " q 3 


V a/ q 


Fa Find 'A 2 if «v- ih\) 1 by 1 1. 
Here / 2i.*x Aj), q —tyx 

r 2 a, f 26, / 26 


Hence 




d~) (l>\ by ) 1 a - 2(1 x J>)) (/n - /n)/> ■) (kv t 

<fx 2 <l\ t *>)* 


n -4. Geometrical Meaning. If we take rectangular axes 
OX, 01 , 0 /, and suppose x, - to be the coordinates of a point 
refeired to these axes, the equation 

would lcpiesent a surface For, if at cvciy 
plane we eiect a perpcndiculai of lenuth 7 given 
by equation (1), the othei extremity of the 
perpendicular will evident 1) geneiate a surface. 

The equation y — c, where c is a constant, 
will represent the plane parallel’to the plane 
XOZ and at a distance c from it, because all 
points toi which the value of; is c evidently lie 
on this plane. 

Hence if we consider onl; those points of the surface 7 ~f(x,y) 
for which y — c, we shall get the cuive m which the plane y — c cuts 
the surface 7 =/(x,j). 

Let the plane y — c cut OY in O', and take O'X' to be 
parallel to OX. If P be a given point on the section of the surface 
? —f(x>y) by the plane y — c and Q any other point on it, it is clear 


W 

point of the x, y 




ORD1R COMMUIAIIVE 


*97 


from the figure that as Q -> P, QP tends to the tangent at P to 
the section, and its inclination to O'X' tends to 


l.c., to 


/(*- 

- fj -i 

*S\ 


(V) 

\u\ / 


Hcncc P is equal') the t mgitit of the angle nhtcb the tangent 



at P to the section of the sm fait ~ f(\, i), by a plane through P paialkl 

to the plane AO/, makes utth a ldninn paralltl to the axii of x 
A similai intcrpictation can he guen to d~ dj 


ii - 5- Order of Partial Differentiations Commutative, 
the help of the proposition 

df 


With 


df 

d \0 y 


d }d\ 


it is easy to see that 
6 x^6 y 


Similarly 


a a a 
a% dv 0) 
a a a 
a ) a % a \ 


0A m aj n 


(§ 11 -i2 ). 


a a a 
a\ a i ax 
a^w 
a )a% j ’ 

Qm±n u 

a j n dx m ’ 


and the proposition can be leadily extended if there are more than 
two variables. 
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ir6. Taylor's Theorem for functions of two 
variables. By Taylor’s theorem for functions of a single 
variable, 

/(.v + b, y + k) =/(x, _y + k) + b i> Jk : 'JL±3 

, y + k) 

+ 2 !' fi.v 2 " t ‘"’ 

Expanding now each term, 

fc+lj + i) h^^ r) + ... 

t £&{/('. » + /*^ r) +.••}+••• 

Hence 

f(x + h, y + k) = f(x, y) h ^ 

4 - - 1 ( h 2 4- 2hk ” ^ 4- k 2 ^ ^ 'l 4 - 
+ 2 ! fix 2 hk fixfiy + fiy»/ + *" 

This is sometimes written symbolically as 


)/ 


+ v(*£ + *£)‘^ - 

+ J (*.«+*£)'/*- 

Generally, if / is a function of the « variables x v x 2 , ... x„, we 
shall have similarly 

f(x x 4 hj, Xg 4 h 2 ,..., x„ 4 h„) = f(x lf x 2 ,..., x„) 

Note. ( * means that we expand ( A dx f k fij )*^ 

as if b, d and fix were algebraic quantities, but after the expansion is 
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obtained, , etc., are no longer considered as the products 

or quotients of powers of d and Sx multiplied by /. Thus 

( h L { k dj) / means ,ji tt 1 zhk 6% - ^ • 

But all the laws of alrchia cannot he app'icc! in the symbolical 
method of writing. For, ^ f f ^ , although f f ^ . 


The consideration of the rcmaindei after terms of degiee n m 
h and k, and of the condition undet w hich the infinite expansion is 
valid, is beyond the scope of this book. 


ii 61. Approximate Calculations. If .\ incicases 
b\ 8', and y by 8), the new value of /(.v, y) will be 
/(v 8v, y (- 8 1 ). Hence the increase S7(.\,j) in f(\, y) 

yvill be equal to /(v - 8 c, y -} 8 )) — /(\, y). 

Expanding the fitst turn, and supposing that 8.v, 
8 y arc so small that then squares and highei poweis can 
be neglected, we get 


8f 


Of 

< 3 x 


8x + 


of 

Oy 


8 y> 


approximately. 

This foimula is \e'n useful in calculating the effect 
of small errors in measuicd quantities. 


If / is a function of n variables, we have similarly 

8f =d d x 1 Sxi < 8x - •• ^ dx n 8x " a PP roMd -y- 

Ex. 1. Find the pci ccntage error in the area of a rectangle when 
an eiror of 1 per cent, is made in measuiing its length and breadth. 

The area A of a rectangle x_y, i\ here x and y are its sides. 
Taking logs., log A — log x + logjs 
Now 8(log A) - (1 1 A) 8.1 by § 4-4 
Hence, by Tay lot’s Theorem, 

1 bA = 1 bx -+• — by. 

A a J 

Multiplying by 100, we have at once (since 100 bxjx = 1 and 
100 bjjj — 1 by hypothesis), 

the percentage error m A — i. 
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Verification : The area of a rectangle with sides x + x/ioo, and 
7 +7/100 is 


(x + X ) ( y - 4 - ) — *7 ! 1 + 

\ 100/ ' 100/ J 


100 


1 | 

IOOOOJ 


" **( 1 > -,oo) nt ‘ irly ’ 

and so, if the cnor in the sides is 1 per cent., the error in the area 
is approximately 2 per cent. 

Ex. 2. The height b and the semi-vertical angle o of a cone 
• are measured, and from them A, the total area of the cone, including 
the base, is calculated. If b and a are in error by small quantities 
8 h and 5 a respectively, find the corresponding error in the area. 
Show further that, if a — Jit, an error of 1 1 per cent, in b will be 
approximately compensated by an error of - o° - 3j in a. 

[Math. Tripos, 1924] 

Area of the base - it b 2 tan 2 a, and area of the curved surface 
of the cone — zn h tan a. h sec a 

— nh~ tan a sec a. 

Therefore A - nb 2 (tan 2 a \~ tan a sec a). 

Therefore 8 A — Sb-r ^ ^ 8a approximately. 

-= 2Jt h tan a (tan a J sec a) 8/< 

+ Tlb 2 (z tan a sec 2 a sec 3 a - 1 tan 2 a sec a) 8a, 
which gives the error 8A in A corresponding to errors 8 b anti 8a 
in h and a respectively. 

Putting a — jc/6, and bb — hjioo, the above equation becomes 
bA =2iti ! x o'oi + Tib 2 y 5-4646 . 8a. 

Hence bA =0 if 8a = — °. 1 radian 

3-4646 

_ _ 2 X O-OI X 57-3 
3-4646 
-- - ° 0> 33 - 



Examples 

1. What is the approximate error in the volume and surface 
of a parallelopiped 10" x 20" x 30" if an error of — 0-02 inch 
is made in measuring each side ? 
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2. The dimensions of a cone are : radius 4 inches, and altitude 
6 inches. What is the error in volume and total surface (including the 
base) if there is a shortage of o-oi in. per inch in the measure used ? 

3. In a triangle ABC the angles and the sides a and b arc made 

to vary in such a way that the area remains constant; the side c also 
remains constant. Show that if a and b vary by small amounts 5 a 
and 8 b respectively, cos A. ha — cos B. hb — o. ( Buck now, 1930] 

4. The area of a triangle whose sides are a, b, c is Prove 
that the error in the area corresponding to errors 5 <?, hb, he in the 
sides is approximately given by 

2A.6A — r 2 5 p — shq — abeht, 
where is — a -j- b — e, 

zp -** + P J A, 

3^ a 3 + b 3 4 e 3 . [Math. Tripos, 1924] 

5. O is the centre of a circle and A, B arc points on its cir¬ 
cumference. It is required to measure the lesser of the two areas 
into which the chord ^-113 divides the circle. With the instruments 
available it is known that angular measurements are liable to an 
error of -h 1 1 (1 th degree, and linear measurements to an error of J 1 
part in too. If the area is calculated from the measurements of the 
angle AOB, which is found to be 45 ’, and the radius OA, show that 
the result is liable to be in error by d: r per cent., approximately. 

[Math. Tripos, 1926] 

6. The sides of an acute-angled triangle ABC are measured. 
Prove that the increment in A due to small increments in a, b, c is 
given by the equation 

be sin A. hA -- — a (cos C. hb 1 cos. Bhc — ha). 

Supposing that the limits of error in the length of any side are 
A g- per cent., where p, is small, prove that the limits of error in A 
are approximately 

-j : i • 15 (p a 2 /be sin A) degrees. [Math. Tripos, 1927] 

7. ABC is an acute-angled triangle with fixed base BC. If hb, 
he, hA and hB are small increments in b, c, A and B respectively 
when the vertex A is given a small displacement S.v parallel to BC, 
prove that 

(i) chb -f- bhc -f- be cot A hA — o; 

(ii) chB -j- sin B hx — o. [Math. Tripos, 1930] 

8. C is the middle point of an arc ACB of a circle. The radius 

of the circle is estimated from the measurements of the lengths x 
and y of the chords AB, AC respectively. If there is the same 
actual small error + a in each of the measurements of x and y, find 
the corresponding error in the calculated value of the radius and 
verify that, when the arc subtends an angle of 120° at the centre, 
this error in the radius is — (i — \Z$)a. [London, 1934] 
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11*7. Change of variables. If 

*=/(*. j0» .... ( 1 ) 

•where x =- <£(4, 4), and _y 1^(4, 4), .... (2) 

it is frequently necessary to change expressions involving #, x, j, 
d#/dx, dujd y, d 2 ///dx% etc., into expressions involving «, 4, 4> an d 
the partial differential coefficients of u with respect to and 4. 

The necessary formulae are easily obtained. Regarding 4 as a 
constant, we obtain, by § if 13, 

du _ du dx du dy 

54 " dx • 04 dy ’ 04 ’ . {5) 

wheie the oidinary differential coefficients in the formula of § if 13 
have been replaced by paitial differential coefficients, because x and 
y are now functions of the two vaiiables 4 an d 4 instead of only one 
variable t. 


Similarly, regarding 4 as a constant, we get 
du ou dx du dy 

04 dx ' dt a dy dt 2 ‘ 


( 4 ; 


Equations (3) and (4), when solved as a pair of simultaneous 
linear equations, give u,s the values of and 0 » d V in term- of 

dw/d/j, d///d4, and the known quantities dv ; d4, dy'd-\, dx/d4> ? nd 
dj/d4- 

If we substitute these values of d»/dx, du'dy and the values of x 
and y as given by equations (2) in any expression involving «, x, y, 
d#/dx, d«/d y, we shall effect the required transfoimatmn. 

In case equations (2) are easily solvable for 4 > an< J 4* in terms 
of x and j, say 

4 = Fj (x, y) and 4 = F 2 (x, y) .(5) 

It is easier to use the formulae 


du _ du dt x du dt, 1 

dx ~ dtj dx O4 ' dx * j 

du du dtj du dt 2 f 

dy — d4 ' dy dt 2 ’ dy ’ j 

in which the values of d4/dx, ... are to be substituted after finding 
them from (5). 

The values of the higher differential coefficients of » can be found 
by a repeated application of the formulae (3) and (4), or of (6). The 
above formulae can be easily extended to the case of more than 
two independent variables. 

A change from Cartesian coordinates ( [x,y ) to polars (r, 0 ), where 
x = r cos 0, y = r sin 0, 
is very often required. 
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Ex. Transform the equation 2 = o into polar coordi- 


Here r = \/(x 2 -j- y 2 \ 0 - tan -1 (j/x). 

u dr x dr 

Hence = ... — cos 0 , . - 


—= sin 0, 


dx V(* 2 “ J 2 ) ' 5 j V(* 2 ~J 2 ) ~ 

50 _ y _ sin 0 50 _ x __cos 0 

dx ” x 2 t j 2 r ’ by x 2 j 2 r 


Theicforc, by (6), 


5 * 5 // „ 

. — _ cos 0 

dx dr 


. du / sin 0 \ 

' 60 \ r )' 

d sin 0 5 \ 


— ( cos 0 


It follows that ^ u — ( cos 0 _ — 
dx 2 V or 


sin 0 o \ 

~T 60 )** 

. 5 a sin 0 da' 


o sin 0 o \ / . on sin u ou\ 

dr ~ r 60 ) ( C<>S ° dr ~ r dd) 


„ 6 / „ 5 a sin 0 5 a\ sin 0 6 / _ 6a sin 0 5 a\ 

dr V or r 60 / r d 0 \ or r 60 ' 

, . 6 2 a 2 sin 0 cos 0 5 2 a sin 2 0 o 2 u 

5 H r 6 r 60 r 2 60 2 

sin 2 0 6a 2 sin 0 cos 0 da 
1 r dr r 2 60 ’ 

, 6 2 « . . . 6 2 a 2 sin 0 cos 0 5 2 « , cos 2 0 6 2 » 

ndarly - im* « J)4 -r , 8#1 

cos 2 0 5 « 2 sin 0 cos 0 6a 

1 r 5 r r 2 50 * 


Similarly 


Adding, we get 


5 2 « 5 2 a _ 5 2 « 1 5 a 1 5 2 a 
dx 2 5 j 2 dr 3 r dr r 2 dd 2 ‘ 


Hence the transformed equation is 

5 2 a , 1 5 a 1 6 2 a 


5 r 2 “ r ‘ r dr 1 r 2 50 2 ~ °’ 


Examples 


1. If a — /(r), where r 2 = x 2 -j-j 2 , prove that 
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2. If u — f(j — — x, x — y), prove that 

bu , bu , bu 

J- U — o. 
dx dj 1 


{Agra, 1933} 


~ c b 1 /’ 0 ~t’ 

bx 1 b y 2 

into pclars and show that 1 sin nO (Ar n [■ Br~ n ) satisfies the above 
equation. \ndbra, 1936] 


4. If z — Z( !l > i)> - x 2 — z\y —y 2 , v y, show that 

(* 1 J) ll T ^ - j) l) ~ ° 

is equivalent to < 3 ~/<Jy o. [Dacca, 1936] 


5. If x — r cos 0 , j — r sin 0 , ~ —f(x, j), prove that 


I 


^' cos 6 — 1 ^ sm 9 . 
br r bO 


Prove also that 
b 2 ( r n cos #0) 
bxbj 


-- — nin — i)r"- 2 sin (« — ->) 9 . 


[Bow hay, 193s] 


6 . 


where 


Prove that 

b 2 u b 2 u 
bx 2 1 by 2 

x = £ cos a — rj sin a, y 


bht 6 vi 
Og 2 dtp’ 

2 ; sm a 1 ) cos a 

[Bomba ), 1937] 


Exampias on Chaptfr XI 


1. (1) If u — i{ax -f bj ) 2 — (*r 2 -( y 2 ), and a 2 b 2 = 1, find 


the value of 


(ii) If 


d 2 » , b 2 u 

dx s + a /' 

0 — /» e -,I/4t , find what value of n will make 


1 3 (r ^°\^ Q0 

r 2 Or V Or/ ' 


[Allahabad, 1934] 


2. 


If r 2 = x 2 -j-j 2 , prove that 

d 8 r . _ 1 ( / br \ 8 / br \ 2 ) 

ax 2 ay — r (' a.v / v a j' j 


[Paw/tfi, 1936] 
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3. If « — log (x 3 + j 3 +- z 3 — 3 xyz), show that 

/ 5 . d . 3 y 9 r a 

\ dx 6 y dZ'* ( x ' y _r ~y ^ ra ’ 

4. If u = x — 1)1 O','■*■)> prove that 

, d 2 » . d 2 u , o 2 " 

x 2 a ,, 4 2xy , . r . , o. 
dx 2 o-^dj' d_> 2 

5. If z — x 2 tan -1 (j/x) -j 2 tan -1 (x'j), 

, d 2 z -v 2 — J ' 2 

prove that 6 * dj , y 

6. Find d 2 jjdx 1 if x 4 -- _> 4 4 « 2 xj — o. 

7. Find d-yjdx 2 if rfx 2 — 2d.vy — />j' 2 — 23X -*■ ify — c—o 

8. If v = A t ~ 112 e~ xS ta3 ‘. 


[Agra, 1934] 


prove that 

9. The equation 


d" , o-r 

- * 22 * i > 
0/ av- 


ot/ d"» 
df ^ on- 


refers to the conduction of heat along a bar without radiation; 
show that if 

u y \ c qT sin («/ gx), 
where A, g, n are positive constants, then 

& — VC”/ 2 ! 2 )- 


10. If 


_V“ 
b 2 « 


provathat a^ 2 -p « y 2 - //. 2 - 2(.\rt x -~j// y — ^« z ). [Ptf/tw, 1935] 
*11. Prove that ihc equation 

o 2 </> ( 1 d$ 1 d 2 <£ 
dr 2 1 r d r r 2 dO 2 ~ ° 

is satisfied by <f> ( Ar n Br~ n ) cos n (0 — a). 

12. If <f>(x, y) — o be the equation to a curve, prove that 

{(£)'• OV_ __ 

® / d t/> v 2 d' 2 <f> d <f> d <f> Q 2 <[> / d<;6 \ 2 o 2 <f>' 

# \dj/ dx 2 ~ 2 da. dj d\dj 1 Vdx/ dj 2 

- Vi 3. If the curves /(x,j) - o and 4 >(x,j) — o touch, show that at 
the point of contact 

d f dj 4 _ dfd<f> 
dxdj djdx 


- ^3. If 
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14. If % = zxy 1 — }x 2 j, and if x increases at the rate of 2 inches 
per second as it passes through the value x — 3 inches, show that 
if y is passing through the value y — 1 inch, y must decrease at the 
rate of inches per second, in order that £ shall remain constant. 

[Benares, 1951) 

15. The angles of a triangle are calculated from the sides a, b , 
c ; if small changes 5 a, 8 b, 8c ate made in the sides, show that approxi¬ 
mately 

8 A — \a (8; — bb cos C - he cos J 3 )/A, 
where A is the area of the triangle . and verify that 

8.i -)- hB <- 5 C•= o. \Bemms, 1926] 

16. The height of a rover is determined b) obsciving the eleva 
tions 0 and <j> of its summit tiom two points in a direct line with the 
foot of the tower and at a distance a apart Show that the rror m 
the calculated height due to small crrois dO and dp is appioximately 

/ a (sin 2 0 d<f> — sin 3 <f> dO) cosec 3 (0 — <f>) [ Andhra , 1937] 

17. If x,y aie the cooidinates of any pomt and x =■ r cos 0, 
and y = r sin 0 , hnd the values of 

dx \ ( Q0 \ 

SO'r const. ’ ' dv/„ const . ' 


Verify the second result geometrically. 


Prove that 


O 2 0 8f0 

dx 2 r dj 3 


\Ma/h. Tripos , 192'] 


18. A quantity j is derived fiom measurement of a quantity .v b\ 
means of a relation y —/(x,/), where / is a pa*ameter connected 
with x by the relation <f>(x, t) o. 

Show that if an eiror Qv !•> made 111 the estimation of \. 
then the lcsultmg enoi in the computed \aluc ot ) is given approxi 
mately by the formula 

df dp d f dp 

s dx 0 1 0 / 0 v s 

- 5 f - 

0/ 


The luminosity L of a stai is connected with its mass M by 
the relation 

L — aM (1 — p), 

where /? is a positive number less than unity connected with M by 
the relation „ 

1 - j8 = bpM\ 

a and b being given constants. If p is the percentage error made 
in the estimate of M, express the resulting percentage error in the 
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calculated luminosity in terms of p and j 3 , and show that it lies 
between p and 3 p. {Math. Tripos, 1923] 

,19. If x — r cos 0, y — r sin 0, show that 

■ * Qr dx dx rdO . b 2 fl d 2 0 

— j and - o. 

fix or rft() dx a^“ d>'“ 

[T/ipar, 1934] 

20. In a plane triangle, if the angles and s,dc> rcccne small 
variations, prove that 

(a) cos C . t a 1 cos -\. Lc o ; b, H being constants, 

(b) c. A A - u cos Ji. 1 .C o ; a, b being constants. 

[Palna, 1932] 



CHAPTER XII 


ENVELOPES. EVOLUTES 
I2*i. Families of Curves. The equation 

i 

y = mx -\— 

represents, for a given value of m, a straight line. By 
giving different values to m, we get different straight lines. 
Suppose now that m continuously varies from one value 
to another. We get thus a “family” of straight lines. 

In general, if T‘(x, j, a) is an expression involving 
,v, y and a, the curves corresponding to the equation 
F ( a -, y, a) — o constitute a family of curves . Tf cq is a 
particular value of a, the equation J'(x, y, cq) = o re¬ 
presents one member of this family. The sjmbol a, which 
is constant for the same member, but different for different 
members of the family, is called the paramehr of the family. 

12 ’ii. Envelope. Definition. A curve which 

touches each member of a familv of curves, and at each 

«» • 

point is touched by some member of the family, is called 
the envelope of that family of curves. 

For instance, we know by Coordinate Geometry that a 11 straight 
lines whose equation is of the form j = mx -f- ijm touch the parabola 

J 2 = 4 X > 

and also that the parabolaj a = 4.x has at every point a tangent which 
is of the form j = mx +1 jm. Hence we infer that the envelope of 
the family of straight lines 

y = mx -f \jm 

is the parabola y 1 = 4X. 

12 • 12. Envelope. Another Definition. It will be 
shown presently .that, in general, we can adopt the follow¬ 
ing working dentH^pn as equivalent to the previous one : 
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If F(x, jy, a) = o represents a family of curves whose 
parameter is a, and if the curves F(x, y, a) = o and 
F(x,y, a + h) — o cut in a point which tends to a definite 
point P as h tends to zero, the locus of P (for varying 
values of a) is called the envelope of the family. 


12'13. Method of finding the Envelope. Let the 

given family of curves be 

F(x,y, a) — o. .... (1) 

Supposing a to have a particular value, this equation 
represents one member of the family. Let another mem¬ 
ber of the family be 

/ (*v, J, a-\- h) = o .(2) 

The coordinates of the point of intersection* P x of (i) 
and (2) will satisf) the equation 

F(x,y, a + h) — F(x,y, a) = o, 
and, therefore, also the equation 

J'(x, y, a + />) — I (.v, y, a) 

' ~h ' ' ^ °* 


Taking limits as h -> o, we see that the coordinates of 
the point P to which P 1 tends as h o satisfy the equation 
dL(.v, r, a) 


oa 


= o. 


( 3 ) 


Also the coordinates of P must satisfy (i), because 
P is a point on (i). 

If we now eliminate a between (i) and (3), we shall 
get an equation which the coordinates of P will satisfy for 
all values of a. That is, the result of eliminating a 
between (1) and (3) will be the locus of P. 

Hence, the equation of the envelope of the family of curves 
F(x, y, a) — o, where a is the parameter , is obtained by eli¬ 
minating a between the equations 

F(x, y, a) = o 


and 


dF(x, y,jO _ 

“ da ~°’ 


*The argument will apply even when there are more than one 
points of intersection. 


14 
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Ex. i. Find the envelope of the family of straight lines 
y = mx + i jm. 

Differentiating partially with respect to m, we have 
o = *■ — i jm 2 , or m — xr w . 

Substituting in the first equation, we have for the envelope the 
equation 

y = x vi + x in = 2X 1/2 , 
or y 3 — 4x. 

A study of the adjoined figure 
will be instructive in this connec¬ 
tion. 

Ex. 2. Find the envelope of 
the family of straight lines 

- --= a* - b\ 

cos a sin a 

where the parameter is a. 

Differentiating partially w. r. t. 
a, we have 

ax sin a , by cos a 

_ -4- —;— ~ — O, 

cos 2 a Sin 2 a 

or tan 3 a = — — . 

ax 



Therefore tan a = — b ll3 y l/3 ja 1/3 x 1,3 y 

whence sin a = ^ b 1 ' 3 y^ 3 j(a n -' 3 x*' 3 + 

and cos a = ± a 1 ' 3 x^jia 3 ' 3 x w + b-> 3 y t/3 ) 1/3 . 

Substituting these values in the equation of the curve, we have 

± (* 2,s * il3 + P'*jn in + W 3 J™)^ {a * ~ n 

or ± {a 313 x 3 ' 3 + b 3 ' 3 y 3 ^) 3 ^ = ( a 2 — b 3 ), 

i.c„ a 3 ' 3 x 313 -f b* n j 2/3 = (a 3 - b 3 ) 3 ' 3 , 

which is the equation of the required envelope. 


12*14. Elimination in the case of a Quadratic. 
In case the equation F(x,j, a) = o is merely a quadratic 
in a, say 

Acfi -j- Bo 4- C = o, . . . (i) 
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where A, B and C are functions of x and y, the result of 
differentiating partially with respect to a is 

zAa -j- B — o. 

Substituting the value of a from this in (i) we have 

or B 2 — 4 AC — o. 

Hence the envelope of the family of curves 
Aa 2 + Ba 4 - C = o, 
where A, B, C are functions of x, is 

B 2 — 4AC = o. 

Ex. Find the envelope of the family of straight lines 

7 — mx + 1 jm. 

The equation of the family can be written as 
m 2 x — my -f 1 — o. 

Hence the envelope is (— _y)* — 4. x. 1 = o, 
l.e., — 4X. 

Examples 

x. Find the envelope of the line x cos a -\ y sin a — a, the 
parameter being a, and interpret the lesult geometrically. 

Find the envelope of the following family of straight lines : 

2. y — m 2 x + 1 jm 2 . 

3. y = mx + y/{a 2 m 2 + b 2 ), the parameter being m. 

4. y = mx + am 3 , the parameter being m. 

j. xja 4~y/b = 1, when ah — c 2 , where c is a constant. 

6. y — mx + am v , where m is the parameter. 

7. *r cos mO + J sm mO = a(cos n 0 ) m/n , where 0 is the 
parameter. 

8. Find the envelope of the family of circles 

x 2 +7* — 2 ax cos a — lay sin a = c 2 , 
where a is the parameter, and interpret the result. 

Find the envelope of the following system of circles : 

9. (x — a)* +7* = 4a. 

10. (x — a) 2 -f- (7 — a) 2 = 2a. 
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Find the envelope of the following family of curves : 
ix. /x 8 + — a > the parameter being t. 

12. J=t 2 (x — t). 

13. Find the envelope of the straight lines 

x cos a + y sin a = / sin a cos a, 

where the parameter is the angle a. Give the geometrical inter¬ 
pretation. [Bombay, 1936] 


12 * 2. The Envelope touches each member of the 
family. We shall now show that, in general, the envelope of 
a family of curves, deduced on the basis of the second definition, 
touches each member of the family. 

Let any member of the family be 

F ( x,y, a) — o, .(1) 

where a is a constant and equal to a l5 say. 

The equation of the envelope is the result of eliminat¬ 
ing a between 

F(x,y, a) = o, 
and -F(x,y, a) = o. 

Thus the equation of the envelope may be regarded 
as 

F(x, y, a) - o, .... (j) 

in whch a is not a constant, but a function of „v and y 
given by 

6 F(x,y,a) / Ca = o. ... (4) 

Consider now the point P on (1), where P is the limit¬ 
ing position to which the intersection of F(x,y, a,) = o 
and F (x,y, a x -j- h) = o tends as h -» o. This point P 
lies on the curve (1) and also on the envelope (2). The 
tangent at P to the curve (1) has the gradient dyjdx given by 



qF dp dy 
dx ' a y ' dx 


( 5 ) 


where, in the differentiations, a is kept constant and 
equal to a v 

But the tangent at P to the envelope has the gradient 
dyjdx given by 


dF dF dy . (dF da) 

6 x a y * dx 1 5a ‘ d.v| 0 =a 1 


= 0, (6) 
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because a is not a constant for the envelope. 

But in virtue of equation (4), which is satisfied at every 
point of the envelope, (6) reduces to (5) ; i.e., the gradients 
of the tangents to the curve and the envelope at the 
common point P are the same. This means that the curve 
and the envelope have the same tangent at P. In other 
words, they touch each other at P. 

If dF/dx and dF/dj are both zero, the value of dyldx cannot be 
found fiom equation (5) or (6), and the above aigument would break 
down. So the proposition might not be true foi such points. We 
have seen before (§10-25) that if dF/dx - dJ\dj — o at some 
point, then there is a singular point there. 


I2-2I. Equivalence of the two definitions. The proposition 
of the last article enables us to infer at once that in general the two 
definitions of an envelope given in §5 12-11 and 12-12 would give us 
the same cuw t, v. ith the exception that the second definition might 
in certain cases give us a curve the whole or a pait of which is not 
an envelope in the sense of the fitst definition. 

For example, if the curve F(x,), a) - o is the curve Q (which has 
a cusp at P), and C 2 is the cun e 1 (x,j, a h) o, it is evident that 
as h -► o, i.e., as C 3 -> C v P 2 tends to P. Hence 
the result of eliminating a between J — o and 
dFjda --o will be, or will at least include, 
the locus of the cusps. But from the figure it is 
evident that the locus of the cusps will not 
touch C u or C 2 , or the other members of the 
family. 

There are other loci (besides the locus of the 
cusps) which arc sometimes obtained in the 
process of finding the envelope by eliminating a 
between F — o and dF/da = o. The consideration of the subject 
in detail, however, is beyond the scope of the present volume. 



12 3. Further Examples. If the equation to a 
family of curves is not given, but the law is given in 
accordance with which any member of the family can be 
obtained, the equation to the family must first be found 
in a suitable form. 

Ex. 1. Find the envelope of the circles drawn upon the radii 
vectores of the ellipse x 2 /a 2 -\-ji 2 jb 2 = 1 as diameter. 
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Any point on the ellipse is (a cos 0, b sin 0 ). So the equation 
of the circle on the radius vector to this point as diameter is 

* 2 + J 2 — ax cosO — by sin0 = °* 

Differentiating w. r. t. 0, 

ax sin 0 — by cos 0 = o. 

whence 

tan 0 = byjax, sin 0 = byj(a a x 2 + b 2 y a ) 1/s , cos 0 = ax/(a a x* + by) 1 ' 2 . 
Hence the envelope is 

* a a 2 * 2 b a v a 

X +J (?7 + b a y a Y la (a a x a + by) 1 ' 2 ~ °’ 

or x a -j y a — (a a x a b a y a ) 1/a — o, 

i.e., (x a +y 2 ) 2 — a a x a 4- b a y a . 


Ex. 2. Find the envelope of the circles described on the radii 
vectores of the curve r* = a n cos nO as diameter. 

Here it would be convenient to take the polar equation of the 
circle. If (R, ©) be the polar coordinates of any point of the circle, 
its equation is 

R = r cos (® — 0 ), 

or R = a cos 1/fl »0 cos (© — 0 ).(i) 

Differentiating logarithmically w. r. t. 

0 , which is the parameter, 
o = — (i /»).«. tan nO 4 - tan (© — 6 ). 

Hence tan (w — 0) — tan nO. 

Therefore © — 0 — nd 4 - 

or 0 — ©/(« 4- i) — isnt/(» 4 - i). 

By substituting this value of 0 in 0 \ / A 

(i) we get the envelope. ^- 





Ex. 3. Find the envelope of the straight lines drawn at right 
angles to the radii vectores of the spiral r — ae 6 001 0 through their 
extremities. 


The equation to the line through (r, 0), at 
right angles to the radius vector, is 

R cos (© — 0) = r. 

i.e., R cos (© — 0) = aefi 00t 0 , . . (1) 

Differentiating logarithmically w. r. t. 0 , the 
parameter, we get 

tan (© — 0) = cot a = tan (Jji — a). 
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Therefore © — 0 = Jsi — a + «jt, or 6 = © + a — £( 2 /w i)ji. 
Substituting this in (i), the required envelope is 

R cos {a - i(zm+ i)rt} = aei ® + a - -f- i)rt}cota, 

which is of the form R = A e® cot a - 

Hence the envelope is another spiral of the same type. 


12 *31. Two parameters connected by a relation. 

When the equation of a family of curves contains two 
parameters connected by a relation, and the elimination 
of one of them from the equation of the family makes 
the subsequent process of finding the envelope tedious, 
we can proceed as in the following example : 


Ex. Find the envelope of the straight lines 


x 

a 



h 


<*) 


where the parameters a and b are related by the equation 

a n I- b n — c n , .(2) 

c being a constant. 

Let us regard (for the sake of symmetry) a and b as functions of t. 
Differentiating (1) with respect to t (which is now the only parameter), 
we have 

x da db _ 

dt P dt ~ ° - 


Wc have first to simplify this, 
to t, we have 

_ , da 


So differentiating (2) with respect 


dt 


+ b n ~ 


db 

dt 


= o. 


Equating the values 


, da /db 

of 7,U 


' dt 


obtained from these equations, we have 


x y 

_ P , * 

a n-l — b n-l ' . 

We have thus to eliminate a and b between (1), (2) and (3). Now (3) 
gives 

if j * , y 

a b a b 1 

«" ~ b n _ a n + b n “ P ’ 
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whence a”* 1 = c n x, b n + i — r n j. 

Substituting in (2), we have 

( c n x )"/(»+ 1 ) 4- ( c n ^)»/(*+i) = c n , 
or i x , »/(»+i) — ^ n ( B +i)^ 

which is the equation of the required envelope. 


Examples 

1. Find the envelopes of circles described on the radu vectores 
of the following curves as diameters : 

(1) jfi — ^ax. (11) //; = 1 - 1 - f cos 0. 

(ill) r 8 — a 3 cos jfl. (n) r cos” (Ojn) = a. 

2. Find the cm elopes of the straight lines, drawn thiough the 
extremities of, and at light angles to, the iadu vectores of the follow¬ 
ing curves: 

(1) r cos (0 + a) = p. (11) r -- a (1 4- cos 0). 

[Aligarh, 1030] 

(hi) r n cos nO — a n . (i\) r* a” cos nO. 

3. Find the envelope of the stiaight hne x/a -1 j\b - 1 when 
a m fan _ cm+n, w heie c is a constant. 

4. Prove that the envelope of ellipses having the axes ot coordi¬ 
nates as principal axes and the sum of their senu-as.es constant and 
equal to c, is the astroid 

[v 2 /® -j-j 2 / 3 - f®/ 3 . [Bernre r, 1934] 

j. Find the envelope of a system of conccfltnc and coaxial 
ellipses of constant area. [ Patna, 1933] 

12‘4. Evolute. The locus of the centre of curvature 

for a curve is called its evolute. 

Ex. Find the evolute of the parabola j 2 — ipx. 

By §9-2, a — za 3X, ft — — 2 a~ 1/2 x® /2 . 

Eliminating x between these equations, we have 

$ 2 = 4 a ' 1 X s = 4 a .- 1 (a — ia) a /zj, 
i.e., 27«^ 2 = 4(0 — 2<*) s . 

Replacing a and j3 by x and y respectively, we have as the 
equation of the evolute 

z-jajp = 4(x — 2 «)*. 
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12*41. Envelope of the normals. As the centre of 
curvature of a curve for a given point A on it is the 
limiting position of the intersection of the normal at 
A with the normal at any other point B, as B A, and the 
evolute is the locus of the centre of curvature, it follows 
by § X2*i2 that the evolute oj a curve is the envelope of the 
normals of that curve. 

Therefore (by § 12*2 ) the normals of a curve touch the 
evolute.* 

We have thus an alternative method of finding the 
evolute. 

Ex. Find the evolute of the parabola j 3 = 4/zx. 

Any normal to the parabola is 

y — nix — zam — am 3 , 

•where a is a constant and tn the parameter. 

Differentiating w. r. t. in, we have 

o - x — za - 3 am 2 , 

/X za\ 1/2 

i.e., tn — y ^ ) 

Substituting this in the equation of the normal, we get the evolute 



or 27 ay 3 — 4(x — za) 3 , 

as before 


Examples 

1. Find the evolute of the ellipse x 3 ja 2 -\-y 2 jb 2 =■ 1. 

[Allahabad, 1933] 

2. Prove that the evolute of the hyperbola ixy = a- is 

(x +y) 2 ' 3 - (x - j) 2/s = za 2 ' 3 . 

3. Prove that the evolute of the tractrix 

x — a (cos / + log tan £/), y = a sin t, 
is the catenary y — a cosh (xja). 

*The exceptional cases mentioned in § 12*21 evidently cannot arise 
in the case of envelopes of straight lines. 
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4. Prove that the evolute of the cardioid r = a(i + cos 0) is 
the cardioid 

r — Ja(i — cos 0), 

the pole in the latter equation being at the point (jj a, o). 


[There is no standard method of 
finding the evolute of a curve given 
by its polar equation. This question 
can be done as follows: 

Take any point P (r, C) on the 
given cardioid. Let O' be the point 
r — 0 = o. Let C be the centre 

of curvature at P, and let O'C — R, 

LCO'A = ©. Let CM and O'M' be 
perpendiculars dropped on OR 
Then 

PC — |a cos JO, see Ex. 12, p. 135. 

Also r dOjdr -- — cot JO ; 

so <t> = Jit + JO, and [_^ CPM = JO. 

Therefore CM — PC sin JO — Ja cos JO sin JO, 
and O'M' — 00 ' sin 0 — %a sin 0 =- CM. 

Therefore O'C is parallel to OP, i.e., 0 — 0. ... (1) 
Also R — r— OM' — MP — r — ga cos 0 -- \a cos® JO (2) 

= J«(i — cos 0 ). 

Substituting from (1) in (2), we have 
R — Ja(i — cos 0 ) 
as the equation of the locus of C.] 

5. Prove that the evolute of an equiangular spiral is another 

equiangular spiral with the same pole. [ Mysore , 1936] 

[Start with the pedal equation p = r sin a, where a is a constant, 
and prove geometrically that if any point on the evolute is (P, R), 
then P = R sin a, using the fact that <j> = o.] 

6. Show that the evolute of the curve whose pedal equation is 

r a — a® = mpP 

is the curve whose pedal equation is 



r a — (1 — m)a % = mp % . 
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12'42. Length of arc of an evolute. The difference between the 
radii of curvature at any two points of a curve is equal to the length of the 
arc of the evolute between the two corresponding points. 


M 


(0 


A suitable sign being 
given to q, it is evident from 
the figure that, if (a, j 9 ) is the 
centre of curvature corres¬ 
ponding to (x,y) on the curve, 

a = *• — q sin 

S = y 4 p cos ij> 

Let s be the length of the 
arc of the given curve meas¬ 
ured from some fixed point 
A on the curve up to (x, y), 
and a the length of the arc 
of the evolute measured from 
some fixed point on it up to (a, / 3 ). 

Remembering that 

dxjds — cos vp, d)/ds — sin i}>, and dtyjds == 1 /q, 
we have, by differentiating (1) and simplifying. 



da 

Ts" 


dQ 

ds 


iln ^ ds “ 


dQ 

■ J COS Ijl. 


Squaring, adding, and taking the square root. 




da 

ds 


da da da 
da ds ds 


Hence 


dQ 

da 


1. 


Therefore <y — Q + c, where c is a constant. 

Hence a % — a t — Q 2 — Q v where Q 1 and Q s arc the values of Q 
for any two points Q x and p 2 on the curve, and and a 2 are the 
corresponding values of a. 

This proves the proposition. 
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Examples 

1. Show that the whole length of the evolute of the ellipse 
**/<** +fjb 2 = i is 4 (a 2 lb - b*la). 

2. Find the evolute of the parabola and show that the length 

of the arc of the evolute from the cusp to the point at which the 
evolute meets the parabola is 2<z(j\/3 — i), where 4 a is the latus 
rectum of the parabola. [. Allahabad , 1927] 


12*43. Involutes. If one cut vc is the evolute of another, then 
the latter is called an tmolute of th 
former. 

Thus if the curv e C 1 C i C 3 is the 
evolute of the curve P, then 

Pj P 2 P s is an involute of Q C 3 C 3 

If C t and Q arc the centres of 
curvature of the cuive P x P 2 P 3 at P t 
and P 2 respectively, then by the last 
article 



Q P x + arc C 2 C x - C a P 2 

Hence, if a thicad veto wlapp’d round the curve C 3 C t Q and 
were prevented from slipping, it is evident that when the thread is 
unwrapped, being kept taut all the time, the point on the thread which 
was at P 1 to begin wtth will dtsenbe the cuiv e P, P 2 P 3 . 

This explains why the cuive Q C s C 3 is called the evolute of the 
curve P 1 P 2 P 8 . 

Obviously any point on the thread will describe an involute of 
the curve C t C t C 3 . Thus every curve has an infinite number of involutes. 

If the curves P t P 3 P s and P/ Pf P 3 ' are both involutes of the 
same curve, then they arc called parallel cunes, because the distance 
between them measured along their common normal is constant. 


Examples on Chapter XII 

1. A straight line cuts off from the axes of coordinates intercepts 
OA and OB, such that n.OA f- OB = c. Show that its envelope is 

(ji — nx — c) 2 — 4ncx. 

2. Find the envelope of the family of curves (a 2 [x) cos 0 — 

(&[y) sin 0 — c for different values of 0. [Patna, 1931] 

3. Find the envelope of the circles which pass through the 
origin and whose centies lie on 

(I) xP/a* +_y a /£ a — 1. 

(II) r 2 cos 20 = a 2 . 
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4. A circle moves with its centre on the parabola j 2 = 4 ax 
and always passes through the vertex of the parabola. Show that the 
envelope of the circle is the curve X s + y- (x -f 2 a) — o. [Agra, 1928] 

5. Show that the envelope of the family of circles whose dia¬ 
meters are double ordinates of the parabola y- — Afix is the parabola 

./ = 4 a(a -f- x). 

6. Find the envelope of x cos n d -j -y sin" 0— a. 

[. Allahabad, 1927] 

7. Show that the envelope of circles described on the central 
radii of a rectangular hyperbola is a lemniscate 

A = <2 2 cos 2 0. [Madras, 1937] 

8. Find the envelope of the curves 

x m A,m 
a m fcm ~ T » 

where the parameters a and b arc connected by the relation 

c p . 


9. Show that the envelope of the family of parabolas 
(x/ayr. 4 - (yjbyr. & I, 

under the condition ab — A, is a hyperbola having its asymptotes 
coinciding with the axes. 


10. Projectiles are fired from a gun with a constant initial velocity 
Supposing the gun can be given any elevation and is kept always 
in the same vertical plane, what is the envelope of all possible 
trajectories, assuming their equation to be 


y = x tan a — 


2t' 0 2 cos 2 a ’ 


11. A straight line of given length slides with its extremities on 
two fixed straight lines at right angles. Find the envelope of the 
circle drawn on the sliding line as diameter. 

12. Obtain the envelope of the family of curves given by 

** 4 — ■>*- =1 

a 2 1 k* - a 2 ’ 

where a is the parameter. [Allahabad, 1930] 

13. From any point on the ellipse sAja 1 + J'V^ 2 = 1, perpendi¬ 

culars are drawn to the axes, and the feet of these perpendiculars are 
joined. Show that the straight line thus formed always touches the 
curve ‘ 

(*» 2/3 + (jjb) m — 1. [Agra, 1932] 
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14. Show that the envelope of the polars of points on the ellipse 
-\-y 2 jk 2 = 1 with respect to the ellipse x 2 /a 2 +_y 2 /£ 2 = r is 

/6*X 2 _ 

a 4 + **" “ *• 

15. Show that the envelope of the straight lines 

y cos 0 — x sin0 = a — a sinfl log tan (£0 + 4^), 
where 0 is the parameter, is the catenary 

y = a cosh (x/a). 

16. Find the envelope of the ellipse 

x = a sin (0 — a), y = b cos0, 
where a is the parameter. 

17. Find the envelope of a family of parabolas, of given latus 

rectum and parallel axes, when the locus of their foci is a given 
straight line j = px + q- [Punjab, 1937] 

18. Show that the envelope of the straight line joining the 
extremities of a pair of conjugate diameters of an ellipse is a similar 
ellipse. 

19. Prove that the evolute of the ellipse 

b 2 x 2 + a 2 y 2 = a 2 b 2 

is the envelope of the family of ellipses given by 

a 2 x 2 sec 4 a + b 2 y 2 cosec 4 0 = (a 2 — b 2 ) 2 , 
a being the variable parameter. [Benares, 1928] 

20. Show that the radius of curvature of the envelope of the 
line x cos a +y sin a = /(a) is 

/(a) +/" (a). 


[Agra, 1935] 



CHAPTER XIII 


MAXIMA AND MINIMA 

13 • 1. Definitions. A function f(x) is said to have a 
maximum for a value a of x if /(a) is greater than the value 
of the function for every other value of ^ in a small 
neighbourhood of a, i.e., if an e can be found such that 
f(x) — f{a) is negative for all values of x for which 

o < ! .v — a j < e. 


Thus, if the accompanying figure shows a graph of the function 
f(x), and OA = a, we say that /(x) has a 
maximum for x = a, becausc/(a) is greater 
than the values of /(x) for every value of 
x between B and B' (except, of course, 
x = a itself, where the inequality reduces 
to an equality). It will be noticed that/(x) 
is said to be a maximum at x = a, even 
though the value of /(x) at x = a is less 
than the value of /(x) at C. What the 
definition requires is that /(x) at x — a 
should be greater than all other vlues of /(x) in some small 
neighbourhood. Thus a maximum value of /(x) is not necessarily 
the greatest value of f{x). In fact, a curve might have several maxima 
(and minima). 



A function fix) is said to have a minimum for a value 
a of x if/(<0 is less than the value of the function for 
every other value of x in a small neighbourhood of a, 
i.e., if an e can be found such that fix) — f(a) is positive 
for all values of x for which o < [ x — a ] < e. 


13*12. Conditions for maxima and minima. Let 
fix) be a given function of x, and suppose/(x) is expan¬ 
sible in the neighbourhood of x = a by Taylor’s theorem. 
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Then, if o< 0 <i, 

/(*) = f(a) + (x - d)f\d) + (1/2.I) (x - a?f"(a) -f ... 

+ {i/(« — 1)! > (.v — tf)— 1 / < *- 1> (*) 

+ (i/» !) (x — a) n /" {* + 0(x — a)}. 

That is, 

f(x) -f(a) = (a- - a) [/'(a) 4 - (x - a) {(i/i\)f"(a) 

+ (l/ 3 !) (A- _ 

+ (1 /«!) (x — a) n ~ 2 f ,ni (a -)- 6 x — <?)}]. (1) 

I. If /(.y) is a maximum at .v = a, then by defini¬ 
tion, f(x) — f(a), and therefore also the right-hand side 
of (1), must be negative for sufficiently small values of 
| x — a [, whether .v — a be positive or negative. 

But the series which occurs inside the crooked brack¬ 
ets in the right-hand side of (1) is a finite expression which 
does not tend to infinity as .v -> a. Hence the product 
of this expression and (a- — a) can be made as small as we 
please by making [ A' — a J sufficiently small. If, there¬ 
fore, f\a) is not equal to zero, we can make the product 
numerically less than j\a). So, for sufficiently small values 
of [ x — a [, the sign of the expression within the square 
brackets in (1) will be the same as that of /'(a). 

It follows, therefore, that if f\d) # o,/(x) — f(a) will 
have one sign when a- — a is positive and the opposite 
if x — a is negative. Hence f(x ) cannot have a maximum 
at a : = a if f\a) # o. 

Similarly, since for a minimum at x = a, f(x) — f(a) 
must (for sufficiently small values of f x — a | ) be positive, 
whether x — a is positive or negative, it follows that 
/(x) cannot have a minimum also at x = a if f\a) # o. 

Hence a necessary condition >that f(x) should have a maxi¬ 
mum or a minimum at x ~ a is that 

f'(a) = o. 

II. If f'(a) — o, then by (1) 

/(*) -/M = (x - «)»{(i/2i)/"« +(1/3PC* — »)/'" (o) 

+ ••« + (i/»!) (x — d) n ~ 2 / M (a + 0 x — a)}. 
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Now the sign of the expression between the crooked 
brackets is, for sufficiently small values of [v — a j, the same 
as that of f"(a). Also the sign of (x — a ) 2 is always 
positive (x a). Hence f(x) — f(a) will be negative 
for sufficiently small values of [v — a\ and irrespective 
of whether -v > a or x < a, if f"{a) is negative. 

Thus there is a maximum off(\) ct \ — a if f'(a) = o 
and f"(a) is negative. 

Shiiihilv, there is a minimum of f(\) at x = a if 

f'(a) o and f"(a) is positive. 

13 13. Generalisation. The above argument chows also that 
if j'{d) — f"(a ) — f'"(d) — ■ • — A*- 11 id) — o, and /'”> (a) 4 - o, then 
for a maximum 01 minimum, we must have n even. Also, for a 
maximum/w id) must be negative, and for a minimum f {n > (a) 
must be positne. 

Noir. Toi the validity of this proposition it is only necessary 
that f(x) and its first « differential coefficients be cont'nuous at x -= a. 
The higher diflciential coefficients of f(x) may even be non-existent: 
the propositions v ill still be true. This becomes evident from (1) 
of the last article when we notice that f(x) — f(a) now leduces to 
(1 /n') ( x — a) n /W {a f- 0 (x — a)), 
and the sign of this must, on account of the continuity of /“ (x) at 
x — a, be the same as that of (x — a) n /(*> (a) for sufficiently small 
values of x — a. 

13 ’14. Working Rule. The pioposition of § 13 12 
gives us the following lule for determining maxima and 
minima. 

i tnd f\x) and equate it to ^110. Solve this equation for 
x. Let the loots he a x , a 2 ,.... I md j"{\) and substitute 
in it by turns a x , a 2 ,.... 

If f"(af) is nesqtne, we buie a maximum at x — a v Jf 
f"{a J is positive, we have a minimum at v - a v 

If — o, ue must find f'"(x) and substitute in it a v 

If 4 - o, there is neither a maximum nor a minimum at a v But 

l ff”\ a 1) ts °I S0 V r °, we must fi n d f' v (x) and substitute in it a v If 

) is negative, we have a maximum at x — a x ; if it is positive, a mini¬ 
mum. If it is %ero, we must find f v (x), and so on. 

Ex. 1. Find the maximum value of (x — 1) (x — 2) (x — 3). 
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Let /(x) = (x — i) (x — 2) (x — 3) = x 3 — 6x* -f n x — 6. 
Then, for a maximum or a minimum, /'(x) = o, i.e., 

3X 2 — I2X 4 n = o, 

whence x = 6 ^ V( 3 6 JZJjj = z± i/v'3* 

Also/"(x) = 6x — 12. 

VCe see that f"(z +1 l\/i) ls positive and /"(2 — i/V?) is 
negative. 

I fence (x - 1) (x — 2) (x — 3) has a maximum at x = 2 — 1 l\/i, 
and a minimum at x = 2 4 - i/V?- 

The maximum value of (x — 1) (x — 2) (x — 3) is, therefore, 

(1 - i/V3) ( - i/VO (— 1 - i/Vs). 
i-e., (1 - *) (i/Vi). or 2 / 3\/3 

13*15. Properties of Maxima and Minima. lf/(\) 
is a continuous function and so has as its graph an un¬ 
broken cuive, a figure xv ill at once show that: 

(1) At least one maxi mum or one minimum must hi 
between tno equal values of f(\). 

(2) Maxima and minima occitt alttrnately. 

(3) The sign of dyjdx changes from - 4 - to — as x passes 
{while increasing) through the value which makes y a maximum . 
The reverse is the case for a minimum, bee § 4 31. 

These considerations often enable us to decide, with¬ 
out finding dfyjdx 2 , whether there is a maximum or a 
minimum at a particular root of f\x) — o. 

Ex. A rectangular sheet of metal has four equal square portions 
removed at the corners, and the sides are then turned up so as to 
form an open rectangular box. Show that when the volume contained 
in the box is a maximum, the depth will be 

l{(a + b)~ (* - a b- j- V) w»>, 

where a, b are the sides of the original rectangle. [Allahabad, 1931] 

Let x be the length of the side of each of the square portions 
removed Then the volume V of the box formed 

- {a — zx)(b— ax) x . . . . (1) 

— 4X 3 — 2X 2 (a 4 b) r abx. 

Therefore, for a maximum or a minimum V\ we must have 
dVjdx = o, 

i.e., 12x a — 4x(i t -J- b) -j ab — o, 

__ i{ a + b) h \f { 4 (a 4 b ) 2 — nab] 

12 

= ${(* + b) 4 - («* - ab 4 h *)™). 


or 



STATIONARY VALUES ZVf 


«-—- a-2x- .->• 


As a 2 — ab + b 2 = (a — b ) 2 4- ah, and is therefore positive, the 
values we have found are real. But 
the value of x obtained by taking 
the positive sign before the radical, 
viz., $ {(a -f b) -f (a 2 — ab -f b 2 ) 112 } 
is (if a > b ) greater than 

H(*+ +**> iy V 

i.e., is greater than \b, which is t 
impossible (see figure). J 

Hence we have a maximum or 
minimum volume only when 


b~2x, 



-P- 


x=i{(a +b)~ (a 2 ~ab +b 2 ) 1 ' 2 } . (2) 

But V = o when x = o, and also when x = kb, and for inter¬ 
mediate values V is positive. Hence the value (2) of at must give 
a maximum V. 


13-16. Stationary values, dyjdx is the rate at which y 
increases (§ 4 • 3). 

So, if dyjdx is zero at x = a, we say that y is stationary at at = a. 

Similarly ePyjdx 2 is the rate at which dyjdx increases. So, if 
d 2 y/dx 2 is zero at x — a, we say that the tangent to the curve at x — a 
is stationary. 

It is obvious from the above that /(x) is stationary when it is a 
maximum or a minimum. At a point of inflexion the tangent is 
Stationary, but we have neither a maximum nor a minimum there, 
even if dyjdx is zero there, i.e., even if the tangent there is parallel 
to the x-axis. 


13-17. Points where the tangent is vertical. At a point like 
P or Q where we have a cusp with a 
vertical tangent, dyjdx is discontinuous, 
for at P its limit on the right is — 00, 
and its limit on the left is + 00. So 
ePyjdx 2 docs not exist at P. Similarly it 
does not exist at O. Hence such points 
will not be obtained by the preceding 
methods. Fortunately, however, such 
cases do not occur in practical problems. 





Examples 


* 1. Show that x 5 — jx 4 -- jx 3 — 1 has a maximum when x = r, 
a minimum when x = 3, and neither when x = o. 
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*2. Show that x 3 — 3*-® + 3X -f 7 has neither a maximum nor 
a mipimum at x — 1. 

^ 3. Show that x 3 — 3X 2 f 6x )- 7 has no maxima or minima. 

4. Find the stationary points of the function x 5 — 5X 4 + )x 3 -) 1 
and examine for which of them the function is a maximum or 
a minimum. j/l/rgarA, I 934] 

1/ 5. Tind the maxima and minimi, if an), of 

, a 4 /(v 0 (- v - 5 )’ [Dacca, 1937] 

6. Proxe that x/(i - x tan \) is a maximum when x - cos x. 

7. Show that the maximum salue oi (1 'x) x is e Vc * {Patna, 1934] 

8. Show that <in x.(x - cos xj is a maximum when x - Jit. 

9. If dy l dx — (x - a) 2n (x - b) 2pn , while n and p are positive 

integers, show that x— a gives neither a maximum nor a minimum 
value of y, but x b gnex a minimum [Lucknow, 1932] 

^ 10 It x>( 1 - x) - 2.,\ show that j has a minimum value when 
x — a 

11 Show that "n 1 0 co Q 0 attains a maximum when 

0 tan -1 \Z(/>'<7). [Bcnans, 1920] 

12 A person bang in a boat a mile., from the neaiest point or 

the be uh, wishes to reach as qutckl) as possible a point b miles 
fiorn that point along the shoie. The ratio of his rate of walking 
to his late of rowing is sec a. Prose thit he should land at a distance 
b — a cot a from the place to be leached. [Madras, 1936] 

13. Prove that the area of the triangle formed by the tangent 
to a given curse and the axes of coordinates is a maximum or a 
minimum when the point of contact is the middle point of the 
hypotenuse- [Benares, 1931] 

14 'Jshow that the altitude of the greatest equilateral triangle 
that can be cncumscribed about a given tnangle is 

[a 3 4 - b 2 — zab cos (Jjr +- C)} w . 

s 15. The sclocity of waves of wave-length K on deep water is 
proportional to xjQcja -| a,X), where a is a certain linear magnitude : 
prose that the s r docity is a minimum when K - a. 

16. If the sum of the lengths of the hypotenuse and another side 
of a right angled triangle is given, show that the area of the triangle 
is a maximum when the angle between these sides is Jit. f Agra, 1930] 

17. A perpendicular is let fall from the ctntie on a tangent to 

an ellipse. Show that the maximum value of the intercept between 
the point of contact and the foot of the perpendicular is a — b, where 
a and b are the semi-axes of the ellipse. [Nagpur, 1931] 

18. Prove that the minimum radius vector of the curve «*/x a 
-f b 2 jj 2 — 1 is of length a + b. 
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19. Find the maxima and minima of the radii vectores of the 
curve 

c* a 2 b 2 

r 2 sin 2 0 cos 2 0 ’ 

*20. Show that the maximum and minimum values of x 2 4 - y 2 , 
where ax 2 -f- 2 hxy -f by 2 — i, aie given by the loots of the quadratic 

( a — 1 //•■)( b - 1 // 2 ) h 1 . 

Hence find the area of the come denoted by the first equation. 

[Allahabad, 1937] 

21. The three sides of a trapezium arc equal, each being 6 inches 
long ; find the area of the trapezium when it is a maximum. 

[Delhi, 1935] 

22. Find the maximum talue of (log x),x in o < x < oc. 

f Bombay , 1937] 

23. Prove that the maximum and minimum values of the function 
y — (ax 2 + ibx f c)/(Ax 2 t 2 Bx — C) are those values of y for 
which 

(ax 2 + ibx r) - y(Ax 2 - 2 Bx + C) 
is a perfect square. [Mysore, 1937] 

13 ■ 18. Two variables connected by a relation. If 

the function whose maxima and minima are to he found 
is expressed as a function of two variables connected a 
given relation, one of the variables should first be 
eliminated. 

Ex. Assuming that the suffness of a beam of rectangular cross- 
section varies as the breadth and as the cube of 
the depth, what must be the breadth of the stiffest 
beam that can be cut from a log of diameter a ? 

Let the breadth be x and the depth y, and 
let S denote the stiffness. 

Then S = kxy 3 , whete k is a constant. 

But x 2 + y 2 = a 2 . 

Hence S — kx(a 2 — jc 2 ) 3/a . 

For a maximum or a minimum J, we must have dSjdx — o, 
i.e., (a 2 — x 2 ) V2 x . Ij (a 2 — x 2 ) 1/2 (— zx) — o ; 

or a 2 — x 2 — 3X 2 = o, i.e., x — ± h a - 

Hence for the stiffest beam the breadth must be equal to half 
the diameter of the log. 
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Examples 

i. Find the maximum and minimum values d£_ 

(i) ax + by, when xy = c 2 ; 

(ii) sin 2 0 + sin t <f>, when 0 + tj> — a. 

2. A figure consists of a semicircle with a rectangle on its 
diameter. Given that the perimeter of the figure is 20 feet, find its 
dimensions in order that its area may be a maximum. [Allahabad, 1926] 

3. An open rectangular tank, vtith a square base and vertical 
sides, is to be constructed of sheet metal to hold a given quantity of 
water. Show that the cost of material will be least when the depth 
is half the width. 

The strength of a beam varies as the product of its breadth and 
the square of its depth. Find the dimensions of the strongest beam 
which can be cut from a circular log of radius a. [Nagpur, 1925] 

*^5. Prose that a conical tent of a given capacity will require 
the least amount of canvas when the height is yjz times the radius of 
the base. 

6. A lane runs at right angles out of a road 18 feet wide. Find 

to one decimal place how many feet wide the lane must be if it is just 
possible to carry a pole 45 feet long from the road into the lane, 
keeping it horizontal. [Math. Tripos, 1934] 

7. A ray of light travels in a plane perpendicular to the edge 

of a prism of angle i. If the angle of incidence is <f> and the angle 
of emergence <f>', show that the deviation <f> <f>' — i is a minimum 

when <j> = <f>'. [Punjab, 1929] 

[By the laws of Physics, sin </>/sin r l = sin /sin r 2 = |x, where 
ft is a constant, and r t + r 2 — ;.] 


Examples on Chapter XIII 

v/ 1 r. Show that the maximum rectangle inscribable in a circle is a 
square. [1 Calcutta, 1936] 

*^2. Determine for what values of x the function jzx 5 — jx 4 
+ 4 0x3 + 6 acquires maximum and minimum values. [All., 1929] 

3. Investigate the maxima and minima of sin nx sin” x, where 
a is a positive integer. 

*'4. Find the largest and the smallest values of the polynomial 
x 3 — i8x 2 + 96.x in the interval (o, 9). [Math. Tripos, 1931] 

* s. Divide a into two parts such that the product of the y>th 
power of one and the jth power of the other is as great as possible. 

^6. A gas-holder is a cylindrical vessel closed at the top and open 
at the bottom (which^dips into water). What should be die ratio of 

4. 1 «k. « •TOW*'*' * 
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the helgkt to the diameter in order that its construction may require 
the least amount of material ? 

7. Assuming that the petrol burnt in driving a motor boat 
varies as the cube of its velocity, show that the most economical speed 
when going against a current of c miles per hour is J c miles per hour. 

8. The lower corner of a leaf in a book is folded over so as just 
to reach the inner edge of the page Show that the ft action of the 
width folded over when the area oi the folded part is a minimum is 

9 The theory of probabilities shows that if x ly x 2 , x n are 
the measures of an unknown magnitude x, r o that the errors are 
x — Xj, x — *2, x x n , the most probable value of x is that 
which makes the sum of the squares of the etiors a minimum. Show 
that, on this theory, the most probable value of the unknown is the 
arithmetic mean of the measuies. 

10 An electric light is placed directlv over the centre of a 
circular plot of lav n 100 feet in diameter. Assuming that the 
intensity of light varies directly as the sine of the angle at which it 
strikes an illuminated surface, and inversely as the square of its dis¬ 
tance fiom the surface, how high should the light be hung in order 
that the intensity may be as great as possible at the circumfeience 'of 
the plot 5 |ylA >rh, 1930] 

xi. Find the area of the greatest isosceles triangle that can be 
inscribed m a given ellipse, the triangle having its vertex coincident 
with one extremity of the major axis. f Agra, 1934] 

12. A straight l*ne is drawn through the point ( h , k), cutting off 
intercepts a and b from the axes of x and y respectively. Show that 
if the acute angle between the stiaight line and the axis of x is 0, 
a n + b n is a minimum when 

tan 0 — (£/i>) 1 /( n + 1 h 

^ 3 - Show that the semi-vertical angle of the cone of maximum 
volume and of given slant height is tan _1 -^/z. 

y/4. Show that the semi-vertical angle of the right cone of given 
total surface and maximum volume is sin -1 J. [Patna, 1935] 

wj. Show that the cone of greatest volume which can be ins¬ 
cribed in a given sphere has an altitude equal to of the diameter of 
the sphere. Prove, also, that the curved surface of the cone is a 
maximum for the same value of the altitude. \Agra, 1928] 

Show that the volume of the greatest cylinder w hich can be 
inscribed in a cone of height b and semi-vertical angle a is 

57-Jt^ 3 tan 2 a. [Benates, 1933] 

■jf-j. Show that the total surface of a right circular cylinder 
inscribed in a right circular cone cannot have a maximum value 
if the semi-vertical angle of the cone exceeds tan -1 $. 
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**fe. One corner of a rectangular sheet of paper of width 1 foot 
is folded over so as to reach the opposite edge of the sheet. Find the 
minimum length of the crease. [Allahabad, 1932] 

vJ9. The cost of fuel for running a train is proportional to the 
square of the speed generated in miles per houi, and costs Rs. 48 
per hour at 16 miles per hour. What is the most economical speed, 
if the fixed charges are Rs. 300 per hour 5 [Allahabad, 1930] 

[Let the speed in miles per hour v Let the cost of fuel pet 
hour in rupees _ ki" Substituting the given values, k — 3/16. Let 
the distance to be run be s miles Then the time of run — sjv hours 
Hence for this trip the cost < f fue 1 in rupees will be 


,v 



It-, 


1 

16 


sv. 


Also the “fixed charges” (1 e , salaries, etc ) fot this trip are, in 
rupees, 300 sjv. 

Hence the total cost for the tup in rupees 

— is f- 300 sir 1 .(1) 

For a minimum (or a maximum), ,* r — 300 st'~ 2 - o, 

1 e, v 40 

The second differential coefficient of the expiession on the light 
of (1) is evident!} positive. Hence this gives the min'mum cost 
Thus the most economical speed is 40 miles pel hour ] 

20. If POP' and DOD' be two conjugate diamcteis of an ellipse 
PDP'l)' with its ccnlie at O, and from P and D be drawn two pet- 
pcndiculars to the major axis cutting it at A 1 and N respectivelv, 
find the condition so that PM 1 DN maj be a maximum. 

[Allahabad, 1929] 

21. Tangents arc drawn to the ellipse x 2 /a 2 \ J^jb 1 — 1 o and 
the circle x 2 + y 2 — a* — o at the points where a common oidinate 
cuts them. Show that if <j> be the greatest inclination of the c e tan¬ 
gents, then 

a _ b 

tan d> =- . [Allahabad, 1928I 

2 Vw 

22. A conjuror completely conceals a spheie lying on a table 
with a right circular conical cover. Find the least surface of the 
cover in square inches when the radius of the sphere is 3", taking 
7it equal to 22. Find also the semi-vertical angle of the cone. 

[Allahabad, 1925] 

23. A given quantity of metal is to be cast into a half-c}finder, 

l.e., with a rectangulai base and semicncular ends. Show that in 
order that the total surtace area may be a minimum, the ratio of the 
length of the cyhnder to the diameter of its semicircular ends is 
Jt/(rt 2). [ Andhra, 1937] 
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24- N is the foot of the perpendicular drawn from the ccntie 0 
on to the tangent at a variable point P on the ellipse x 2 /a 2 ‘ )~,b- — i 
(a > 6). Prove that the maximum area of the triangle OPN is 
(<? 2 - i> 2 )/ 4 - 

Find also the maximum length of PAT. [ 7 . C S., 1931] 

25. Find the maximum and minimum values of (1 — *) 2 i x 

Show that e® — (1 t- .v)/(t — x ) steadily decicases as * increases 

from — 00 to 4 i, and that it has one and only one minimum tor 
salues of x between x — 1 and x J cc [Loudon, 1932] 

26. The parcel post regulations lestrict parcels to be such that 

the length plus the gnth must not exceed 6 ft, and the lentrth must 
not exceed 3^ ft. Determine the parcel of greatest tolume that can 
be sent by post, if the foim of the paicel be a right circuhi cylinder. 
Will the lesult be affected if the gieatest length peimittcd wue only 
if feet 5 [Patna, 1935] 

v^7 Show that if \ a is an approximate position for a maximum 
or minimum of f(x), then 

/(*)-</'(«)} 2 /» 

is, in geneial, a bettci appioximation than f(a) to the maximum 01 
minimum \alue 

Hence find, collect to x in 1000, the minimum t due of 2v* 
— j8x J f 133V which occurs near x 3 [Mat! li,po\, 1928] 

28 Show that the function x 1 (e* 1) has two stattonau t slues, 

one at the otigin and the other gnen appioximatch by 

x 5(1 c~’) [Math 7 upas, 1932] 

29 Show that (a - a -1 — x)(g — 3% 2 ), whtic a is a positne 

constant, has one and only one maximum \alue and one and only 
one minimum \alue Deteimmc these values, and show thar the 
diffeicnce between them is J(a -f a l )\ What is the least \ due 
of this difteience lot \aiious \alucs of a 2 [Math. 7 i/por, 1933] 

30. An ellipse is inscribed in an isosceles tuangle of height h and 
base ik and hating one axis lying along the perpendicular tiom the 
vertex of the triangle to the base. Show that the maximum atea 
of the ellipse is sy'y jt hk 9 f Math. Tupo r, 1934] 
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INDETERMINATE FORMS. DIFFERENTIALS 


14-1. Indeterminate Forms. The limit of <P(.v)/ 4 >(.\) 
as .v -> a is, in general, equal to the limit of the numerator 
divided by the limit of the denominator. But when these 
two limits arc both zero, the quotient reduces to the form 
0/0, which is meaningless. In the present chapter we 
shall consider what should be done in such and similar 
other cases. 

The form 0/0 is called an indeterminate form. Other 
indeterminate forms are 00/00, o X 00, 00 — 00, o°, 1" 
and oo°. 


14'11. The form 0/0. Let <p(„v) and ^(.v) be func¬ 
tions which are expansible by Taylor’s Theorem in the 
neighbourhood of .v - a. Also let q>(a) -- o, and yp(a) 
= o. 

Then 


lim 


a; a 


<p(x) 

^(x) 


— lim. 


q/(x) 
^'(x) ’ 


We have lim. 


<P(.v) 1; 


v(d) + (x — d)y'(a) + (i/z\)(x — a ) 2 <P "(a) + ... -f R, 
W+ (* ~ W{a) + (1 /zl)(x - a? YX 4 +-. + IV 


by Taylor’s Theorem, where R x = (1 /«!) (.v — d) n 
<p <n> {a -|- 0 (x — a)}, o<0< 1, and R 2 has a similar 

meaning. Now, since cp(W) — o, and 'vji(tf) — o, we get, after 
dividing both numerator and denominator by (x — a), 

i im f’W + (•'--»){(i/2!>p» + 
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This proves the proposition. 


It is easy to see that if $'(«), 4 >"(a ),... and ty'{a), 

... are all %ero, but <f> (n >(a) and ^ n i(a) are nut both 

zero, then 

lim ^ - lim ^ !ni < x > 


Note. i. The existence of differential coefficients of order higher 
than n need not be assumed. (Cf. § 13 ‘ij, note). 

2. The pioposition of this article is true even when we have 
00 instead of a. For, writing if — i//,uc have, if 


K->x <M*) - 0 an<j ,ln W» *K*) - °> 


then lim,.^ 


4 (x) 

tKx) 


= hm^ 0 


Ml 10 

¥m*) 


-- hm ( _, # 


Mm *- 2 

Mm*- 1 * 


by the proposition proved above. 


= llm t->o 


Mm 

Y(*l*) 


- lim 


X —> CO 


M<*) 

¥(>■ ) ' 


Important. The student must not differentiate <f>(x)[ty(x) as a 
fraction by the lule of § 2 5 The numerator and denominator have 
to be differentiated separate!}. 


Ex. Find the limit, as x tends to zero, of (x — sin x)/x 3 . W e have 


, x — sin x . 1 — cos x , , , , , , 

—^3 — lim^o ^ , which is of the form 0/0, 


sin x 


-= b "Wo-6x > 


: lim. 


COS X 


L *-»o 


14* 12. Algebraic Methods. In cases where the 
expansions of the functions involved are known, or some 
of the limits are known, they may be used either to 
solve the problem or to shorten the work. 


Thus in the last example, when we got (sin v)/x, we could have 
put down its limit as 1, without further differentiation. Or, we could 
have solved this problem as follows : 


lim 


x — sin x 


‘*->0 


= hm,. 


x — (x — X 3 /3I + 
► ° £3 
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- X »/} 1 + ... 
X 3 


= lim^o 4 - x 2 /5! + ... 
= *• 


The student should note that differentiating the 
numerator or the denominator repeatedly amounts really 
to finding the coefficients in the expansion of the function 
concerned by Maclaunn’s Theorem; and if the expansion 
is already known, the work can be shortened. 

But in some cases, when, on account of the non-exis¬ 
tence of the differential coefficients, Taylor’s and Mac- 
laurin’s theorems are not applicable, we can still get the 
result by algebraic methods. 


Ex. Find Iim,. >0 -; 1,2ta ^ 2 . 

As x~ lli cannot be expanded in a Taylot’s scries in the neigh¬ 
bourhood of x -- o, the pi oposition of the last article is not applicable. 

x l/a tanx . x lr ~ tan x 

1 (fX _ j)3/2 llm *-0 ( X - 

Exponential Theorem 


But lim„ 


X-!z\ , ...P • by ,hl 


— lim 

- lim. 


x l/2 tan x 
1 x>! , . 

tan x 1 


I 3/2 


i -, (*/*!) + ... 


i a/a 


— 1. 


Examples 

Evaluate the following limits: 


I. 

lin Wi (log x),/(x — 1). 


2. 

Unti-xd 1 — VC 1 — x 2 )}/x\ 

[Aligarh, 1934] 

3 - 

h rn *-+o ( x ~ tan x)/x®. 

[Delhi, 1936] 

4 - 

- e 85 " ®)/(x - sin x). 

[Dacca, 1937I 

5 - 

(xe* - log (1 4 x)J /x a . 

[Andhra, 1937] 
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6. litn J ._ y0 (<?* — b x )jx. 

7. (tan x — x)/(x 2 tan x) [ Nagpur, 1929] 

8 lim^o (cosh x f- log (1 — x) — 1 -r x} /x 2 [Mysore, 1937] 


9 - llm *->i(i ogx log x ) 


, X COS X — log (i -1 x) 

IO. 1 1 m T _y Q ^,1 

[Patna, 1935] 

1/, hnij ^. 0 (sin 2x J 2sin 2 x- 2 sin x)/(cos x 

— cos 2 x) 

yi2 lim,._ >0 log (1 — x-) log cos x 

[Madras, 1934] 

13. Iim,_ vl {xVTa 2 '- 1 ) ~ * 6 ’> /( i-x 2 '' 3 ). 


. x' sin ( c .n \) sin® v 

14 lim* v0 x ,. 

[Be nans, 1932] 

. sin x sin -1 \ x" 

15. hm,_* 0 — - %0 

[Boribaj, 1936] 


14• 2. The Form oc oc. L f l/»/ x , u <f\\) ei/J h u s _ >a 
be / nth n Ji ,ih. 1 / u 


r 01, 


Now let 


lim. 


<p(x) 

tj<x) 


lim. 


hm lim 

X ® ll) \ j * (l 


qp'(x) 

*'(*) ' 

I l|> \) 

I q\\)’ 

\\ Inch is of the form 


lim. 




M')) s 

llU r-»* {«p'(\) Shx)/ J 

1 ^ ^ f 

cp^ ,) • ( 

lun .^«{*Pv v ) ~~ h 


x ~ ya \\)) 


Three ciscs arise. 


(x) 

(*) 
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Case I. If X is not zero or infinite, we can divide 
both sides of equation (1) by X 2 and thus obtain the 
following: 


X -1 — lim 


Hence 


X = lim 


'*- >a qp'(.v) ‘ 

<P%v) 


u *->o ,j/( v ) • 

Case II. If X — o, then, adding 1 to each side of 
equation (2), + ^ 

41 — <v) 


X + 1 


X-+C 


- b y casc T > 


= lim. 


Hence 


X — lim. 


x-> a 


lim 


, x 

^(-v) b 
•P'C-v) 

nv)' 

Case III. If X = 00, then 
1 ’ • lim._ 0 , by case II. 

<P'(.v) 

'f'(-v) * 

Hence, in every case in which lim^,, <P(.v) = oo and 

x ->o 


- — lim. . „ -7-r 

x 

Hence X — lim 

:nce, in every case ii 
Tjj(.v) ~oo, wc have 


lim -1! 

V(x) 


lim 




<P%v) 


Although the quotient of two functions can at once be put in a 
form which would give rise to the indeterminate form o/o, instead 
of 00/00, and vice versa, care should be taken to select the form 
which would enable us to evaluate the limit most quickly. Also, in 
most cases coming under the form oo/co, it is necessary to transform 
to the form o/o as soon as convenient; otherwise the process of diffci- 
entiating the numerator and denominator would never terminate. 
Thus, if we once have x~ 1 in the numerator (or the denominator) 
and the limit when x -+ o has to be found, successive differentiations 



THE FORM OXOO 


would involve x~ 2 , x -3 , x- 4 , . .., which all > oo as x o. So a 
change to the form o/o has to be made at a suitable stage. 

Note, (i) As before, by writing x - jjt, we can show that 
the proposition of this article is true even when a — jo 

(u) The proposition is evidently true also when one or both 
the hmits are — oo. 

Ex. Find lim x _ >0 ^S_£. 


This is of the form oo/oo. Wc have, therefore, 

hm^,/ 0 ^ X — lim _* 0 1 * , (forrr 

*^ u cot x * u — cosec- v v 


, (form oo/oo) 
— cosec-v ' ' 


- sin 2 v . 

\->o - A (torm o ( o) 


2 sin \ cos x 


*4 •21. The form ox oo. 'Hus can easih bt reduced 
either to the form o/o ot to the form oo/oo. 

Ex. Evaluate lim*log x. 

We have lim,^., x log x (vhich is of the form o x oo) 

- 1h*Wo (form co/co) 

=-' H-»o _ I I / ^ X 2 ~ lm Wo (- x) - 0 

14*22. The form 00 — 00. This can be icduced to 
the form 0/0 or 00/00. F01, 


<p(v) — 'K-') 


^x) . q>(\) 

and if the left hand side is of th^ foim 00 — 00, the right 
hand side is of the foim 0/0. 

Ex. Evaluate lira, r , (sec x — tan v). 

Ini) T _* T/a (seex - tanx) Iira^, 2 - co ^ x “ V (* oim o/o ) 


- lim. 


- sin x ° - 
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14 ‘3. The forms o°, 1“ , oo°. These can be made 
to depend upon one of the previous forms. For, since 

<p(.v) = glogjM 

we have { <p(x) } * <z> — e* < * > lo “ ; 

and thus if {<p(.v)} * <x) assumes any of the forms o°, i“, 
or oo°, we have only to determine the limit of 
log <p(.v) by one of the previous methods. 

The student sometimes wonders why i “ should be an indeter¬ 
minate form, seeing that 1 raised to any power gh.es i. But he 
should notice that this only entitles him to conclude that if 

-- 00, 

then 1 lm x-*u — 1. 

When </>(x) -* i as x -*■ a, and at the same time qi(x) -> oo as 
-v a, then lim { <j>(x )} might be anything; for the value of 
{ <j>(x )} ■>(*) when <j>(x) is not exactly, but only approximately, equal 
to 1, is not necessarily near to 1 when i|>(x) is lame. Consider, for 
example, the value of (1 -oi) 1000000 . Applying the Binomial Theorem, 
wc see at once that it is far greater than t. 

Ex. Evaluate lim^^ (i + a lx)*. 

-Here hm*-**, (x log (i + a/x)} (which is of the form o X oo) 

-1 + 

=• « «(i + tf/x )' 1 = a. 

Hence lim,^ w (1 + a/x)* ^ e a . 


14 • 4. Compound Forms. In case a given function can be broken 
up into two or more factors, the limit of each of which can be easily 
found (either by the methods of this chapter or by mere substitution), 
then the limit of the entire function can be determined by evaluating 
the limit of each factor separately, provided that the product of these 
limits is not itself in an indeterminate form. A similar rule would 
apply in the case of a quotient, sum, difference or power. The 
student should be on the look-out for recognising cases in which 
such methods are applicable. 
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Examples 


Evaluate the limits of the following functir .ns for thd values of 

noted 

against them: 




log sin 2x 

0 y y r> 


cot 2,\ 

1 » 

log sin x 

2 * 

» X -> O. 

cot AT 


e* 


log ' * 

3 - 

*3 >x-+ 00- 

4 - 

* 

5. 

log(l-_x) u 

6. 

sec xv 

» x -» A. 

* 49 

cot JCX 


tan 3 xv 

V 

7 - 

(1 4 - x) 1 '* — f 

, X 0 . - 

X 

U 

• [Punjab, 1937] 

8. 

log (x - 1) tan jxv 
cot JCX 

-V 1 

from the right. 


9. x log sin x, x o. 10. sin .v . log x, x -y o. 

11. (1 — sin x) tan x, x-> Jit. 12. 2* sin (a t z r ), x -y 00. 

[Dacca, 193 5 J 

2 1 ' 

* 3 - 

/ 


— . x -y 1. 14. x tan .s - Ait sec x, x -y in. s ~l 

X* — I X -- I •* - 


15. 

19. 

21 . 


II , I . 

, X -y o.. , ,16. see X —-— , X -> Jx 

■ i — sin x 


.v 2 sin 2 x ’ 


((7 1 * — i) X, X -> 03.*' *8. , (1 -+- X- 2 )* X -9- 00. 


/ tan x \ 11 ' ^ 

( X ) > X ^°- 


'tnnx\ 1 ' x ~ . .} 

X -9 o. 


r/ tan x\ *<* 
\ x ) 


1 /x 3 


/tanx\ 

(;-) 


o. 


r jl' 

[Cal., ’38] 

22. (sm x) 2 tan *, x £x 

['%•> ’ 3 °] 


“23. x*~“, x -y 0, where a is an even integer 

and x > 0. 

6.4,. x x -y 1. 

[13f«a;vt, 

25. (z(cosh x — 1 )/x 2 } 1 * 2 , x 0. 


26. c{eV{a-a) _ x } -i- { f l/<s-o) -J- ij.,x -y a. 


27. (<? 0 x m + a l x m_1 + ... a^) 1 '*, x -> 00. 


28. (log x) 1/(1_loB •), X -y *. 


29. {(log x)/x} 1 /8 , X -y CO. 

[Punjab, 

30.’ (cos x) 00 ^ *, X -> 0. 

[Patna, 
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14* j. Infinitesimals. Before the theory of limits had been 
put on a sound basis, an infinitesimal was defined as a number which 
was different from zero and yet numerically smaller than any 
assignable quantity. 

But if € is an infinitesimal, one sees no difficulty in assigning 
a number ; and then, how j e | would be less than | Je | passes 
comprehension. Hence, according to the modern theory, the infini¬ 
tesimal does not exist at all.* 

When the expression ‘ mfinitesim.-' I,” or “infinitely small quantity”, 
is now-a-days used at all, it is used to denote a variable which tends to 
v'ero. Such a form of expression, appealing as it does to a mode of 
thinking which is essentially non-arithmetical, is better avoided f. 

If y is a function of x, and Sj is the increment my corresponding 
to an increment fix in x, then the infinitesimals most generally 
considered are 8x and 8 y. 

I4 - 51. Orders of Infinitesimals. The word “order” is used 
in connection with infinitesimals in the same sense in which it is used 
for small quantities (§ 6- 41). Thus if 8v and 8 y are infinitesimals, 
8x and by are said to be of the same order if lim^.^,, (by/bx) is a 
finite number different from zero. 

Again, if 8x is regarded as an infinitesimal of order 1 , then 8 y 
is said to be an infinitesimal of order n if lim 8l _ >0 |8j/(8x) n } 
is a finite number different from zero. 

If lim 8l _* 0 (byjbx) — o, then 8 j is said to be an infinitesimal 
of a higher order than 8x. If (8 y bx) = oc or — 00, then b y 

is said to be an infinitesimal of lower order than bx. 

In problems in which the limit of the ratio of all the infinitesimals 
to one of them, say bx, is taken, all infinitesimals of a higher order than 
8x can he omitted, and any infinitesimal (say by) can be replaced by another 
which differs from by by an infinitesimal of a higher order. This is obvious 
because the ratios to 8x of the quantities proposed to be omitted 
or added will all tend to zero 

14’ 5a. Element. The word element is generally used in the sense 
of a small increment. Thus when it is said “Let 8r be an element 
of the arc,” what is implied is that the length of the arc up to any 
point is a function of some variable, say x, and that bs is the increment 
in s corresponding to an increment 8x in x. The context will show 
whether bs is being treated as an infinitesimal, or merely as a small 
fixed quantity. 

*A perusal of the Historical Note at the end of this book will 
be very instructive in this connection. 

fE. W. Hobson: The Theory of Functions of a Real Variable, 
Vol. I, p. 43 (3rd edition). 
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14’53. Meaning of dx and dy. We know that 
d (sin x) 

dx - C ° SX ’ 


where the 4 (sin x) and dx, taken separately, have no meaning. Very 
often this equation is written as 

d (sin x) = cos x dx, 

in which also d(sin x) and dx are regarded as having really no 
separate existence and no meaning. 

But those who employ infinitesimals consider dy and dx in the 
equation dy —y' dx to be infinitesimals such that their ratio is y. 
Thus they really look upon dyldx as a fraction. 

The infinitesimal dy is then called the differential of y and the 
infinitesimal dx the differential of x. 

The value of any differential by itself can never be determined, 
but the ratio of two differentials may be definite. 

For clarity of ideas differentials have been avoided in this book. 
What has been written above is simply to enable students to follow 
discussions which use these. It should be remembered that equations 
expressed by means of differentials are, in general, capable of 
immediate translation into the language of differential coefficients. For 
example, the equation 

ds — \/(dx 2 + dy 2 ) 

is the same as the equation 


du = dx + ^ dy +- -dz 
dx dj y dz 


is the same as the equation 


du __dn dx du dy 5 # dz . 
dt ~ fix dt fi_y dt dt ’ 


and 

is the same as 


d 2 (sin x) = — sin x dx 2 


d 2 (sin x) 

7x~ J = ~ sm x ' 


14*54. Perfect Differential. The expression 

f(x,y) dx + <f> (x,j) dy ... . (1) 

is called a perfect differential, or an exact differential, if a function tl>(x,j) 
exists such that its differential dty, viz., 

, W j.. 
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is equal, for all values of dx and dy, to 

/(x,j) dx + <f> (x, y) dr. 

In order that (i) be an exact differential, it is necessary, there¬ 
fore, that 


/(•*» j) = ^ . and <f>{x,y) = ^ . 

Differentiating these equations with respect to y and x respectively, 
■we see at once that, in all ordinan cases, in outer that J(x, y) dx 
+ d> {x.y) dy be an exact differential it >s necessary that 


3 f dj> 
dy dx' 

It can be easily shown that this condition is, in general, also 
sufficient for (i) being an exact differential. 


BxAMPI.Es ON Ch ' PTER XIV 


X. Evaluate lhn a ._ >1 ^i) ^ • 

2. Does the limit of x -1 e 1/a as ,v — o exist ? Do the limits on 


the right and on the left exit! ? 


3. Show that 


4. Prove that 



lirn,^,, 

j. Show that 

lin Wa 

6. Find 

linWo 

7. Find 



(i 4_.v) 1/x - e f $ex _ ne 


x , tan tt ( x /2 o ) 


24 

[Nagpur, 1932] 
= e 2,T . 


'sinh^c- \ 1,x 

V AT / 

' X 2 + 2X > 


[I.C.S., 1934] 

8. Find the values of 

© ~ log (1 + x){; 

(ii) a and b in order that 


may be equal to 1. 


x(i + a cos x) — b sin x 

-se- 


[Allahabad, 1934] 
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9. Evaluate the limits 

(i) lim,. a * sin * ~ 7 s * n ^+3 sin 3* 
' tanx — x 


(ii) lim a _*, 


y/ jx — y /(n — x) 
1X ~ 3\/( I 9 - 5 ^) ' 


[Allahabad, 1932] 


10. Evaluate 


^ m *^-o( J{ .a xtanx)" 


[Allahabad, 1930] 


11. Obtain, by Maclaurin’s theorem, the first four terms of the 
expansion of «* “* * in ascending powers of x. Hence or otherwise 
obtain the limit of 

fX fSt cos * 

x — sin x 

as x tends to zero. [. Allahabad , 1933] 

12. Find the limit of 

1 — atr x — be- 2 * — rr- 3 * 

1 — ae x — be 21 — re 3 ® 


as x tends to zero, in the three cases 

(i) a = 3, b = - 5, e = 4 ; 

(ii) a = 3, b = - 4, c = 2 ; 

(iii) a — 3, b — — 3, r = 1. [Math. Tripos , 1923] 

13. Find the limiting value of x"e - * as x increases to infinity 

and of x m (log x) n as x decreases to zero, where m and n are positive 
integers. [Math. Tripos, 1923] 

14. Prove that 

1 ~ 4 sin 2 Jrtx JtV3 

** = 6 ’ 

and find, correct to 3 decimal places, the value of the root, near to 1, 
of the equation 

1 — 4 sin 2 jinx 3 tv /3 

. — — I -001 —= o. 
i — x 2 6 

[Math. Tripos, 1932] 

13. Evaluate the limit 

linWo (a* — £®)/(r* - d% 
where a, b, c, d are positive and c is not equal to d. 

Evaluate also lim^j (1 — x + logx)/{ 1 — (2x — x*) 1/3 }. 

[Math. Tripos , 1934] 
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TAYLOR’S THEOREM 


15*1. Taylor’s Series. We have proved in Chapter 
VI that 

/(*) = f(a) + (.v - a)f'i«) + (1/2!) (x- dfr(d) + ... 

+ WO — ^)"- 1 / <n ' 1> 0) 

-f (1 /«!) (.v - j) n f in) {a -(- 0 (x — a)). 

Denoting the first n terms on the right by S n (x) and 
the (n + i)th, i.e., the last, term by R n (.v), we have 

fix) ^ SJpc) + R n (.v). 

Suppose now that/(.v) possesses differentia] coefficients 
of all orders in a domain {a — X', a + X) of .v, so that 
n may be taken as large as we please without violating the 
conditions under which Taylor’s Theorem was established. 
Suppose further that R n (x) -» o as n -*■ 00, for every value 
of x in (a — X’, a + X). 

Let now « increase indefinitely. Then S n becomes 
an infinite series and we get 


f(x) = f(a) + (x - a) f'(a) 


+ <X - 2 , a,! f"(a) 



a) B 


f«(a) + - , 


where a — X' < ,v < a + X. 

This theorem also is known as Taylor’s Theorem. 

When we want to distinguish the finite expression of Chapter VI 
from the infinite series obtained here, the former is referred to as 
Taylor's formula, or Taylor’s development in finite form, and the latter 
as Taylor's series, or Taylor's expansion. 
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R n (x) is called the Remainder after n terms , because it 
is equal to the result of subtracting from f(x) the sum of 
the first n terms of the Taylor’s Series of Various 
expressions can be found for it. The one found above, 
viz., 

R .(X) = f“{. + 6(x - a)}, 

is called Lagrange’s form of the remainder. 

15 2. Another form for the Remainder. In § 6 * 9, 

in the assumed expression for f'(x), if we had written the 
last term as — (b — x)jO instead of — (1 /nl)(b — x) n £), 
and carried out the rest of the investigation as before, 
the expression for Il n (.v) would have come out as 

R„(x) = <X = 0) " f “( a +«(*-»))• 

This gives Cauchy's form of the remainder. 

Of course, even for the same function, the values of 0 in the 
remainders after n terms in Cauchy’s and Lagrange’s forms would 
not be the same. 

15 *3. Some expansions. 

1. sin x. The formal series obtained in §6*2 viz., 

sin x — x — .v 3 /3! + x 5 /j!..., 
is convergent for every finite value of x. Moreover 
sin .v and all its differential coefficients (which are one of 
the functions dr *>in .v, dr cos * v ) arc numerically less than 
or equal to 1, whatever be the value of .v. 

Hence, for every value of a-, R h < (.v — a) n jn !, which 
-*■ o as n -*■ 00. 

Therefore sin a- = .v — a- 3 /}! -f- a^/j! — ... for every 
value of .v. 

2. cos x. The expansion of this is similar to that 
of sin A'. 

3. log(i + x). The formal series which we get by 
the method of § 6 • 2 is convergent only if — 1 < at < 1. 
Hence we consider only these values of x. 
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taylor’s theorem 


I. x positive. Lagrange’s form for R„ gives 


R -M = (- ')- 1 


which -> o as « -> oo, because {x/(i + 0x)} w is not greater 
than unity, whatever n may be, when x is positive and 
not greater than 1. 

II. x negative. Cauchy’s form gives 


= (- 0"- 1 


^ 1 / 1 — 9 

X ‘ I -|- 0X\I -(- Ox 



which ■> o as n -»■ 00, because by, supposition ] x ] < 1, 
so x" -> o, and the othei factors do not tend to infinity. 

Hence the formal series is a valid expansion when 
— 1 < x < 1. 

4. (1 + x) m . If m is a positive integer, the expan¬ 
sion consists of only a finite number of terms and there 
is no remainder to be considered. 

If m is not a positive integer, we get an infinite series 
which is convergent if | x | < 1 and divergent if ] x [ > 1. 
We take, therefore, [ x | to be less than 1. The case when 
f x ] is equal to 1 is mote difficult and will not be con¬ 
sidered here. 


Cauchy’s form for R B gives 

R n( x ) = W(«— 1)!} -v” (1 — O)*- 1 . m(m — 1) ... 

{m — «-f- 1) (1 -j- fix)”-*. 

( 0 - 1)1 ■ 

Now mx( 1 -f- 0 x) w_1 remains finite as n -*■ 00, be¬ 
cause 0 always lies between o and 1 and so mx( 1 -f Ox)* -1 
lies between mx and mx{ 1 + x)*- 1 . Also, since f x | < x, 
so I Qx [ < 0 and therefore 1 + 0x > 1 — 0 even if 
0x is negative. Hence the second factor in R n (x), viz.. 
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{(1 — 0)/(i + 0.x)}”- 1 is not greater than unity. The last 
factor, viz. 

(» — 1) (m - 2) {m - n + i) x 
(« - 1)! 

must -> o as « -> oo, because the series whose «th term is 
this is known to be convergent. Hence R n (x) o as 
n -> 00, and we find that the Taylor’s series for (i + x) m 
is valid for every value of if [ x | < i. 

Ex. Is x * /3 expansible in the neighbourhood of the point 
x — o in Taylor’s series ? 

The second differential coefficient is 4 . £ . x 2/3 . As the differential 
coefficient of x 2/3 at x = o is non-existent (see § z • 12 ), it follows that 
x ® /3 is not expansible in any neighbourhood of x = o in Taylor’s 
series. 

Taylor’s Theorem is said to fail for such a case. 


15 -4. Total Differential Coefficient. In § 11-13 it was assumed 
that if 


A = fif), y = X + b = 4>(t + t), y + k = tp(/ + t), 

f{x,y + k ) df(x, y ) 
dx 


a*. i™,,,, ■&+*•£+« 


(•) 


We can now prove this. By the mean value theorem, using 
d/dx instead of djdx, as there are now two variables, and assuming 
d fjdx to exist, we have 

f(x + b,y 4- k) — f(x,y 4- k) _ df(x + Oh,y 4- k) 

_ -- , o< 1. 

Assuming further that d fjQx is a continuous function of the two 
variables x andj, and remembering that h and k both -> o as t -> o, 
we see that 

<• df(x + Ob,y + k) _ df(x,y) 

hm T ^ 0 — dx -; asr - * 

which establishes the truth of ( 1 ). 


15*5. Commutative property of partial differential co¬ 
efficients. We shall prove that a sufficient condition for the 
equality of 

ay d ay 
a*a j an a ja* 

is that these differential coefficients be continuous. 



2JO 
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Consider the expression 

/(* + h,y 4- k) -f(x,y + k) -/( x + b,y) +f(x,y) , . 

bk ' • K) 

Let F(x) stand for f(x,y + k) - f(x,y) .(2) 

Then the numerator of (1) is F(x + b) — F(x). Keeping y 
constant and applying the mean value theorem, we see that 

F{x 4 - h) — F(x) =- b F x (x 4 o x h), o< 0 1 < 1, 

= HL( X 4 - y + k) -f x (x + V. j)}> 
d t 

by (2), where f x means ~. 

Thus (1) becomes 

{/.<* + °A y 4 - k) -fjx J- 0 x h, y)} Ik. ... (3) 

Regarding (3) as a function c>f y, and applying the mean value 
theorem, the expression (;) becomes 

k Lvi x + °A J -1 0^)16, o < 0 2 < x, 
where /„, means £(^). 

So (1) becomes f xy (x j- 0 x h, y - T 0 ^) . (4) 

But if we first let <(,()) stand for f(x f b, y) — f(x,y), and thus 
apply to (1) the mean value theorem by regarding it first as a function 
of J* (x being kept constant) and then as a function of x, we can show 
that (1) is the same as 

Lx ( x + 0 s b, y 4 - 0 t k) .(5) 

Thus the expressions (4) and (3) arc equal. Taking limits as 
bp- O and k -> o, and keeping in mind that the functions (4) and (5) 
ate continuous, we get 

fiy (■*» y) —fy% (x,_y)> 
which was to be proved. 

* 

Examples on Chapter XV 

1. Expand e® by Taylor’s Theorem. 

2. Find by Maclaurin’s Theorem the first four terms and the 

remainder after n terms of the expansion of e ax cos bx in a series of 
ascending powers of x. . [Nagpur, 1927] 

3. Prove that 

f{x) =/(o) + xf'( o) 4- (i/2!)x 2 /"(o) + ... 4- (1 ln\)x n fW( 9 x), 

o < # < t» and state the conditions under which the expansion holds 
good. 
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Expand cot -1 x in ascending powers of x. [Aligarh, 1935] 

4. Show for what values of x and at what differential coefficients 
Taylor’s theorem will fail if 

,,, (x- a y 0 (x - by™ (x - ( y™ . ., , , . 

/(*) = - — ^ ■ [. Allahabad, 1927] 

5. Show that 

F(* + 4 ) + F(y - 4 ) - *£(*) , p „ (x + #4)> 

where 0 is some number between — 1 and 1. [Ma/i. Tripos, 1925] 

6. Writing the mean value theorem as 

f(b) -/(«) =--(£- «)/'(c), a < e < b, 

find t if /(x) — x (x — 1) (x — 2), a — o, b — 

[Math. Tripos, 1935] 

7. If the mean value theoiem is 

/(&) -/(*) (* - 

find x x when /(x) — X s — jx — 1, a — — 11/7, & = 15/7. 

Sketch the graph of the function between x = — 2 and x = + z 
and indicate on it the geometucal significance of your result. 

[Andhra, 1937] 

8. With the help of the mean value theorem, show that if x > o, 

. , x log 30 e 

logio (* t 1) =■ j ... q x . 

where o < 0 < 1. [Madras, 1936] 

9. Show that the Madauiin expansion of e~ v ^ i is not valid in 

any interval, however small. [Mysore, 1936] 

10. Discuss the applicability of Rolle’s theorem in the interval 
(o, 2) to the function /(x) — 2 -p (x — i) 2/3 . Illustrate your answer 
by a sketch. [Bombay, 1936] 
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1. Find the asymptotes of the curve 

X s + 2X^y — x> 2 — 2y s + x 2 —j 2 — 2x — = o. 

[Patna, 1937] 

2. Find all the asymptotes of the curve 

jx 3 + ix 3 y — 7xy 2 + yf — 14 X J 4 7J 2 + 4X h 5J = °- 

[Agra, 1937] 

3. Show that a cuive normally approaches its asymptote on 
opposite sides and towards opposite ends. Discuss the approach of 
a curve to a pair of parallel asymptotes. 

Find the asymptotes of 

(x —y? (x - yi) (* — 3j) — M* 3 —y) — + j) (x — 2j) = o. 

[Bombay, 1935] 

4. Show that the initial line is an asymptote to two branches of 
the curve 

r 3 sm 6 — <2* cos 2 0 . 

5. Show that the points of inflexion upon x 3 y — a 2 (x — y) are 

given byx=o,x-± [Patna, 1937] 

6. A line is drawn through the origin meetmg the cardioid 
r = a (1 — cos 0) in the points P, J2 and the normals at P, j Q meet 
in C. Show that the radii of curvature at P and Q_ are proportional 
to PC and QC. 

7. Find the points on the parabola y 2 — 8x at which the radius 

of curvature is 7}^. [Madras, 1935] 

8. Find the curvature of the curve 

y( 1 + x 2 ) = 2X 

at the point where y is a maximum, and mdicate roughly the shape of 
the curve. [Andhra, 1937] 

9. Find if the curve y = log x is concave or convex upwards. 

[Punjab, 1932] 

10. If the equation to a curve be given m polars r — /(0), and 
if u = ijr, prove that the curvature is given by 



■where ^ is the angle between the radius vector and the tangent at 
the point (r, 0). 
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Deduce, or otherwise prove, that the curvature is given by 

i dp 


r ' dr ' 


[Bombay, 1936] 


11. Find the circle of curvature at the origin for the curve 

x +J — ax 2 a- by 2 r ox 3 [Bombay, 1937] 

12. If n denotes the length of the normal PG, intercepted between 
the point on the curve and the x-axis, show that 


Q __ 1 zJ 12 

n yyf 

Apply the formula to the curve y — c cosh (x/c). [Bombay, 1936] 

13. Trace the curves 

(I) of = x 2 y f- x 3 , 

(II) rcos 5 0 — a. [ Bombay, 1935] 

14. Trace the curve y-(x 4 - a) = x 5 (x — a ), and show that the 
tangents at the points of inflexion are 

5X ± } \/}y — 4a — o. [Radford] 

ij. Find the asymptotes of the curve 
xjp — a\a -+- x), 

and trace the curve, showing that the point (— a, o), where the curve 
crosses the axis of x, is a point of inflexion. 

16. If « — tan -1 {y x), prove that 

_ e J « 
ax 2 a y 

17. If u — (1 — 2 xy r 7 2 ) -1/2 » prove that 

oxj (i -*■>£} -•-a* [Delb> ’ i93j] 

18. If f (x,j, f) ls a homogeneous function of the «th degree 

in x, y and prove that 

dj 2 + ^ dc* -^dydz Z d^dx ^ ^ dxdy 

= nin — 1 )/(x, j, ^). [Madras, 1937] 

19. If the sides of a triangle ^ 4 BC vary in such a way that its 
circum-radius is constant, prove that 

da db , dc 


[Radford] 
[Bombay, 1936] 


+ ^ 
cos A cos B 


[Mysore, 1937] 


cos C 

20. Find dB/dA, where .d, B, C, the angles of a triangle, satisfy 
S sin B sin C = b. [Andbra, 1936] 
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21 . 


If £ = xyf(jjx), show that 


x + J I?. = 23;. 

dx J dj 


Show also that if % is a constant, 

T(j$ = {*(-' + ’4)}/M- , ~*k)}- ■’«> 

22. An equilateral triangle moves so that two of its sides pass 
through two fixed points. Prove that the envelope of the third 
side is a circle. [Patna, 1957] 

2}. Find the envelope of circles which pass through the origin 
and have their centres on the equilateral hyperbola x 2 — y 2 — a 2 . 

[Agra, 1936] 

24. Find the envelope of a family of parabolas of given latus 

rectum and parallel axes when the locus of their foci is a fixed straight 
line. [Bombay, 1937] 

25. If (a, fi) is the centre of cuivature, show that for the curve 

X V3 yi/3 — a V3, 

a = x + 3X 1/3 _y 2/s , 

J3--J-+ 3**V /3 > 
and that the equation of the evolute is 

(x +j) 2/s + (x —y) 2 ' 3 = 2 a 2 ' 3 . [Punjab, 1931] 

26. Show that the envelope of the family of straight lines 

ax sec a — by cosec a = a 2 — b 2 

is the curve 

(ax) 2 ' 3 + (by) 2 ' 3 = (a 2 - b 2 ) 2 ' 3 . [Punjab, 1930] 

27. Find for what values of x the following expression is a maxi¬ 
mum and a minimum respectively : 

2X 8 — 2 ix z + )6x — 20. [Calcutta, 1936] 

28. Investigate the maxima and minima of the ordinates of the 
curve 

y = (x- 2)« (x - 3)®. [Mysore, 1937] 


29. Determine the values of x for which the function 12X 5 — 

45x* + 4°x 3 + 6 attains an extremum, and investigate»the nature of 
the extrema. [Dacca, 1935] 

30. Show that the greatest triangle inscribed in a circle is equi¬ 
lateral. [Patna, 1937] 

31. In a submarine telegraph cable the speed of signalling varies 

as x 2 log (i/x), where x is the ratio of the radius of the core to 
that of the covering. Show that the greatest speed is attained when 

this ratio is 1: y/e. [Agra, 1937] 

32. Find the maximum value of x 2 /#® 2 . (Andhra, 1936] 
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33. Find the volume of the greatest right circular cone that 

can, be described by the revolution about a side of a right-angled 
triangle of hypotenuse 2 feet. [Madras, 1936] 

34. A sector has to be cut from a circular sheet of metal so that 

the remainder can be formed into a conical shaped vessel of maximum 
capacity. Find the angle of the sector. [Madras, 1934] 

35. A cone is circumscribed about a sphere of gi\en radius R. 

Show that, when the volume of the cone is a minimum, its altitude is 
4R and its semi-vertical angle is sin -1 J. [Punjab, 1930] 

36. Prove that the minimum intercept made by the axes on the 
tangent to the ellipse x l ja i -pj^lb 2 — 1 is a -) b. [Bombay, 1935] 

37. A circulai cylinder is to be inscribed in a given sphere of 
radius of R. If the total surtace of the cylinder, including the two 
ends, is to be a minimum, show that 


2(1 - i/V 5 ). 

wheie h is the height of the cylinder. [Andba, 1937] 

38. Given the sum of the perimeters of a square and a circle, 

show that the sum of their areas is least when the side ot the square 
is double the radius ot the cncle [Andhui, 1936] 

39. A thin dosed rectangular box is to have one edge n times 
the length of another edge, and the volume of the box is given to 
be V. Prove that the least surface J is given by 

si" 1 — 54(11 1 i) 2 V 1 [Punjab, 1936] 

40. Find the point on the curve j- e* at which the cuivature 
is a maximum, and show that the tangent at this point terms with the 
axes of coordinates a mangle whose sides aie in the ratio 1 • s/ 2 : y/$. 

[Punjab, 1937] 

41. The sum of the surfaces of a sphere and a cube is given. 

Show that when the sum of their volumes is 'east, the diameter of 
the sphere is equal to the edge of the eubc. [Delhi, 1937] 

42. Evaluate the following limits • 


. \ 5 - 2X 3 - 4V 8 L 9* - 4 

() i->-1 X 4 — 2X 3 4 IX — I ’ 


45 - 

44. 


(11) lim,^ a x sin (b a x ) when a<_ 1, also when <7>i. 

[Dacca, 1936] 

Find the limiting value of (a x when x tends to zero. 

• [Patna, 1937] 


Evaluate: 
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45 - 

46. 


47 - 

48. 


49 - 


(ii) 

(iii) 


lim. 


, (tan x) 


tan 2» 


-nr/4 1 

lo g (1 + kx 2 ) 
I — COS X 


Evaluate lim* { x tan (1 jx )}. 

Evaluate 


[Bombay, 1935-37] 
[Andhra, 1937] 


(0 


lin Wo 


sin ix 2 sin 2 x — 2 sin x 
cos x — cos 2 x 


[Punjab, 1933] 

(ii) lin Wo j** [P«»jab, 1929] 

Evaluate lim a! _ >0 {(i/jf 2 ) — cot 2 jcj. [Delhi, 1936] 

Evaluate tbe following limits: 


(i) lim. 


‘ x® — ~a° ! 


(ii) lim. 




Show that, if ^"(x) > o, then 

<£U(*i + *2)}< 


[Madras, 1934] 
[Bombay, 1937] 


50. Expand e* sin x in powers of x, find the nth term and show 
that the expansion holds for every finite value of x. 

[Punjab, 1929] 



HISTORICAL NOTE* 


Graphs. The method of representing the relation between 
varying quantities by graphs dates from the 14th century, when 
it was employed by a Pans professor about 135c. What we now 
denote by abscissa and ordinate he called “longitude” and 
“latitude.” The same method was used later by manv writers. The 
most important problems which arose in connection with the cuives 
thus obtained w ere the problems of drawing a tangent to a curve 
at a given point, of finding where the curve had a maximum or a 
minimum ordinate, and of determining its area. The differential 
calculus owes its origin really to the problem of tangents, and the 
integral calculus (which deals with the process which is the inverse of 
differentiation) to the problem of areas. 

Early History. The student learns the differential calculus 
first, but historically the integral calculus (in a crude form, of course) 
was the first to be invented. The vintage of the year 1612 was 
extraordinarily abundant, and the question of the volume of wine 
casks was referred to the astionomer Kepler. lie had alieady evalu¬ 
ated the area of an ellipse, and he successfully applied his method to 
the new problem by dividing up the given volume fisto “infinitely 
manv” thin discs, each “infinitely small ” Before these methods were 
invented by Ktplcr, theie was no other method for evaluating areas 
or volumes except the method of Euclid and the other Greek 
mathematicians. 

Kepler’s methods were taken up by Cavaheri who wrote in 1635 
a geometry of “indivisibles,” as he called the “infinitely small” 
elements, and in another book published twelve yeats later he even 
succeeded in determining the centres of gravity of solids of variable 
density. 

Many mathematicians solved particular problems of what we now 
call the integral calculus, and Fermat gave some important generalisa¬ 
tions. He came very near to discovering the differential calculus 
also, because he gave (in 1629) methods tor drawing tangents, and 
discovering maxima and minima which are essentially the same as 
used to-day. 

Methods similar to Fermat.began to be used by other mathe¬ 
maticians also. Isaac Barrow published in 1669 his Lecitones optica et 
geometries , in whch the increments QR, PR of the ordinate and 

♦Based on an article by A. E. H. Love in the Encyclopadia 
Rrittanica, eleventh edition. 
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abscissa were denoted by a and e. Then the ratio of a to e was found 
by substituting x + e and y -)- a for x and y respectively in the 
equation of the curve, rejecting second order 
terms, and omitting terms independent of 
a and e. The process, it is apparent, is equiva¬ 
lent to differentiation. Barrow also noticed 
the reciprocal relation between the problem 
of tangents and that of areas. 

Barrow thus came nearer even than 
Fermat to discovering the calculus. But it 
was reserved for his pupil, the great Newton, 
and another mathematician Leibnitz, to discover the principles 
of the calculus.* 

Newton. Isaac Newton ("1642-1727), as stated above, was 
Barrow’s pupil, and he knew all that Barrow knew to begin with. 
His original contributions to the subject were contained in three 
tracts, the first of which was written in 1666. None of these tracts 
was published till long afterwards. 

Newton regarded variable quantities to be generated by the 
motion of a point. The rate of generation was called a “fluxion.” 
In fact his method comes to this that he regarded x and y as functions 
of time t. He used x to denote what we would denote by dxjdt , 
and he called it the fluxion of x It was really the velocity of x. 
By comparing j and x he could find what we now call the differential 
coefficient. The method was to denote the “infinitely small” incre¬ 
ments of x and j in an “infinitely short” time by xo and yo, and use 
these m the place of the e and the a of Barrow 

Newton gave the rules for what we would now call differentiating 
a sum of two functions and a function of a function. He proved also 
the result which we now wute as 

^ — fix*- 1 , (« integral). 

It is not known why the publication of Newton’s tracts was 
so inordinately delayed (the first tract was published 45 years after 

*Isolated theorems of the differential calculus had been discovered 
in India by the Hindu mathematicians much earlier. Thus Manj'ula 
(932 a . d .) knew what we would now write as 
5 (sin 0) — cos 6 89 , 

where 80 is small. Bhaskaracarya (1150 a . d .) used the word 
tatkdhkagati (literally instantaneous motion) for the small increment 
which accrues in a given small interval of time. He was acquainted 
with the proposition that 8 f(x) — o if f(x) is a maximum. Some of 
the later writers had a knowledge of a few other theorems also, but 
the calculus as such was not studied in India. 
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it was written), but perhaps Newton saw that his arguments about 
infinitesimals were not sound. There is reason to think so, for in 
the Principia (1687) he tried to found the calculus of fluxions on the 
method of limits. Moreover, he used to give rigorous geometrical 
proofs of theorems in astronomy and mechanics which undoubtedly 
he discovered first by the method of fluxions. 

Leibnitz. Gottfried Wilhelm Leibnitz (1646-1716) was an 
independent inventor of the calculus. Unlike Newton, he was 
practically a self-taught mathematician. On the occasion of his first 
visit to London (1673) he purchased a copy of Barrow’s Lectiones. 
In 1674 he sent an account of the method he had discovered for 
drawing tangents to curves to Huygens, who sent it to the Royal 
Society, London. 

The foundation of the calculus as we know it to-day was really 
laid by Leibnitz by writing dy and dx for the differentials of j and x 
and writing fydx for the integral of y. Even in 1675 he wrote Jydy 
= A j 2 , just as we write it to-day. 

Several letters passed between Leibnitz and Newton from July 
1676 to June 1677, when Leibnitz gave Newton a candid account of 
his differential calculus. Newton did not reply to this, and in his pre¬ 
vious letters also he had never disclosed his own methods to Leibnitz. 
The letters were sent to each other through Oldenbcrg, the secretary 
of the Royal Society. 

In 1684 Leibnitz published his results in the Acta eruditorum 
in the form of a memoir, and gave methods for finding the differential 
of a sum (or difference), a product, a quotient and a power, and also 
the differential of x m . The rule for the differential of a function of 
a function was merely illustrated by examples. The rule for maxima 
and minima was correctly given, utilising the sign of ddj to distinguish 
between maxima and minima. The method of finding tangents was 
also given. 

Soon the differential calculus (as also the integral calculus) was 
rapidly developed by Leibnitz and the Bernoullis. 

Dispute regarding priority. In 1699 one N. C. de Duillier pub¬ 
lished a tract in which he stated that Leibnitz had stolen the calculus 
from Newton. Leibnitz replied to it in the Acta eruditorum (1700), 
citing Newton’s letters and the passage in Newton’s Principia wherein 
he had acknowledged Leibnitz to be an independent inventor of the 
calculus. The dispute was settled at the time. But in 1705, in an 
anonymous review of a tract of Newton’s, a disparaging remark 
was made against Newton. The insinuation, in fact, was that Newton 
had stolen the calculus from Leibnitz and had merely changed the 
notation. Great indignation was aroused, and much was written 
by the supporters of Newton and Leibnitz which, as Moritz Cantor 
put it, “redounded to the discredit of all concerned.” The dispute 
continued till several years after the death of Leibnitz. 
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Later developments. A result of this controversy was that to 
the British mathematicians it became a point of honour not to use the 
methods of Leibnitz. They stuck to the method and notation of 
fluxions, which was not powerful enough. The only advances made 
by them in the 18th century were the discoveries by Brook Taylor 
and Colin Maclaurin of the theorems that go by their names. 

On the continent, on the other hand, rapid development took 
place, and partial differentiation was soon introduced (1734) by 
Euler. 

Criticism of the Calculus. Several mathematicians, including 
Huygens, had opposed the method of the calculus from the very 
beginning. A Dutch physician (B. Nieuwentijt) attacked the method 
on account of the use of quantities which are at one stage of the 
process treated as somethings and at a later stage as nothings. In 
England Bishop Berkeley attacked (in 1734) the vague conception of 
quantities which were neither zero, nor different from zero, but 
in some intermediate stage. He alleged that religion was no worse 
than mathematics, seeing that things like these had to be accepted 
on mere faith. The controversy which ensued made it plain that 
infinitesimals must be discarded. But progress was slow. It was not 
until 1823, when Cauchy published his treatise on the differential 
calculus, that the whole thing was put on a satisfactory basis. But 
even after this much remained to be done. The trend 5 f modern 
developments has been to show that many theorems break down 
in exceptional circumstances, and much of the research work of the 
last fifty years or more has been devoted to the discovery of forms in 
which the theorems have no exception and yet are as general as 
possible. 



ANSWERS TO THE EXAMPLES 


Pages 4-5 

1. (i) Continuous var .; (ii) con. var.; (iii) no; (iv) no. 

2. (i) none; (ii) o; (iii) none; (iv) jt/2 ± m ; (v) o; yjfy 
(vi) i, 2. 

5. sin- 1 *, log x, \Jx, ... 6. Yes. 

Page 21 

1. + i- 3* * = i and * = 3. 4. 1. 

5. No. 7. Continuous. 9. Integral values. 

10. x = o, 1. 11. (i) No; (ii) yes; (iii) no. 

Page 28 

1. 1, jx 4 , — 4*-®. 2. | x~ 1/2 , §x- 1/3 , — $x~ u/6 . 

3. Jx- 1 /*, |x 1/2 , — jX^ 6/2 . 4. 4X, i8x®, — 35X-*. 

5. 8«®, V 2 cos x. 6 . — 3/x, — 4X 4 . 7. izx 2 -f 3 cos x. 

8. — 5 sin x — 24 *. 9. 6/x — Jx -1/Z . 10. «x B_1 . 

11. 2(<?x+&). 12. mhV 1 . 13. x 3 + 3X 2 log x. 

14. t® cos x + <* sin x. 15. x -1 cos x — sin x log x. 

16. (i/x) log a e + ajx. 17. (c x Ix) log a <? + t* log a x. 

18. (sin x) (1 /x) Iog a e + cos x • l°g a 

19. 1 jx 4 <f* + 3X 5 e x . 20. (9/7) «* (sin x + cos x). 

21. (8/Vx) + (4 V x ) lo g *• 22> 1 + * + (* s / 2 0 + (**/ 30 + — 

Page 30 

1. (« x* -1 . log x — x** -1 )/(log x) s . 

2 . (wx"" 1 logo * — *" _1 loga 0/(1°ga *) Z - 

3. {— sin x log x — (1 /x) cos x} /(log x) 2 . 

4. {2«?x (sin x + cos x) — (cos x — sin x)(ax 2 + b)} /(sin x 

+ cos x)*. 

5. {i*- 1 * (« 1/2 - xW) + (a 1 ' 2 + x 1 ' 2 ) (l*rV 2 )} /(a 1 ' 2 - x 1 ' 2 ) 2 . 
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6. { (sec 2 x) (5* + 7) — (3 + tan x) . 5}/ (jx + 7)*. 

7. {(sec 2 x — cosec 2 x) log x — (i/x) (tan x + cot x)} /(log x) 2 . 

8. {— cosec 2 x (x + «*) — (1 + «*) cot x} /(x + f®) 2 . 

9. {(«* + sec 2 x) (cot x — x n ) -f (cosec 2 x -j- wx* -1 ) («® + tan x)} 

-f- (cot X — X*) 2 . 

10. { (iox + 6) (2X 2 + 3X + 4) — (4X + 3) (5X 2 + 6x + 7)} 

4- (ax 2 +3X + 4) 2 . 

u. — cos x/sin 2 x. 12. sin x/cos 2 x. 


PA.GES 32-33 

1. e® 3 . 3X 2 , (cos x 3 ) 3X 2 , — (sin x 3 ) (3X 2 ), (sec 2 x 3 ) (3X 2 ), 

( — coscc 2 x 3 ) (3X 2 ), 3 /x. 

2. e 3 * . 3, 3 sin 2 x . cos x, 3 cos 2 x . (— sin x), 3 tan 2 x . sec 2 x, 

— 3 cot 2 x . cosec 2 x, 3 (log x) 2 . (1 /x). 

3. 3# 3 ®, 3 cos 3X, — 3 sin 3X, 3 sec 2 3X, — 3 cosec 2 3x, 1 /x. 

4. #x n ~ 1 'Kp^~-r a), «*/(<“' 4- 1), cos x/(sin x 4 i), - sin x/cos x, 

cot x. sec 2 x, — tan x coscc 2 x, i/x log x, 

(1 /sin x) log,/ . cos x. 

5. 5 < 4 ®, e< 1+loK ®>/x, e 8111 * cos x, — e* 08 * sin x, e 4 " 1 * sec 2 x, 

— e cot * C osec 2 x. 

6. »x" -1 cos x", cos (log x)/x, cos e*. e®, — cos (cos x). sin x, 

cos (tan x) . sec 2 x. 

7. — n x n_1 sin x n , — sin (log x)/x, — sin e® . e®, 

sin (cos x) . sin x, — sin (tan x) . sec 2 x. 

8. 5X 4 sec 2 x®, sec 2 (log x)/x, sec 2 t x . e*, sec 2 (sin x) . cos x. 

9. cos x/ay (sin x), 1 jzx\/ (log x), — sin x/a\/(cos x),. 

(sec 2 x)/2y (tan x), — cosec 2 x/2 V (cot x). 

10. — (sin x) -2 cos x, — (log x)~ 2 /x, (cos x) -2 sin x, 

— (x n 4- «”) -2 . wx” -1 , — J(x 4- <*) -3/a . 

11. «a(ax 4 - by 1 - 1 , a I (ax 4 - b), ae 0 ** 6 , a cos (ax 4- b), a sec 2 (ax 4 - b). 

12. 8x cos x 2 4- (5 cos x )/(5 sin x 4- 6), e® sec 2 *® — 1 zox^Kax 1 -f- b). 

13. — (sinyx) (Jx” 1/2 ) log sin x 4- (cos Vx) cos x/sin x, 

—4 cos 3 x. sin x . cos x 4 — cos 4 x . 4X 3 . sin x 4 , 
cos x . e 810 ® . sin e* 4- « sin * ■ cos «* . f®. * 

14. »(x 4- a)"- 1 (x -)- £) n 4- »(x 4- «) m • (x 4- 

2wx(x 2 4- «) m_1 (x 2 4 - £)" 4 - znx (x 2 4- < 2 ) m (x 2 4 - by 1 - 1 , 
«px" -1 (x B 4- a)*’~ 1 (x m 4- £)« 4- mqx m ~ 1 (x n 4“ <tf (x" 4- 
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15. {(- 3X 2 cosec 2 X s ) (ax + b) - a cot X 3 } /(ax + bf, 

{(3 tan 2 x. sec 2 x) (ax 2 + b) - 2ax tan a x} /(ax 2 + b) z , 

{ — tan x. tan log x — log cos x. sec 2 log x. (i/x)} /tan 2 log x, 
{(.«» * . cos x. sin x* - e Bin *. cos x". (kx"- 1 )} /sin 2 x", 

{J(sinx)~ 1/2 . cos x. sin V* — \/(sin x). cos-\/x. Jx" 1/2 } 

-r (sin Vx) 2 . 

16. { («* — <r*) (e* - e~*) — («*-{- «"*) («* + «"*)}/(«*- *”*)*> 

(2 ax />)/(ax 2 -f bx 4 c) ~r cot x -f nx n ~ 1 j(x n 4 a*), 
a/(ax f b) —pl{px 4 q). 

17. ax"" 1 /'(x«), anx"~ l j'{ax n 4 b), cos x/'(sin x), sec 2 xf (tan x). 

18. log x 4 x, — sin x log sin x {- cos x . cot x, 

sec 2 x log (ax 4 />) 4 (tan x) {a/(ax 4 />)}• 

19. J(a 4 /tv 2 )--' 3 . z&x, (a + />x)(“- 2 ) /2 . />. 

£(a + foe ™)- 1/2 . mbx m ~ x . 

20. e aihx ~ cxfl {b — 2fv), { na 0 x”' 1 + (« — i)a 1 x*" 2 4 4 

4- (a„ x” 4 a, x B_1 4 ••• + a *)* 


Page 39 

1. (1 /sin' 1 x 4 ) {1 /V(i - * 8 )> • 4 *®. 

(1/cos -1 x 1 ) { — 1 /VC 1 ~~ **)) ■ •^ v3 ’ 

(1 /tan -1 x*){ 1/(1 4 x 8 )} . 4X 3 , 

(i/sec- 1 x 4 ){i/x 4 \/(x 8 — 1 )} • 4X 3 - 

2. 

«(cos _1 x 4 )" -1 { — I/VC 1 ~ xS )} * + X ’ 3 ’ 

2 (tan” 1 V x ) { 1 /C 1 x ) } i x ~ 1/2 > 

J (cot-1 *S)- 2 /S{ - 1/(1 4 X 6 )) . IX 2 . 

^nin 2» . log a . COS 2X . 2, 6 *. log • sec ® 5* • 5» 

a sec n» . log a . sec fix . tan nx . n, 
gcoaec (sin a) {— cosec (sitl x) . COt (sin x)} COS X 

4. {cos log (x 2 4- 1)} {1/V 2 + i)> • 2 *> V/(« 4 * + * + *)> * ' *» 

-"{i/u^VC^ 26 — !)} • < * te+c • lo S a ^ 

sec (a* 4 x a ) 2 . tan (a* +> 1 *) 2 . a(a* + x°) . (a* log a -f ax®" 1 ). 

5. J(log sin x)-i /2 cosec x. cos x, 

J(sec\/x) -1/2 (sec y/x . tan \/x) . £x~ 1/2 , 

4(sin~i x*)-i /a {1 } ]• 5 

J(cOt-l_«*) _1/2 {— l/(t + **“) /• **’ 
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6. m sin m_1 rtx . cos nx.a,z cot (3*® + 1) cosec* (3#® 4 i)}3«®, 

3 cosec*(« sin -1 x) . {— cosec(«r sin -1 x) cot(m sin -1 x)} . m 

~ V(i - **)• 

7. l/{l 4 x*/(x + x 2 )} <V(* + *"> - *(* + *>/(* + **)» 

[ -l/V { I - (X - x-i)*/(x 4 x -1 ) 2 }]. {(X + X-*) (x 4 x -1 ) 
- (1 - X-*) (x - x- J )}/(x 4 x- 1 )*. 

8. « cosec" -1 x m . ( — cosec x" cot x m ). »x m_1 , 

/»(cosec -1 x m ) n-1 { — ijx m \/(x 2m — x)}*rx m-1 , 

» sec" -1 ^ 2 -fixf r) {sec(ax i 4 bx + c ) tan(ax 2 4 &* 4 0) 

X ( 2 tfX 4 b). 

9. (x/sin- 1 e 3 *){1 /V(i - e 6 ®)} • e 3 * . 3, 

(1 /cot -1 a s ® +3 ){ — 1/(1 + a 1 ®" 4 *)}* 1 ®* 3 . log « . 5, 

{1/sec (ax 4 b) 3 } {sec (ax 4 £) 8 tan (ax 4 b) 3 } . 3 a (ax 4 b) 3 . 

10. io 10 * . log e 10.10* . log c 10, [i/y/ {1— (1 + x®)- 1 }]. ( — J)X 
(x 4 x 2 )- 3 /*. }x, (i/cosh x) sinh x, (x/log log x 2 ) (i/logx*)(2/x). 
ri. a"® Bin X i Q g a^ze 1 ^/1 , i (l°g 10 e) / x 2 . 

Page 41 

1. x® (1 + log x), x* n * (sin x. x~ x + cos x log x), 

x“ n 21 {(sin 2x)/x 4. 3 cos zx . log x}, 

x* 08 “* {(cos ax)/x — a sin ax log x}, 

x 00 **•{(cot bx)jx — b cosec* bx log x}, jx 5 * 3- *-* log ex 3 . 

2. (1 — x*)~ 3/2 cos -1 x — x/(x — x*), xe* sin x (cot x 4 1 4 1 /x). 

3. (log x) s,n * { (sin x)/(x log x) 4 - cos x log log x)}, 

(sin x) l0 « ®{(log x) (cot x) + (1 /x) log sin x}, 

(sin -1 x) lo « *{(log x)/’(sin -1 x) (1 — x 2 ) 1/2 4 (i/x) log sin -1 x} 
(1 /x) (cosec -1 x) l ° 8 *{ — (log x) /(cosec -1 x) V(* 2 — 0 

4 log cosec -1 x}. 

4 • (vers -1 x)® 08 * (cos x)/(vers -1 x) (2X — x 2 ) 1/2 — log vers -1 x. 

sinx}, 

(cosec -1 x) a ® +4 {— (ax 4 /(cosec -1 x) x>/(x 2 — x) 

4- a log cosec -1 x}, 

‘(tan -1 x)'®» * + “ in ■) {(cos x 4 sin x)/(tan -1 x) (1 4 x 2 ) 

* 4 (cos x — sin x) log tan -1 x} 

5. (1 4 x -1 )«{log (1 4 X -1 ) - 1/(1 4 X)} 4 x»/®)- 1 {(i 4 x) 

— log* }, 
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(cot x) rtn • (cos x log cot X — sec x) 4 (tan x)«* * {cosec x 

— sin x log tan x}. 

6. X s (x* + 4 ) 1/a (** + 34 x/(x® + 4) - x/(v* +3)}* 

J(x - a) 1 ' 2 (x - £) 1/a (x - pY™ (x - ! j{x - a ) 

+ r /(x - b) - 1 l(x-p) - i/(x - ?)}, 
xS/(i + tan x) . sec 2 x. {(4/x) 4 & sec 2 x/(i + tan x) 

+ a tanx}. 

7. (x — i) 2 (x + a) 3 (x + 4) log x. {a/(x - 1) 4 3/(x + 2) 

* 4 i/(x + 4) 1- i/xlogx} 

(sinx)(logx)x® cos x{cot x + x/xlog x -j- 1 -f- logx — tanx}. 

8 . (1 — 2x ) 1/2 (1 4 x ) 1/2 sec 2 ax{ 1 j(ix — 1) 4 1/2(1 -f- x) 

+ 1a tan ax}, 

3* . x®+* . cos -1 x . {log 3 + log x + (5 + x)/x 

— I/(cos- 1 x)y/(i — X 2 )}. 

Page 42 

I. — (x 2 4- ay) j (ax +J*). 1. — (x/j)"- 1 . 

3. j x* -1 / {1 — x* log x }. 

4. — Vx" 3 ' 6 4 - 3x - 4/5 J' 1/b } {3X 1/s jr-«/6 4 _ 2 J rS/# }” 1 . 

5- —y(j + x lo gj) /x(x + J log x) . 

6. j\/(i - f ){ 1 - VC 1 ~ x 2 ) «* lo SJ} 

- 4 VC 1 - *“) • {^VC 1 — 7 2 ) -j}> 

7. — {JX *-1 +J* log j} / {x» log X 4- x?*- 1 }. 

8. {sinj tan x (cos x) Bin » — cot x cos_y (sin x) coe 

-3- {(cos x) Bin u cosy log cos x — (sin x) 008 v sinj log sin x} 

9. {j> — (x a +y) i/a (2X 2 +y)}/{xj (x 2 + f) vz 4 x). 

10. x{2(x 2 +y) — X 2 4 - 7 z }/j{ 2 V(x 2 4 j 2 ) + X 2 — f }• 

it. cot £/. » 12. tan/. 13. t(e l — sin/)/(i 4- 1 cos /). 

14. {cos /. VC 1 — /*) — 2! / {3 /Z (cos / 3 — sin / 3 )VC 1 — ^ 2 )} 

Page 43 

I. (2X + i)/2 (x 2 4 X 4 !)» — 2(8x 4 13)/3 (4X 4 5) (2X 4 1). 

а. 2X — tox (x 2 4 i)~ 2 , 3 — (ixx 2 4 x6x 4 ti)/(x 2 — i) 2 . 

3. 3 a/(x 2 4 A i/V(* 2 ~ x*), «/(«* + x 2 ) 4 2a/(a 2 4 4X 2 ). 

4- - 3/V( r ~ x 2 ). - 1 /VC 1 ~ x 2 ), 3/VC 1 ~ x 2 ). 

" J. - 1/(1 4 x 2 ), 1/2(1 4 x 2 ). 

б. 1 /VC 1 - x 2 ) - i / V(x - x 2 ). 


7. (1 - **)-*'*. 
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Page 47 

z. 2 cos ix, 3X 2 cos x 3 , e* cos cot x, Jcos x/\/,(sin x). 

2. (— x* - 9* 2 „+ 10x)/(x* 4 5) a , 

— (x sin x log x 4 - cos x)/x(log x) 2 , 

(x — sin zx)jx? cos 2 x, e 2 * (zx log x — i/x ) (log x) 2 . 

3. * sec 2 x, jx 2 sin x 4 x 3 cos x, 
cos 2x, — (1 fx) sin log x 2 . 

4. (i) i/{sin -1 x. y/(i — x 2 )}, (ii) — (sin log x)/x. 

5. x jz y/x, sin zx, e^ x \z y/x. 

6. (i/x) log„ e, ajz y/x, 1/(1 4 -V s ), — */\/( fl2 ~ * 2 )- 

Pages 49-51 

1. /zx ™ -1 sin ax 4 ax n cos ax. 2. '“(2 /x) sin (4 log *)• 

3. 1 /(i 4 x 2 ) tan -1 x. 4. (1 /x) logjo e. 

5. _ J( V 2 + zbx + a 2 ) ( a 2 - x 2 ) -1 ' 2 (6 + x)" 3/2 . 

6. (a 2 - x 2 ) -3 / 2 f 3 x 2 (a 2 - x 2 ) -6 ' 2 . 

7. «** (1 4 x 2 ) -3/2 {x(i -f- 2X 2 ) tan -1 x + 1}. 

8 - (logo0 W(* - 0 ~ */ 2 (*® + !)}■ 

9. 1/2 V((*-*)(*-*)}• 

10. ie^/y/x - ie^/y/ix + 2). 

11. a lott Io,[ (log a)/x log x + b * lo * *. (log b) . (1 4 log x). 

12. ijxy/(x+i). 

13. abj(a 2 cos* x 4 sin 8 x). 

14. (n/i 80) sec x° tan x°. 

15. {log sin x 4 x cot x log x} /zxy/(i 4 log * • log sin x). 

16* 4/(14-+- x 2 4 x 4 ). 

17. (1 — zxt cos x) /2x/ (/ — sin x), where / 2 ^=‘i 4 log x. 

18. cot x. io l08 Bln * . log, 10. 19. 2 (log, 7) (x 4 t) 7** +a “. 

20. cosec 2 x coth x — cot x cosech 2 x. 

21. (tan x) io * * {2 cosec 2x log x 4 (i/x) log tan x} 

/ J4 (cot x) rin » { cos x log cot x — sec x}. 

22 . (1 — x 2 ) -3 ' 2 . 

23. {1 — zxy/x} lz{y/x 4 xy/x 4 2X* 4 x*y/x). 

24. sin a/(i — zx cos a 4 **). 

»j. (V 2 ) (* + **)/(* + **)• 26. e™ (a sin bx+ b cos 

2f. — 3 cot* («*• x*) cosec* («*■ x*) . e 8 " x* (4^4 log x). 
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28. log X . log log X -f log log X + I. 

29. cos x sin zx sin }x sin 4x + 2 cos zx sm x sin zx sin 4X 

4 3 cos 3X sm x sm zx sin 4* -p 4 cos 4X sirbc mi pc sm 3X. 

30. — J. 31. x* 10-1 *{(t/x) sm- 1 X (logx)f/(i — x*)>. 

32. il\/(zr^> - 1). 33 - (1 - x 2 )- 3 ' 2 . 

34. (1 /x) x! Ioe ■) loB Ioe * . (log x) !o ® lo ® * . •( 1 t-2loglogx}. 

35. x(* +# *){(l/x) + (logx) (1 - logx)}. 36. X (x*)* log (#x*). 

37. ^"“^{x- 1 tin -1 X 4 - (l — X 2 ) -1 log X} /{1 4 X 2 tan -1 *}. 

^8. — arnbj[i -f- {m tan -1 (bx )} 2 ] (1 + W- x 2 ). 

39. «* cos t x /(i 4- sm 2 /*). 40. «v B-1 e* n . 

4 i.4,4t/2(t 4 /)■<//. 42. i/x logx log 2 x log 3 x .. log^x. 

43. tfitfiw (zu'/u t 51/lv -1- w'/w) , u v (v u'/u -4 v' log «); 

r-(log w tt)”- 1 (log e »)"* {(u'/u) log e w — (w'/w) log e »} 

4 (log“ u)" (log, Iog„ u)if. 
47. zx (6x 2 -j)/(x 2 - 6/). 48. - (*v 4 £-r *)/(**+£+/)• 
49- { J® 01 * (logj) cosec 2 x — j (tan x)“ -1 sec 2 x} 

-r- {(tan x)» log tan x 4 cot x .y <cot ®- 1) } • 

50. my/{[ i 4 {» tan- 1 (j,x)} 2 ].(x 2 4 f) - 4 - «}. 

51. -tan/! 52. /(z - /*)/(i - a/ 3 ). 55- x(i - x 4 )- 1 ' 2 . 

56. 1/3 (1 4 x 2 '' 3 ) x 2/3 . 57 - i- 

3 58. - (log x) tan * { (tan x/x log x) t >g log v sec 2 x } 

— wcos (w cos- 1 x) (1 — x 2 )- 1 '*. 
59. 1. 60. b/(ab 4 zaM «i. — (j* tan x)i(i]—y log cos x). 

6a. y{ 1 /(1 4 x) - 2x/(2 - x 2 ) 4 - jx 2 /(3 t a 3 ) - 4 *V (4 -**) +•••> 
63. (sec a x)'(2j — 1). 

Page 58 

1. d 1 4'ta cos * > ~ sm 5* a /nl^ P er sec * 

6. ti>cj(a — £) ft. per min. 7 - 2 4 f f P er sec - 

8. 3/8 jr c.c. per min. 9- VC 2 / 11 ) P er sec ‘ 

ix. x < — 2 and also x > 6. 

Pages 59-60 

1. 0*6064. »• 1 ‘0043.^ 

4, 0*02 lbs. per sq. m. 5 - 2 94 >?' 79 P er ceot * 
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6. (i) 1-85x8 n sq. inches ; (2) 0-4 X (18 • j) 2 n cubic inches. 

7. 0*7 per cent. 8. 1 per cent. 


Pages 62-64 

1. a cos t — zb sin zt; — a sin t — 4b cos zt. 

2. mcH sq. ft. per sec. 3. 1201c ar*/(6or + a/) 2 . 

4. — (y — b) v 3 l {pi 13 — a/< zab}. 

5. 2 a; 3 a. 6. decrease by 5' 46". 

10. (i) — J, - J, 3 and - 2, (u) 1,1, - 3 and - 2 » ' 

(lit) a, h i and 1. 

11. 4(}a — 1) ()b - a 2 ) - (a — 9b) 2 . 12. 3-91. 

14. 3r-* /2 (6 cos 3/ — sin 3Z). 15. (5 Jt/36) cot 63°. 

Pages 68-69 

1. d«(25 x 4 + 40 x 3 -f I2X 2 ) ; 

2 f 8 '" * 2 {(cos x 2 ) (1 + 2X 2 cos x 2 ) — 2X 2 sin x 2 } ; 

— sin (cos x) sin 2 x — cos (cos x) cos x; 

6x tan -1 x 2 j- (6x 7 + i4x®)/(i -\- x 4 ) 2 ; 

25« 6x sec 2 (e 5x ) {1 + zfi x tan (e 51 ) }. 

4 . a"e“*+ 6 . 

5. a\plq){plq - 1) (p 'q - 2) ... {p\q - n + 1) (ax -f b) 

6. (—-i)*-"* (h — t)I {a"(ax -f- b)~ n T c n [ex -I d)~ n \. 

7. (|(cos(x 4 J/m) — 5" cos (ix j A/m)}. 

8. 'j(**-cos (2X *- J/m) -t- 4" cos (ax A/m) - 1 - 6 n cos (6x 4- J/m)}. 

9. J{ 4 n cos (4X-f J/m)-r 2"*- z cos (2X hn%)}. 

10. -i\r{2 sin (x J/m) J- 3* sin (3X + A/m) — 5” sin (5X + J/m)}. 

11. ^(a 2 -f- (jb 2 ) n)2 e ax cos {3#x 4 - n tan- 1 {^bja)} 

1- if (a 2 4 // 2 )" /2 cos (k f j tan -1 (bja)}. 

12. Jr" «°* sin {(& r <-) x 4 - )- Jr'" e"® sin {(& — c) x -f- «!{>}, 

where r 2 — a 2 4- (& -f c) 2 , <f> _ tan -1 {(i f c)/a}, * 

r' 2 — a 2 -r (b — c) 1 , tp — tan- 1 {(& — c)/a}. 

If. (*! /z a) {(a - x)-"- 1 + (- 1)" (a f- x)-"- 1 }. 

14* (— t) n (»!){i6 (x — 2) - " -1 — (x — i) - " -1 }, when » > 2. 

15* (»l){ 3 n+1 (1 — 3 *) - " -1 — zB+1 (t — 2*)-”- 1 ). 

16. (— i) n *! { a (a - b)~ x (a - <•)-* (x — a)-"- 1 + b(b — c )- 1 

X (b- a )- 1 (x - i)-"- 1 4 - f (f- a) -1 (r - fc)-i (x - c)""" 1 }. 
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17. (— i) n («!) e n-1 (ir — ai) («e + rf) - ” -1 . 

18. J(—i) B »i {(x 4- i) - " -1 - (x — 

— 2 sin" -1 <f> sin (« — 1) </>/»(» — 1)), where x = cot (j>. 

19. (— i)*- 1 (n — 1)! sin” ^ sin n<f>, whoe <£ — tan -1 (1 ix). 

20. r n e ax sin (bx 4- ti<f>), where r 2 — a 2 -t- b 2 , ard rf> =- tan -1 (i/a) ; 

J(i — i) n cos {(1 — i)x -+- J/nr} 

— i(i — b) n cos Jfx -f b) x — 

Pagx.s 70-71 
-S' 

. z^e 2 * (x 2 -f- 4X 4 - 3); 6/x'; 3 s (3X 2 — 4) sin jx —- 6 1 x cos jx; 

4I (x 4- a) -3 log X — 2 (25 x 3 -p 23 ax 2 — 13 i‘ l x -1- 3 a 3 ) 

_J_ -i- . 

(a 2 4- i 2 ) 2 x e ax sin {ix 4- 4 tan -1 ( bja) } 

4- 4 ( a 2 -1- i 2 ) 3/2 e 03C sin {ix 4“ 3 tan -1 (bja)}. 

2. a" -2 {a 2 x 2 4“ 2««X 4- »(« — i)}- 

3. t x ((ax' ^ i) 3 4- 3a# (ax -j i) 2 - r 5* (« — 1) a 2 (ax' 4 - i) 

4 n{n -- i){n — z)* 1 ). 

4. x {x 2 — 3»(« — 1)} cos (x -1- Jwt) 

-T »{3X 2 — (« - 1) (n — 2)) sin (x 4- £«l). 

5. /»(/» — 1) (/» — 2) ... (/»-«- 5) a" -2 (ax -{- i)*' - ' 1 

X {(m — « 4- *)( w — « 4- 1) a 2 x 2 7 - 2 «(w — » -r 2 )a(ax 4- i)x 

T «(« ~ 1) ( ax t b) 2 }. 

6. (— 1)*. (0 — 4)! 6 x - "' 3 . 

7. (— i) n-1 {(« — 1)! a" (ax -+- i) -n sin x. 

— n C l (n — 2)1 a” -1 (ax 4- b)~ nrl cos x 

— n C 2 (0 — 3)! a" -2 (ax - i)~”' 2 sin x 4 - 

-I- "C r (- i)>- (0 - r - 1)! a B ~ r (ax - i) - "+ r sin (x t $rrt) 

4- ...} 4- log (ax r i) sin (x -7- Jan). 

„ 8. e* {log x “Q x _1 — "Cg x -2 -r n C 3 2! x -3 4* ••• 

— (_ j)"- 1 (0 — 1)! x - "}. 

9. *(— i)" -1 (0 — 3)! {(« — i)(«— 2) x' 2 sin" cf> sin n<f> 

— n Cj zx (n — 2) sin" -1 <j> sin (« — i)<£ 

4 - 2 "C 2 sin" -2 <f> sin (0 — z) <f >), where x =- c<?t <j>- 

Page 72 

1. o when a is odd, and 

(_ : )<»-a)/a ( n — z f (n - 4 ) 2 (0 - 6) 2 ... 2 2 .2 when 0is even. 
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2. o when n is even, and (« — 2)® (# — 4) 2 ... 3 2 when n is odd. 

3. o when n is even, and (— i)< n - 1 )'' 2 (n — i)I when «is odd. 

Pages 72-74 

3. 2 (— x) B_1 (n — 1)1 sin" ^ sin n<j>, where x = cot <£. 

5. (« — i)!/x. 13. (t - x 2 )j/ b+2 - (2 n + 1) xj B+1 - » 2 j„ = o. 

14. —{(«—2) 2 — 4) 2 - m 2 }... {i 2 + »odd; 

{(« — 2) 3 + m 2 ) {(« — 4) 2 + /v 2 }... » 2 e m * /2 if «is even. 

17. {w 2 —• (# — 2) 2 ) (/» 2 - (ft - 4 ) 1 ) ■■ (« 2 — 2 2 )/w 2 , » even ; * 

{w 2 — (» — 2) 2 } {m 2 — (n- 4) 2 >... (m 2 — i 2 ) . m, n odd. 

Pagfs 76-77 

1. 1 — x 2 jz\ + x*/^\ — x 6 /6! — i) m x ,2m ,(2«?)! ... 

2. 1 + w.v + { m(m — i)/i\ }x 2 

+ {ff>(f» — 1) (w — 2)/3!}4- ... 4- x m . 

3. x — x*/2 4- x i jt ) — ... 4 (— i) n_1 x B /» -i ... 

4. 1 4 - x 4- x 2 /2I 4- x 3 /}! 4 - ... J- x n /»! 4 ... 

5. x 4- x 2 . x 3 /}! 4 - j 2 . i 2 . x 3 /5l — j 2 . j 2 . i 3 . x 7 /7I ... 

6. i + x 4 - x 2 /a — x 4 /8 ... 7. x I- x 3 /3 j- (2/15) x 5 4- ... 

8. x — x 3 /5 4 - * 7 j - -v 7 /7 - ... r- ( - I)”- 3 x 2 "- 1 / (z n — 1) -(- ... 

9. 1 4 - x 4 - x 2 /2 — x®/3 — iix 4 /24 — x r, /5 + ... 

10. (“ ,/2 {i-<ix4 a 1 x 2 jz\ — a(i ^x 3 /}! 

- (2 2 4- * 2 ) * 2 x*/ 4 I 4 - ... .} 

11. 1 4 - x 2 /2I 4 - 5x74! t 6ix 8 /6! ... 

12. 1 4 - x 4 x 2 -r 2 x 3 /3 j- ... 

13. x 4 - x 2 /2! 4 - 2x 3 /3! -1- 9x 5 /jI ... 

14. x 2 - 8x*/6! -r ... 15. a 2 - 5x76 4 32x745 + ... 

18. log 2 4- }x f- ^x 2 /2! — Jx 4 /^ -r ... 

20. 1 + ax 4- (a 2 — b 2 )x 2 /zl t- a (<* 2 — j/ 12 ) x 3 /3! 4- ... 

t {(« z + b 2 ) nl2 jn\}x n cos{(« tan~ 3 (*/<i)} + ... 

Pages 78-79 

2. sin -1 A 4- x (1 — A 2 )- 1 / 2 -f (x 2 /2l) i (1 — ^2)— 3 /2 

+ (**/}!){(i - ^)- 5/2 (x 4 - 2^)}+ ... 

3. ff-* + *(* 4- Off" 2 + 2 2 (x 4- I) 2 ff" 2 /2! 4- 2®(x 4- i) 3 «- 2 / 3 ! 4 - ... 

4. r tan- 1 £rt + (x - Jk)/(i 4- V e jt 2 ) 

Jt(x — ^jx) 2 /4(i 4- tV 31 *) 2 + ••• 
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5. (i/V*) (1 + 0 - « 2 / 2 '. - O 3 /}! + 0 4 / 4 *. + 0 s j 5! - ...) 

6. 45 + 5 j (x — 2) -f 19 (x - 2) 2 f- 2 (x - 2) 3 . 

Pages 84-85 

I. (i/V 2 ){ J + °- ° 2 / 2! - 0 3 h'. r 0 4 / 4 l 

4* i + i* — i* 3 /?! 1-... 5* *4! 

8. 2 X — X 2 — 2 X®/j 4 - 3 X 4 /2 — JX 5 /} -}- 3 X ®/2 + ... 

9. 2? sin 0 — { m{nP- — i s )hl} sin 3 0 

-r{m {m- - i 2 ) (m 2 - 3 2 )/5'.} sin 5 0 + ... 

10. The coefficient of x" is 

a(a* -1 1 2 ) (a 2 -) 3 2 ) ... {a 2 -f (« — 2) 2 }/»!, 
or « 2 (<* 2 -f 2 2 ) 4 3 f- 4 2 ) ... {tf 2 -r (« — 2) 2 }/« !, according as n is 
odd or even. 

11. x + x®/6 -f ... ; x — x 2 1 7x 3 /6 -f- ... 

12. rf 2m — °> 

^mtl — - 2) (2» — 4) ... 2/(2« l)(z»/ — l) ... 3. 

13. X 4 x 2 /2 - jx*/24 4- ...; j — y/2 4 ... 

Pagis 89-90 

1. (1) jY - w(.\’ 4 -x); (11) Y/y 4- Xjx =- 2 ; 

(111) j"' -1 Yjb m -| x ,n_1 X/<r m — 1 ; 

(iv) (2j (x 2 -t-7 2 ) f- a 2 y [ V 1 {2.V (x 2 - y 2 ) — a 2 v}.Y 

— {p- ^2 -j)2j j 

(v) y — y = {sinh (x/a )} (A’ - x); 

(vi) 1 " —y — a(cot x) (X — x). 

2. (1) (*/) wheic ax 4/^ — 0 intersects the curve ; (b) where by 4- 

bx o intersects the curve ; 

(li) (a) where 4<7X — y - o intersects the curve ; (i) nowhere 
(x = o is an asymptote) ; 

(iii) (a) at x — b 3 , j — a J- 3 log b 4 1 ;(b) nowhere. 

3. ( ifcj z Y — jtX - />_4- }—. 4 ^—- 

(li) Y (X — «/) tan A/; (iii) X/a sin 1 4- Y\b cos / = 1. 

10. (i) Jit, and tan" 1 J ; (ii) Jit and tan~ x (3/5); 

(iii) o, i.e., the curves touch each other. 

Page 91 

1. (i) zaY -f-j yX = xy+zay; (ii) xX—yY = x 2 —y 2 ; 

(iii) j™ -1 Xjb m — x™" 1 Yja m = xy m - 1 jb m —yx^/a” 1 ; 
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(lv) (2X* + zy 2 + a 2 )yX — (2X 2 +■ y 2 — « a )xY = <2 a xv: 

(v) X — x + (Y —j) smh ( xja ) = o; 

(vi) X sin x -j- aY cos x = x sin x -f~ aj cos x. 

2. 2oy — x + 7 =3 -f- 20X — 140 = o. 

3. (1) 2X -f $ty = 3/ 4 -f- 2/ 2 — 3^ — 2V; 

(II) x -f _> tan J/ — <?(/ -* sin / + 2 sm 2 tan £/); 

(III) ax sin t — by cos t a 2 sin 4 / 1 — cos 4 /. 

4. j/ = ia(x \- x'); xy -r zay = (x' -f 2d)/; 2 .(/* + 4a 2 ) 312 /f 2 . 

P 4 GF 93 

4. a cosh 2 {xja), \a sinh (2 xja). 

6 . a sin /; 2 a sin 3 \t sec za sin tan ht\ za sin \t\ at, — at tan \t. 

7 - h 

Pagi s 98-99 

1. tan -1 {(1 + e cos 0 )/e sin 0). 2. Jar. 3. Jit. 

5. tan -1 cot ( «0 -i a). 6 . cos -1 (a/r). 8 . //t sin 0. 

zo. a 2 /p 2 - i/0 2 — 2/0* f 2/0 4 - 4/O 5 -p 4/0 6 . 

Pagl 104 

1. (1) >/(4rf 2 x 2 r 4 abx-r b 2 1- 1). (11) sccx. (ni) cosh (xja). 

4* (0 VC 1 t 4 /2 ) > ('0 i al sm 2 t +■ b 2 ) 1 ' 2 sec 2 t ; 

(m) 2 cos /. (1 4 4 sin 2 /) 1/2 . 

5* (0 VC' 2 r 9 cot* 3 0); (11) $(1 + 4 tan 2 0 ) scc 2 0 . 

Pagi s 104-107 

2 * (o»o);(V^ — V 3 / 2 );(— V?»V 3 / 2 )- 3 - i*- 

4. j = X -L fl(2 + -v/a).' 7. 4^/9. 13. jn. 

14. £u). 19. tan J/. 23. y cos* 0 — x sin* 0 — jjf sin 40. 

Pages 108-112 

4. (i) continuous everywhere ; (u) discontinuous at x = — 1 ; 

(iii) discontinuous at x = o, unless a — 1. 

14. 6’934. 15. 1'732. 16. 14 miles per hour. 

17. 6$ ft. per sec. 21. 1-38; 4-8. 
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*'Pa6e i 17 

/ s 


i • Z J - 7 - *• — h y = x, jA xh\ 1 =~ o. 

a. 2J + X = I, Jr = X + 1 ^/+ x =0. r : 

3 - y — *> y -r IX 4 j I 2 j |-* T x^dl 


2 

3 

4* J 


x,y = 2X -h 3. 5. J-—x,j-x+ij,j = 4x-t-$. 


Page 179 

X* J-X,J = — X — I,JI-fx=I. 

2. y — Xy y — — x, y — — x — 1. 

3. j — x, y — — 2x, j = - 2X — 1. 

4. j, = x 3 j _ - l x f l, zy = - x - 1. 

5. J = x, y = £ x, 2j/ = x 4 - 1. 


Page 121 

j. 3X + 1 — o. 2. J - i 1. ' 3. y — i t» x = i 1. 

4. j — o. 5. yb,x —a. 

Pages 124-12 5 

1. y = x — Ja. 2. j = x, j = x - 1, — x. 

3. x — _t a, j = o. 4. j» — x, y — o, y — x ± 1. 

5* ±y - x + ib,x - b. 6. ±y — x a, x - o. 

7. y — o,x-^o,y- 3x/2 J-3. 8. (1) j -= i x. (>i) x = o. 

9. x = -l a, j -- £ x. 10. x -- ± ct, y -=*= ± 

11. j — x, j — 2X, j — — x — i, y ~ — 2X — 1 . 

12. y — x, y — 2x 4 - 1, y -= — x — 2. 

13. j - x, j =-- — x, j — — i x — h. 

14. x — o, y — o, y = 2X - 1 - 3 , zy j- 4X - 15. 

13. X — 2, X = r, y = — x + 2. 

16. (i) cqx -I- ft J + Yi — “a x -f -f- Y2 ~ o ; 

(ii) y — x 1/3; 

(iii) x = ±«,j-=x+<?,j = -x + a. 

17. x = la, y = x + a, y — — x — a. 18. y ~ — x + 2^/3* 
19. x = 3, y = x + 1, y — x + 2. In the first quadrant one branch 
of the curve is above y — x + 2 and another below y = x + 1. In 
the third quadrant the curve lies between the asymptotes. In the 
first quadrant the curve lies to the right of x = 3 and in the fourth 
quadrant to the left of x = 3. 

18 
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21. Above the asymptote. 

22. For positive values of x, the curve lies above or below the 
asymptote according as a 0 a b i — a 0 2 a x b x + a o a i K ~ a o K 
is positive or negative. The reverse is the case for negative 
values of x. 

Pages 126-127 

2. (x + *) = **( J + £)- 

3. The asymptotes are v = 4 - a, 7 = x + a, 7 — ± x — \a; the 
quartic curve is bxy (x 2 — j 2 ) + o(b 2 — a 2 ) (x 2 + y 2 — a 2 ) — o. 

Page 127 

2 . y — o; y 2 = ax. 

Page 128 

1. y = o. 2. y — o. 

3. x = ± Jjc, i §jt,... 4* x -o, ± n , ±2«,... 


Page 130 


I. 

r sin 

(0±iit) - 2/V3- 

2. 

r 

sin 

0 

= *■ 3- 

rcos 0 

= 

8 . 

4- 

r cos 

0 = 4. 

5- 

r 

sin 

0 

= 2/feit; £ 

— ± t» 

± 

2 , ... 

6 . 

r sin 

0 = 2 . 

7- 

r 

sin 

0 

- it. 8 . 

r cosO 

= 

db 0 . 

9- 

r sin 

0 — J- Jr/, r cos 0 = 

± £*• 







10. 

r sin 

0 — a. 

II. 

r 

— : 

1 . 

12. 

*•=*}• 




Pages 130-131 

I- y — o, y i, x =r o, x =■ 1. 

2 . X + I - 0,7-0, X J = o. 

3. x+2y+i=o,x+2y = = b *>/*• 

4. x = o ; _y = o; 27 = 3X + 6 . 5. x —7 = ± ; x = ± <». 

6. 7 — x. .7. x = a; x = — a. 

8. 7 = x + 4, iy = x — z± $y/ 3. 

9. 7 = x ;y ~ 2x -J- 2 ;7 = 2x + 1. 

10. r sin (6 — ijt) — i 2 ; r cos (0 — $«) = ± 2. 

XX. nB = mn, where m is an integer, if |«| >1; no asymptote if \n\ < 1 

13 . r sin d = a. 13. r sin 0 = 2 a, r ■= a. 14. x — a, x — — a. 
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>7* J — x + 7/ 6 = °»J — 3* + 3/ 2 = °> *7 + X + 5 li — o'; 

1067 — 381 x + 105 = o. 

19. x +7 = ± i-\/z'ix + 27 + 2 = o. 
ao. x = 3 ; x = 2*;_y = 3 17 —] — 3. 

Above 7 = 3 in the first quadrant, below j> = 3 in the 2nd 
quad., abovej — — 3 in the 3rd quad., and below j — — 3 in the 4th 
quad. To the left of x = 2 and to the right of x -- 3. 

Page 136 

1. (4^/3) sin (oji/3). 2. 4 zjcos\Jj. 3. rtani|i. 

4 . V 8 - 5- i/V 2 - 6 - ( 2 /V a ) (* + a )* /2 - 

7. (i/6a)(4a-t-9x) 3/2 x 1/2 . 8. ascc(x/a). 9. 3(«x^) 1/3 . 

Pages 138-139 


1 . 2y/(iar)ls. 

3. d 2 /3r. 

5. (r 2 -f a 2 ) 3 '' 2 /(r 2 + 2a 2 ). 

8. r(a 2 + r 2 ) 3 ' 2 a- 3 . 

10. 

12. a 1/a (3a — _2r) 3/2 /3(2a — r). 


2. H>/a 2 . 

4. a n r _ "+ 1 /(« -j- 1). 
6. a 2 fc 2 /p 3 . 

9. £a. 

11. a* r“"+ x /(» -f 1). 
*3- V( r2 - fl2 )- 


Pages 141-142 


1. (<r 2 + r 2 )/<r. 

3. 1/36. 

5* g 5 VC 1 ?)/ 2 ; sV 2 - 

10. 2^2 for each. 


2 . V( l6 * 2 -'*)• 

4- 37 y/iil)/ 10 - 

7. (Z> 4 cos 2 0 + a 4 sin 2 0) 3/2 /» 3 a 4 ^ 4 . 

Pages 144-145 


I. (i) o, — 2§ ; 


(ii) - 36, - 7J. 8. 4r/ 3 . 

Pages 149-150 


a. Pts. of inflexion at x = 3, (28 ± \/ })/n. Pt. of undulation at 
x = 2. 

5. No. 


5. a/3. 

30. (9a*! 2 , — 6aw). 


Pages 153-155 

21. {x - (7/a)\/(j 2 - ° 3 ) y z y )' 
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Pages 164-165 

I. (i) 2 xy —= o; 3x7 + 7X 2 = o. 7. (<2, o), ( — *, 6 ), (o, — a). 

10. (i) (o, o) is a conjugate point; 

(ii) (o, 3) is a conjugate point and at (2, 3) there is a single 

cusp of the first species. 

(iii) Node at (3, 2). 

12. There is a single cusp of the first species at (1, — 1). 

Pages 183 184 

5. x + y = a. 6. The origin is a node and also a point of inflexion. 

8 . x — jf = x \r 1 ; y ~ x + z. 

9. There is a single cusp of the first species at the origin. Asymp¬ 
tote is y — x f- $a. 

II. Conjugate point. 14. Node. 

16. j = o;x = o;j — J-x. 

21. Tangent parallel to axes is x — o ; points of inflexion at x — 

- WVjVM 5 + V( 28 )>- 

Pages 187-188 

1. (i) (x 2 + 2 xj - j 2 )/{(x +j) 2 + (x 2 +j 2 ) 2 }; 

O'M 2x7 — x 2 )/{(x -\-y) 2 f (x 2 — j 2 )}. 

(ii) zx/a 2 ; zjjb 2 . (iii) x y ,y(x;x v log x. 

(iv) 2x/(x 2 +J 2 ); 2j//(x 2 -t f). 

Page 191 

1. (i) — (ax + hy)](bx + by) ; 

(ii) - (j* logj +jx*'- 1 )/(xy*- 1 + x» log x). 

2. i + log xy — x(x 2 -\-y)[y (x + j 2 ). 

3 . 2x (cos (x 3 + j 2 )}(i — a 2 lb 2 ). 

4* If f— x 2 y, then 3 f/Qx = zxy, b 2 fjdx 2 = 27, df/dy — x 2 , 

3 y/ 5 xd7 = zx, d 3 //dx 2 0 y — 2, and all the higher differential 
coefficients are zero, dfjdx ~ zxy — x 2 (2X + j)/(x -f 27). 

Pagfs 200-201 

1. — 22 cu. in. in volume and — 4'8 sq. in. in surface. 

2. 3 ’02 cu. in., 2'82 sq. in. The calculated values will be too 

large by these amounts. 
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Pages 104-207 

1. (1) o; (11) -3/2. 

6. {2a 2 (x 3 4 a 2 y) (j 3 4 a 2 x) — ix- (j 3 1 - a-x) 2 — 3j 2 (x* 4 a 2 }) 2 } 

— () s — « 2 x) 3 . 

7. {zh {ax + hy g) (hx-\ by f) — a ( bx + by -r /) 2 

— b {ax hy - gf } /{hx +/) 3 . 

17. - r sin 0 ; — (sin 0)/r. 

Pages 211-212 

1. xH J 2 - a 2 . The given family of curves consists of all the 

straight lines which are at a distance a from the origin. 

2. j 2 — 4 x. 3. x 2 ja 2 — y 2 lb 2 — 1. 

4. 4A- 1 -|- 27<?y 2 = o. 5. 4*7 — r 2 . 

6. (p - i) p ~ 1 Ar p -4- p v ay p ~ 3 — o. 

7. — a n/ mn > cos {ndj(m — »)}, whete r, 0 aie the polar 
coordinates of (x,;). 

8. (x 2 -y - r 2 ) 2 =- 4a 2 (a- 2 j 2 ). 

9 . y - 4 V — 4 -- 0 . 10 . (x 4 j -p x )2 ==_ 2(x 2 +y). 

II. X® 4- tyiy _ 0. 12. 4X 3 = 27J. 

13. X 2/1 + JT /3 = / 2/3 . 

P 4 GE 2l6 

1. (1) r cos 0 -f a sin 2 0 = o ; 

(II) r 2 (e 2 — 1) — 2 lei cos 0 - il 1 — o , 

(III) > 3/1 = a 3 4 cos (3 0/4) , (lv) r cos B_1 -{0/(« — 1)} — a. 

2. (1) rcos 2 J(0 — a) —7(1; (11) a circle through the pole; 

(ill) r n/ (" ,:I )cos [nO>{n -f 1)} — a n/ i n+1 >; 

(i\) cos{»0 (1 — «)}. 

3. (/« (- ») m 1 " x M j"/« m « n — e™ 1 

5. 4x 2 j 2 - f 4 , where Jte -3 is the given area. 

Pages 217-218 

1. (ax) 2 'H {by) 2 ' 3 - y - b 2 ) 2 ' 3 . 

PAGrb 220-222 

2. <?x 2 y 2 - a*y ( ^x 2 . 

j, (1) r 2 — 4(a 2 cos 2 0 4- sin 2 0); (11) r 2 = 4a 2 cos 2 0. 
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6 . x 2/(2-n) _|_ y/p-n) _ „*/(*-»). 

g, j^mp/fm+Ji) _(_ ymp/{m+p) — f mp/(m+p), 

10. j + ip^/fo 2 = V/ 2 £- ”• A cirde. 

12. X ± J = -j- l6. X = ± <2. 

17. zp 2 x — ipy -f {ipq + /p 2 + f) = o, where / — scmi-latus rectum. 

Pages 227-229 

4. x = o, i, 3. Max. a* x — 1, m.n. at x = 3, neither at x — o. 

5. Min. at x — o, max. at x -- 6/s. 

19. Max = c 2 l(a -f b) when tan 0 — £ \/( a l^)- 

20. n j\J{ab — ff). 21. 27v'3!>q-in. 22. ije. 

Page 230 

1. (1) Min. = 2 cy/(ab). Max. — — 2 c ^(ab). 

(11) Max. and min. values are respectively 1 ^ cos a 

2. Radius of semicircle — height of rectangle — 20/(4 + *) ft- 

4. Depth — a/; breadth — a/(J) 2a 6. 139 ft. 

Pages 230-233 

2. No. max. or min. 

3. r being integral, x — rnj{n + 1) gives maxima and minima 
alternately, beginmng with r - 1 , omitting, when n is even, those 
values of r which equal zero or a multiple of n + 1. 

4. 160 and o. 5. apl{p + q), aq/(j> + q). 

6. J. 10. 25 "\J 2 ft. 

11. 3 Vj^/4- 18. 3A/j/4ft- 

20. Eccentric 4 £gle of P = Jjt. 

22. 164 sq in nearly; sin _1 (A/2 — 1). 

24. a — b. 25. Max. value 4/*; min. value o. 

26. Length 2 ft., girth 4 ft.; yes, length should now be if ft., 
girth 4i ft. 

27. 38 99. 29. 3$. 

Pages 236-237 

1. 1. 2. J. 3. - J. 

5. 9. 6. log (alb). 7. $. 


4. 1. 
8. o. 
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. 9 - 

— I, 

10. 

J- 

11. 

4 - 

12. 

2. 

* x 3 * 

8l/20. 

14. 

00. 

x 5 * 

W 

M 

0° 







Page 241 




1. 

I. 

2. 

J- 

3 - 

00. 

4 * 

0. 

5 - 

0. 

6. 

}• 

7 - 

- ft*. 

8. 

— 2. 

9 - 

0. 

10. 

O. 

11. 

O. 

12. 

a . 

3 - 


14. 

VN 

H 

M 

1 


16. 

— 00. 

x 7 * 

log a. 

18. 

I. 

* 9 - 

I. 

20. 

e 1/3 . 

21. 

00. 

22. 

I. 

23. 

O. 

24. 

ije. 

25. 

e m 2 m 

26. 

^on 

the right, — 

c on the left. 


27. 

1. 

28. 


29. 

I. 

30. 

r- 1/2 . 


Pages 244-245 

1. i/V 2 - 2. No ; yes, 00 and o respectively. 

I 6. 7. -1/3. 8. (1) i;(u )««}. 

9. (0 — 15; (li) 8/69 10. £. II. 3. 

12. (1) 1 ; (11) — 1; (111) — 1. 13. o; o. 14. 0-995. 

15. {Jog (*/£)}/{log (e/d)} ; - 1. 

Pages 250-251 

2. 1 -r <7V + (tf 2 — & 2 ) >t 2 /2! -f- a ( a2 — j£ 2 ) Ar 3 /31 + ... 

Remainder after n teims is 

(a 1 + b-) nl1 («!) x n e a6r cos {bOx 4- n tan -1 {bja)}. 

3. (2» + i)rt/2 — x H X s li x r °i 5 { x 7 /7 — . . 

4. x ~ b, 7th ; x — c, 8th ; at x d the function’s definition 

itselt fails. 

6. 1 - V(7/ I2 )- 7- * = ± i- 

Pagfs 252-256 

1. >r -L j = 0, x 4 - 27 + 1 = °- 

2. 67 — 6 x 4 - 7 = o> 27 — 6 x + J ■= o, 6 y 4 - 3X + 5 = o. 

3. x — zy — 14^, x — + 1 ia, x —y = a, x —y = 2 a. 

7* («» J)> «, — })• 8- i- 9- convex. 

T. (« 4 - (x 2 + J 2 ) = 2X + 2?. 

P =y/r. 15. y — a, x = o. 
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20. {sin(C — A ) + sin B (cos >4 — cos C)}/{sin (B — Q 

+ sin A (cos C 2 -jfos B 

23. r 2 = 4rf*COS2 0 . 

24. A straight line parallel to the fixed straight line. 

27. Max. at x — 1, min. at x = 6. 

28. Max. at x = 2, min. at * — 2/,. 

29. Max. at x — 1, min. at x — 2. 

32. i/e. 33. (16 \/3) 31/27 cu. ft. 

34. 2Jc{i — V( z /3)} radian. 

40. (- Jloga, i/Vi). 

42. (1) 4; (11) o if *< 1, Aif <7>i. 43. ae. 

44* 0) — h; ( 11 ) i/«! (m) 2^- 

45. 1. 46. (1) 4, 00 *>• 47- S- 

48. (1) (log a - 1) / (log r i); (11) V(^)- 

50. x - 4 - x 2 t x 3 4 ••• 5 2 n/2 . sin J rm . x*/wl. 




